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Abstract

Let T (X) denote the full transformation semigroup on a set X and E an arbitrary
equivalence on X. We consider a subsemigroup of T(X) define by
Tep(X) = {a € T(X)| (x,xa) € E for each x € X}
and call it the self-E-preserving transformation semigroup on X. The purpose of this
research, we study relationships between Tsg(X) and some subsemigroups of T(X) and find
the necessary and sufficient conditions for regularity, left regularity, right regularity and
complete regularity of elements in Tgz (X). Also we study Green’s relations on Tgg(X) and

characterize when two elements of Tsg(X) are related under the natural partial order.
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A subsemigroup @ of a semigroup S is called a quasi-ideal of S if SQNQS € Q. and
by a bi-ideal of S we mean a subsemigroup B of S such that BSB C B. Quasi-ideals are a
generalization of left ideals and right ideals and bi-ideals arc a genera‘lization of quasi-ideals.
A BQ-semigroup is a semigroup S whose bi-ideals and quasi-ideals coincide. It is known that
regular semigroups [17]. left [right] simple semigroups [13]. left [right] O-simple semigroups
[13] are BQ-semigroups.

For a nonempty subset A of a semigroup S, (A4), and (A), denote respectively 1;113 quasi-
ideal and the bi-ideal of S generated by A, that is, (A4), is the intersection of all quasi-ideals
of S containing A and (A), is the intersection of all bi-ideals of S containing A4 [15]. We

have the following proposition.
Proposition 1. [I] For a nonempty subset A of a semigroup S,
(A), = AU(SAN AS) and (A)y = AU A U ASA.
Calais [10] gave a characterization of BQ-semigroups as follows.

Proposition 2. [10] A semigroup S is a BQ-semigroup if and only if (x,y)s = (x,y)q for

allz, ye€S.

An element a of a semigroup S is called E-inversive if there exists x in S such that
az is idempotent of §. A semigroup S is called an E-inversive semigroup if every element
of S is E-inversive. Clearly, regular semigroups, finite semigroups and eventually regular
semigroups are E-inversives. Basic properties of E-inversive semigroups were given by Catino
and Miccoli [3], Mitsch [4] and Mitsch and Petrich [5, 6].

For a nonempty set X, let T(X) be the full transformations semigroup on X, i.e.. T'(X)
is the semigroup under composition of all mappings o : X — X. As far back in 1995, Miller

1



and Doss [2) proved that T'(X) is a regular semigroup and described its Green's relations.
Hence, T(X) is also a BQ-semigroup and an E—inversive semigroup. It is well known that
every semigroup is isomorphic to a subsemigroup of some full transformation semigroups.
Hence in order to study structure of semigroups, it suffices to consider in subsemigroups of
T(X).

Let Y be a fixed nonempty subset of X. In 1975, Symons [12] considered the subsemi-

group of T(X) defined by
T(X,Y)={aeT(X): XaCY}

and described all the automorphisms of this semigroup. Morcover, he determined when the
two semigroups of this type are isomorphic. In 2005, Nenthein, Youngkhong and Kempr-
asit [19] characterized regular elements of 7'(X,Y’) and determined the numbers of regular
clements in T'(X,Y) for a finite set X. Moreover, Nenthein and Kemprasit [18] proved that
T(X,Y) is a BQ-semigroup. In 2008, Sanwong and Sommanee [11] described T'(X,Y) to be
regular and determined the Green's relations on T'(X,Y). Also, a class of maximal inverse
subsemigroups of T'(X,Y") is obtained.

Let o be an equivalence relation on a nonempty set X. Pei [7] has studied a family of

subsemigroups of T'(X) determined by o, namely
T(X,0) = {a € T(X) : Va,y € X, (z,y) € ¢ implies (xc,yr) € o}

which is called the semigroup of transformations that preserve an equivalence on X. Itisclear
that if ¢ € {A(X), X x X}, where A(X) is the identity relation on X, then T(X,0) =T(X).

He has studied Green’s relations and regularity on T'(X, o). Recently, Deng, Zeng and Xu



[14] introduced the subsemigroup of T'(X. o) as follows:
Tpe(X) = {a € T(X) : Y2,y € X, (z,y) €0 & (za,ya) € o}.

