CHAPTER 1II

MAIN RESULTS

3.1 Generalized Quotient Theorem

In this section, we prove the generalized quotient theorem.

Theorem 3.1.1. Let f(a) = aza” + TNITT St I ST o2’ fl— a1z + ag where
an # 0, and g(z) = ™ — bz h e = byg? - byz ~ bo, De polynomials in
Clz] and suppose that m = deg g{z) < deg flz) =7, and the quotient on dividing
F(z) by g(x) s g(z) = dpem ™™™ + clnmm~1é”‘m“l Lo dyz? 4 dyz + dy then

k
dnmei = D Ski1itnoiy fork=0,1,...,m—m (3.1)

1=0

f " -1
where {s,} is the linear recurrent scquence, sy = 1 and s = Y iy bm—iSr—i,

r=2,344.5
Proof. We will prove this theorem by mathematical induction on k.
In case k = 0, we have that da_m-0 = da-m- Since b, = 1, from (2.6)
asserts that '
e = Q-
Since 51 = 1, we have that

k

d?‘b"m = Uy = Op-0 = S1l8n-0 = ZSU+1"~ian——i-
1220
Thus the theorem is true for k = 0. Assume that the theorem is true for all

v < k <n —m,such that

L2
Ay = E Syp1-iGni, Tor all v <m —m.
1=k}
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We will prove that the theorem is ﬁrufz for dp_m-x. From (2.7}, we have
dpemk = Gk T bostnem + D1y dnmm—1) 0 F b1 pem —(k—1)-
By the first step and induction hypothesis, we have

9 1
dn—wmmk - Slanmk“i“bmwk E 5041 =i lpn—i +bmw(!c——1) E S141—ilnei

- om0 #=0
2 k-1
+ bmm(ku—Q) Z Sppl—ilp—i F T b1 z S (k13 1—iBn—i
1=0 $==0
1-1
= S1ln-k + bm—k(SWn-o) + bm-—(kul)(slanml + Z S1+1niftn—£)
=0
21
3 bmw(k—Q)(Slanm'Z + Z'SQ-l-lw-i@n——i) 4+
=0
(k=1)=1
+ bm_}(slanw(k—l) i Z S(k-nl)»}-l—ian-i)
1=20

0
= S lnk T (bmmk'sia‘n) + (bm»«(k——l)slanm—l + bm——(kwl) Z ‘Sl+l«~ian-—é)

1=0
1

+ (bm—{k-2)810n-2 T B (k=2) Z Soplmilnei) T -

1=
k-2

+ (bn-151@n-(k-1) T b-m.——-l-z S(k=1)41~iCnc)
dz0
= S1an-k + (Pm—k318n + O (k=1)S141-00n-0 + Brps— (Jemr2) 8241-00n =0

e D18k 1)41-00n-0) T {bye(k-1)510n-1)

1

-+ (bmm(kmg)sz&mz + b (k—2) Z Sgul—iltn—i) T -
bt aazl

+ (bm—181n—(k—1) t Bm-1 Z S(kwl)-%l-—i“n-?f)

[E=3]

= $1Un-k T (bmmk*gl + bmm—(k-—l)SQ + bm-(k—-2)~93 R o bmwlsk)an

1
+ (bmw(k——l)slanml) “+ (5m~(sz)t"1an~2 + bmu(k‘——E) Z 32+1—ianmi)
i1
]

4+ o (bmwlslan—(kml) + b1 Z S(k——l)—}ﬂlwianwi)-

RS



Since

we have

dn—m——k -

Similerly,

dn——m-k

19

r--1
s1=1 and s = E BrneiSe—iy
=1

k411
Sket = E by Sl

=]

k
= E by i Skt 1~
i=l

. .
§10n-k + (Z BoneiStepd i Y + (Brue(p-1)318n-1)

=1
1
+ (b (=251 8ng F Dre o) Z S(a4tmilnoi) T - -
o2 v/,
+ (Brn=181Gnm(h—1) T D Z S (k1)1 —ini )
e
S18n—k + (SI.:+1)('571 = (bm—-(.l;:ml)sianm”i)
t
+ (bm,«