The authors considered regularity of elements and Green’s relations for 75« (X).
Let R be a cross-section of the partition X /o induced by o. In (8], Aratijo and Konieczny

defined a subsemigroup of T(X) as follows:
T(X,0,R) = {a € T(X) : Ra C R and Vz,y € X,(z,y) € 0 = (za,ya) € o}

Clearly, T(X, 0, R) C T(X,a). They have been proved that the semigroups T(X, 0, R) are
precisely the centralizers of idempotents of T'(X). After year. they discussed regularity of
elements and Green’s relations for (X, o, R) in [9]. Now, we consider the following subset

of (X, 0):
To(X,R) = {a € T(X) : Ra= R and Vz,y € X, (z,9) € 0 = (z0,y) € 0'}.

Then T,(X, R) is a subsemigroup of T(X, o, ).
He discussed regularlity of elements and Green’s relations for (X, o). Recently, Mendes-

Gongalves and Sullivan [16] introduced a subsemigroup of T'(X) defined by
E(X,0) ={a € T(X) :Va,y € X, (z,y) € o implies za = ya}

and call it the semigroup of transformations restricted by an equivalence o. We observe
that E(X, o) is a subsemigroup of T'(X, o). The authors also characterized Green’s relations
on the largest regular subsemigroup of E(X,c). They also showed that if |X| > 2 and

o # A(X), then E(X,0) is not isomorphic to T(Z) for any set Z.



Next, suppose that o and p are equivalence relations on a set X with p C 0. We define

a generalization of T'(X, o) as follows:
T(X,0,p) = {a € T(X) : Vz,y € X, (2,y) € o implies (za,ya) € p}.

It is easy to see that T'(X, a, p) is a subsemigroup of T'(X). Notice that the identity mapping
need not in T(X,0,p). If 0 = A(X) or p =X x X, then T(X,0,p) contains the identity
mapping on X. And if p = A(X), then T(X, 0, p) is a right ideal of 7).

The relationships between T(X, g, p) an(l. B(X,0),T(X,ag) and T'(X) ar(; described.
Proposition 3. The following statements hold.
(i) B(X,0) CT(X,0,p) CT(X,0).
(i) T(X,0,p) = B(X,0) if and only if p= A(X).
(iii) T(X,0,p) = T(X,a) if and only if o = p.
(i) T(X,0,p) = T(X) if and only if o = A(X) or p= X X X.

Our aims of this research arc to give necessary and sufficient condition for the elements
of T,+(X) and T,(X, R) are E-inversives. Moreover, a nccessary and sufficient condition for
T,+(X) and T,(X, R) to be an E-inversive semigroup is given in terms of | X/o| and |R|,
respectively. We show that Reg(T, (X, R)) is a regular semigroup and T,«(X) = To(X, R) if
and only if R is finite and o is the identity relation. Next, we prove that T(X,0,p) is a BQ-
semigroup in terms of equivalence relations and also prove that the semigroup T(X,0,p) can
be embeddable in T'(Y, Z) for some sets Y, Z with Z C Y and if 0 = A(X) or p= X x X,
then T(X, 0, p) = T(Y, Z) for some sets Y, Z with Z C Y. Finally, we study relationships

between E(X, o) and T'(X, o).
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Abstract : Let X be a nonempty set and 7°(X) the full transformation semigroup
on a set X. Ior an equivalence relation £ on X and a cross-section R of the
partition X/F induced by E, let

Te:(X) ={a € T(X) : Y,y € X, (v,y) € E & (2, ya) € E} and
Te(X,R) = {a € T(X): Ra = R and Va,y € X, (z,y) € E = (z0,ya) € E}.

Then Tk (X) and Tz(X, R) are subsemigroups of T(X). In this paper, we describe

the E-inversive clements of Tg- (X ) and T (X, R). We also show that Tg- (X) and

Tg(X, R) are E-inversive semigroups in terms of the cardinality of X/E and R,
_ respectively.

Keywords : transformation semigroup; equivalence relation; E-inversive element;
E-inversive semigroup.
2010 Mathematics Subject Classification : 20M20.

1 Introduction

An clement « of a semigroup S is called E-inversive if there exists z in S suclh
that az is idenpotent of S. A semigroup S is called an E-inversive semigroup if

! Corresponding author.

Copyright © 2018 by the Mathematical Association of Thailand.
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every element of § is E-inversive. Clearly, regular semigroups, finite semigroups
and eventually regular semigroups are E-inversives. Basic properties of E-inversive
semigroups were given by Catino and Miccoli [1], Mitsch [2] and Mitsch and Petrich
[3,4] and Gigon [5].

The full transformation semigroup on a nonempty set X is denoted by T°(X),
that is, T'(X) is the semigroup of all mappings e : X — X under composition.
The semigroup T(X) is known to be regular [6]. Hence T(X) is an E-inversive
scrmigroup.

Let E be an cquivalence relation on X. Pei [7] has introduced a family of
subsemigroups of T(X) defined by

Te(X) = {a e T(X) :Vz,y € X,(2.y) € E = (3a,ya) € E}

and call it the semigroup of transformations that preserve an equivelence on X.
He has studied Green’s relations and regularity on Tr(X). Recently, Deng, Zeng
and Xu [8] introduced the subsemigroup of Tg(X) as follows:

Te- (X) ={a e T(X):Ve.ye X,(2,y) € ES (za,ya) € E}.

The aunthors considered regularity of elements and Green’s relations for Tg- (X).
Let R be a cross-section of the partition X/E induced by E. In [9], Araijo
and Konieczny defined a subsemigroup of T'(X) as follows:

T(X,E,R) = {a € T(X) : Ra C R and Vi,y € X,(z,y) € E = (ra,ya) € E}.

Clearly, T(X,E,R) C Tg(X). They have been proved that the semigroups
T(X,E,R) are precisely the centralizers of idempotents of T(X). After year,
they discussed regularity of elements and Green’s relations for T(X, E,R) in [10].
Now, we consider the following subset of Tp(X):

Te(X.R) = {a € T(X): Ra = Rand Vz,y € X,(z,y) € E = (za,ya) € E}.

Then Tg(X, R) is a subsemigroup of T(X, B, R).

The aim of this paper is to give necessary and sufficient condition for the
elements of Ti-(X) and Tg(X,R) are E-inversives. Moreover, a necessary and
sufficient condition for T« (X) and Te(X, R) tu be an E-inversive semigroup is
given in terms of |X/E| and |R|, respectively.

In the remainder, let E be an equivalence relation on a set X and R a cross-
section of the partition X/E. Denote by X/E the quotient set.

2 Main Results

We denote composition of two mappings obtained by performing first o and
then 4. We first provide that Te(X) and T(X, E, R) are E-inversive semigroups.
We remark that in view of this fact, if S is any one of Tr(X) and T(X, E, R), then
S contains a constant mapping. It thus follows that cvery « € S and a constant
mapping 3 of S, af is also constant and hence o is an idempotent element of S.
We immediately obtain:
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Proposition 2.1. The semigroups Tg(X) and T(X, E, R) are I-inversive semi-
groups.

We have mentioned that every regular element is E-inversive. But there exists
an E-inversive element of a semigroup S which is not regular as shown in the
following example.

Example 2.2. Let X = {1,2,3,4.5,6,7} and X/E = {{1,2,3},{4,5},{6.7}}.
Define o € T(X) by

(128 45 6.7

“= 0 S NP

Then a € Tg(X), hence a is E-inversive. Suppose that a is regular. Then
a = affa for some B € Te(X). Since 1 = Ta = Tafa = 1fa and 3 = 4a =
dafa = 3Ba, we obtain that 13 = 7 and 38 € {4,5}. Since (1,3) € E and
B € Tg(X), (18,38) € E which is a contradiction. Hence « is not a regular
element of Tr(X).

To prove the main theorem, the following lemma is needed.
Lemma 2.3. Let o € T« (X). If o is idempotent, then Aa C A for all A € X/E.

Proof. Suppose that a is idempotent. Then o = a. Let A € X/FE and a € A.
Then aa? = aa and hence (ae, (ac)a) € E. Since a € Tg-(X), it follows that
(a,ac) € E. From a € A, we deduce that ac € A. Therefore, Aa C A. O

The nature of regular elements in Tg+(X) and condition under which Tg- (X)
is regular were considered in [8].

Theorem 2.4. [8, Theorem 3.1] Let a € Tg.(X). Then « is reqular if and only
ifANXa#W forall Ae X/E.

Theorem 2.5. [8, Theorem 3.2] Tg-(X) is a regular semigroup if and only if
|X/E| is finite.

Theorem 2.6. Let a € Tg«(X). Then « is E-inversive if and only if ANXa # 0
forall Ae X/E.

Proof. Suppose that v is E-inversive. Then there exists f € Tg+ (X) such that o
is idempotent. Let A € X/E. Then Af C B for some B € X/E. By Lemma 2.3,
we deduce that Baf C B. Let b€ B. Then baf € B. If a € A, then aff € B and
so (baf,ap) € E. Since § € Tg.(X), it follows that (ba,a) € FE. Thus ba € A.
Hence Ba C A. Consequently, AN Xa # 0.

Conversely, it follows from Theorem 2.4 and the fact that every regular clement
is E-inversive. 1

The next result follows immediately from Theorem 2.4 and Theorem 2.6.
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Corollary 2.7. Let o € T+ (X). Then the following statements are equivalent.
(1) « is a regular element.
(2) o is an E-inversive element.

(8) AnNXa#0 forall Ac X/E.
Corollary 2.7 and Theorem 2.5 can be swimmarized as follows:

Corollary 2.8. The following statements are equivalent.
(1) T« (X) is a regular semigroup.
(2) T+ (X) is un E-inversive semigroup.

(3) |X/E| is finite.

The following theorem characterizes the regular clements of Tg(X, ). Denote
E, the F—class containiug r for all » € R.

Theorem 2.9. Let o € Ts(X,R). Then a is regular if and only if o|g is an
injection.

Proof. Suppose that a is regular. Then there exists 8 € Tg(X, R) such that
o = affa. Let #,5s € R be such that 7o = sa. Since ff € Te(X,R), RB = R
and hence r = 7'8 and 5 = s'f for some ', s’ € R. Since Ra — R, there exist

r", 8" € R such that ' = 7o and s’ = s”a. We have that

v =r"a=1"afa=1"Ba=ra=sa = fa=s"ofo =s'a=s"

This implies that r = »'f# = '8 = 5. Hence o|p is an injection, as required.

Conversely, assume that ¢ is an injection. Claim that for every » € R, there
exists ' € R such that B, N Xo = Bua. Let r € R. Since Ra = R, thereis» € R
such that r = r'a. Since o € T(X), it then follows that Eva C E, N Xa. For
the reverse inclusion, if y € E, N Xe, then ¥ = za for some 2 € X. This implies
that = € E; for some s € R and so sa = r. By assumption and sa = v, we have
s =1'. Hence y € E+a. This shows that F.N Xa = Eqa. So we have the claim.

Tor cach r € R, we choose a, € R such that E,. N Xa = E,, a. Thus r = a,a.
For each y € (E, N Xa) \ {r}, we choose a, € FE,, such that a,a = y. Define
By By — B, by

| oar ifze Xa,
3 —{ a, otherwise.

Then f, is well-defined, B8, C E,, and 78, = 0, € R. Let #: X — X be
defined by B|g, = f- for all » € R. Since R is a cross-section of the partition
X/E induced by E, 8 is well-defined. Obviously, 8 € Tx(X) and RB C R. Lot
7 € R. Then ra = s for some s € R. Thus sf, = a, for some a; € R with
asa = s. Therefore, a,a0 = ra. By assumption, we have that a; = r and thus
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sp = sB|g, = sBs = ay = r. It follows that R = R and therefore 3 € Tr(X, R).
Let 2 € X. Then x« € E, for some r € R. Thus

zofla = (va)f|e,.a = (va)fra = ana = za
and therefore o = afBa. Hence o is regular. O

We also have the following theorem for which characterizes when Te(X.R) is
a regular semigroup.

Theorem 2.10. Tx(X, R) is u regular semigroup if and only if || is finite.

Proof.” Suppose that R is an infinite set. Let r € R. Then R \ {r} is also infinite
and |R\ {r}| = |R|. Thus there exists a bijection ¢ : R\ {r} = R. Choose and
fixr'€ R\ {r}. Definea: X = X by

~_ v ifzcE,,
7| se-ifa e

Then a € T(X). Since ra =" and ¢ : R\ {r} = R, we get that Rer € R. Let
3 € It. Since @ is surjective, s = fyp for some t € R\ {r}. Since t # r, it follows that
ta = tp = 5. Therefore R C Ror. Hence o € Tp(X, R). Since v/ € R, v/ =1"p
for some 1 € R\ {r}. This implics that +/ # v and "o = " = +' = ra.
Consequently, a| is not injective. By Theorem 2.9, we have that « is not regular.
Hence Tg(X) is not a regular semigroup.

Conversely, suppose that R is finite. Let a € Tx(X,R). Then Ra = R and
so a|g : R — R is a surjection. By the finiteness of R, a|g is injective. From
Theorem 2.9, o is regular. We conclude that T (X, R) is a regular semigroup. [J

The next thorem use [6, page 4] that if & € T'(X) and a? = a, then za = z
for all x € Xo.
Theorem 2.11. Let « € Tr(X, R). Then o is E-inuersive if and only if a|g ‘is
an ingjection. -

Proof. Suppose that « is E-inversive. Then there exists § € Tj (X, R) such that
af is idempotent. Let ;s € R be such that ra = sa. Since aff € Te(X,R),
we have Raff = R. Thus r,s € Xaf. Since af is idempotent and ra = sa, we
deduce that r = raff = saff = s. Therchy o|g is an injection.

Conversely, if g is injective, then o is regular by Theorem 2.9. Thercfore o
is E-inversive, O

As a consequence of Theorems 2.9 and 2.11 are uscful to obtain this result.
Corollary 2.12. Let« € Tg(X, R). Then the following statements are equivalent.

(1) « is a regular element.

(2) o is an E-inversive element.
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(3) alr is an injection.

As a consequence of Corollary 2.12 and Theorem 2.10, the following result
follows readily.

Corollary 2.13. The following statements are equivalent.
(1) Te(X, R) is a regulur semigroup.
(2) Te(X,R) is an E-inversive semigroup.
(3) |R| is finite.
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AnsTRACT. Let T(X) be the full transformation semigroup on a sct X
and ¢ be an equivalence rolation on X. Denote

B(X,0)={x€ T(X) : V. y € X, (z,y) € o implies wa = yat

Then E(X,0) isa subsemigroup of T(X). In this paper, we churacterize
two semigroups of type E(X,o) when they are jeomorphic.

1. Introduction and preliminaries

Let X be an arbitrary nonempty set. The semigroup T(X) of all transforma-
tions on X consists of the mappings from X into itself with composition as the
semigroup operation. In [4], H. Pei studied subsemigroups of T(X) determined
by an equivalence relation o on X, defined by:

T(X,0)={a€ T(X):Vz,y € X, (z,y) € o implies (2c,ya) €}

It is clear that if 0 € {A(X), X x X}, where A(X) is the identity relation on
X, then T(X,0) = T(X). He also discussed regularity of elements and Green’s
relations for T(X, ). Recently, R. P. Sullivan and S. Mendes-Gongalves intro-
duced a subsemigroup of T(X) defined by

E(X,0)={a€ T(X) : Y&,y € X, (z.y) € o implies T = yo}

and called it the semigroup of transformations restricted by the eguivalence @
in [3]. Then B(X .0) is a subsemigroup of T(X,0). The authors characterized
Green’s relations on the largest regular subsemigroup of E(X,0). They also
showed that if | X| > 2 and 0 £ A(X), then B(X, o) is not isomorphic to T(Z)
for any set Z.

We easily get the following proposition which is a characterization of E(X,0)

e
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Proposition 1.1. Let o be an equivalence relation on @ set X . Then the
following statements hold.
(1) idx € E(X,0) if and only if ¢ = A(X) where idx is the identity
mapping on X.
(2) Ifo and p are cquivalence relations on X with p C o, then E(X,0) C
E(X.,p)-
(3) E(X,0) = T(X,0) if and only if o = A(X). If this is the case, then
E(X,0) = T(X)-

J. Sanwong and W. Sommanee (6] introduced and studied the subsemigroup
T(X,Y)={x€ T(X): Xa CY}

of T(X) where W#Y C X We establish an embedding theorem for.the
semigroup E(X, ¢) into the semigroup T(Y.Z).

Proposition 1.2. Lct o be an equivalence relaiion on a set X. Fvery scini-
group E(X,0) is embeddable in a semigrowp T(Y,Z) for some sets Y and Z
withZ CY.

Proof. Let Y = o and Z = "A(X). Then Z < V. For each o € E(X,0), we
define B. € T(Y) by

(z,y)Ba= (wax,yer) for all (z,y) €Y.

Since a € E(X,0), it then follows that Y B € 2. Hence Bo € T(Y, Z). Define
¢: B(X.q) T(Y.Z) by

ad = o foralla € E(X,0).
Let ay, 02 € B(X, o). To show that Bayo. = By Bixas Lot (z,y) € Y. Then
(I:y)ﬁuiaa T (CC(Y1OE2, yal&?—) = (1‘011, yal)ﬁ(lg = (I1 y)ﬁulﬁ“ﬂ'

Hence ¢ is a homoniorphism. Suppose that o1 = opg. Then Ba;, = Boa- If
% € X, then (z,2) €Y and

(o, 1) = (&, 2)Bar = (L £¥Paas (zag, €02)-

Hence zay = vag for all = € X which implies that ¢ is injective.
Therefore the theorem is proved. O

Over the past, isomorphism theorems for semigroups have been widely con-
sidered, see [1,2:5;7)- The purpose of this paper is to find necessary and suffi-
cient conditions for two transformation semigroups restricted by a equivalence
in order to be isomorphic.
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2. Main results

For the fixed equivalence relation o on a set X and a € X, we write & for
the set of all elements of X that are equivalent to a, that is, ao = {r € X :
(a,) € 0}

To obtain the main result, the following two lemas are needed.

Lemma 2.1. Let @ € E(X,0). Thena is e right zero element of E(X,0a) if
and only if o is constant. '

Proof. Tt is clear that if @ is constant, then fa=a for all B € E(X,0).

Suppose that o is nonconstant. Then there exist distinct elements a. be Xa.
Thus ¢’a = a and b'e = b for some o' b € X. Binceax € E(X,o)anda’a # b e,
we deduce that (a',b') ¢ o Define 3 € T(X) by

ff = o, ifzeba,
TP =9 3, otherwise
for all z € X. Tt is clear that B € E(X,0). Since VpBa = a'a = a and

Va = b, it follows that Bo # . Consequently, o is not a right zero element of
E(X,0). 0

Hence the corollary is an jmmediate consequence of Lemma. 2.1.
Corollary 2.2. B(X,0) is a right zero semigroup if and only if ¢ = KK

Proof. Suppose that o # X % X. Then there exist a,b € X such that (a.b) ¢ 0.
Thus a # b. Define o € B(X,0) by

oX a, ifz€aag,
: b, otherwise

for all £ € X. Then is nonconstant in E(X,0). By Lemmna 2.1, o is not a
right zero element of E(X,0).

Conversely, assume that ¢ = X % X. Then the semigroup E(X,og) consists
of all constant mappings in T(X). By Lemma 21, B(X,0) is a right zero
semigroup. B

Lemma 2.3. Let oy, 02 € E(X.0) and @ € X. If aaB = aaaf for all
pe E(X,a); then (aal,aag) £ &}

Proof. Suppose that (acy,aaz2) ¢ 0. Then aoy # aop. Define BeT(X) by

® = acy, iz € (eci)o,
’ acy, otherwise

for all © € X. It is easy to see that B € E(X.0) and o f # aonf. O

From now on, suppose that o1 and o are equivalence relations on sets X
and Y, respectively. In what follows, |A| means the cardinality of the set A.
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Theorem 2.4. E(X,01) and E(Y.03) arc isomorphic as semigroups if and
only if there exists a bijection g: X — Y such that (zo1)8 = (z0)oo for all
reX.

Proof. Assmme that E(X, 1) and E(Y,02) are isomorphic. Let ¢ : E(X. 1) =
E(Y,02) be an isomorphisin.

For each a € X, we define oy € E(X,01) by za, = a for all 2 € X. By
Lemma 2.1, ¢, is a right zero element of E{X, ;) and hence

autp = (Bag)p = (Be)(aatp) for all B € E(X,01).

Since ¢ is a bijection, we deduce that e is a right zero element of E(Y,03).
Then from Lemma 2.1, there exists a unique 3. € Y such that y(atue) = Ya for
allyeY.

Define 8 : X — Y by

a0 =y, forallx € X.

Clearly, 0 is well-defined. Let wy,u0 € X be sucll that v,60 = 226, Then
Yz, = Yz which implies that oz, = . Since @ s injective, it follows that
Ciyy = (i and hence 3 = 2. This shows that « is injective.

To show that 0 is surjective, let y € Y. Then there exists 8y € E(Y, aa)
such that 28, = v for all 2 € Y. Since p~! is an isomorphisin aud 3, is a right
zero of B(Y,02), it follows that Byp~' is a right zero of E(X,01). Then there
exists an element z/ € X such that w(fypt) = &' = wa for all w € X. Since
azp = Byp e = Py, we have y,» = y. Therefore 2! = y and whence ¢ is
surjective.

Finally, we will show that (xcy)0 = (x8)a2 for all v € X. Let w € X and
a € (xg1)0. Then a = b for some b € xoy and thus (x,D) € o1. It follows that
0 = apf} for all g € E(X, g1). Since p isa hornomorphism,

(@) (Be) = (acB)p = (erB)p = (cvp)(B¥)
for all B € E(X,01). Since pis a bijection, it follows that
(cex)y = () for all y € E(Y,a2).

We note here that if y € Y, then ylazp)y = ylowp)y for all y € E(Y,02). By
Lemma 2.3, we obfain that (y(azp), ylavp)) € o2 Since (y(azp) ¥(cwy)) =
(Vs ys) = (20,00) = (0, a), we deduce a € (x8)ag. This proves that (xo1)f ©
(x0)02. For the reverse inclusion, let ¢ € (x0)oa. Then (¢, «8) € o2. Since
is surjective, ¢ = df for some de X. It follows that (c=)B = (catp)B for all
B € E(Y,03). Since p~L is a homomorphism, ' '

(a)p ) (Bp?) = (cupB)o™* = (capB)e ™" = ()™ ) (B ™)
for all B € B(Y, 03). It follows from the bijection of ™! that

dogy = d(cap)p™y = dleap)e ™y = doay
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for all y € E(X, ;). By Lemma 9.3. wo deduce that (z,d) = (dov., dayg) € o1,
thus d € woy. This means that ¢ = dg € (xo1)f. Hence (w8)o2 T (xo1)d and
the equality holds.
Conversely, suppose that § : X = Y is a bijection such that (wa1)0 = (x8)o2
for all z € X. Define ¢ ¢ E(X,01) = E(Y, o) by
cp=0"tab forall a€ E(X,0).
Let a € E(X,01). To show that ap € E(Y,a2), let (x,y) € o2. Since @ is
surjective, we have a'f =« and 3’8 = y for some a' Y € X. By assumption,

we then have ¢80 € (¥'8)o2 = (x'cy)@ which implies that (y',x') € a1. Since
o € B(X, 1), it follows that y'a = z'a. Therefore

sop = a8 b =a'al = y'al = y0 ab = yayp.

This shows that oy € E(Y,02), whence ¢ is well-defined! Let ap,an €
E(X,01). We see that

(arag)ip = 0~ o2l
= (67 cr0) (07 b))
= (oap)(cztp)-

Therefore  is a homomorphism. It is easy to verify that o is bijective.
The theorem is thereby proven. O

Corollary 2.5. For positive integers m and n, let X and Y le sets such that
|X|=|Y]=mnand |X/a1| = [Y/o2| = m. Ifm e {1,n—1,n}, then E(X.01) =
E(Y, 0’2).

Proof. Suppose that m € {l,n~1, n}. Since |X| = |Y/, there exists a bijection
g: X =Y.

Case 1. m=1. Thengy =X X X and oo =Y x Y. Thus (zay)d = X0 =
Y = (wf)op tor all z € X.

Case 2. iz = 1. Then oy = A(X) and 02 = A(Y). Thus (wo1)0 = (w6)o2
for all w e X. )

Case 3. m = n — 1. Then there exists a unigue @101 € X/oy such that
laroy| = 2 for some ay € X, say that ayo1 = {ay, ua} for some az € X.
Similarly, {by, 02} € Y /aa for some by, bz € Y. Thus

cay = {z} forall € X\ {a1,a2}
and
yoy = {y} forally € Y\ {b1, b2}

Since |X \ {a1,a2}| = [Y'\ {by,ba}], there exists ¢ X\ {a1,a2} = Y\ {b1,02}
is a bijection. Define 6 : X =Y by :

’!:8:{ b,‘, if @ = ay,

xp, otherwise
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for all # € X. It is clear that 9 is a bijection and cach clement in X,
(xc1)8 = (x0)oa. :
From the three cases above, E(X .a1) = E(Y,02) by Theorem 2.4. ]

Note that if |X| < 3 and o is an equivalence on X, then |X/o| € {1.2.3}.
The following corollary is a direct consequence of Corollary 2.5 and Theorem
2.4.

Corollary 2.6. Let X andY bescts such that |X| = |Y'] < 3. Then E(X, 1) =
E(Y,03) if and only if | X/a| =Y/l
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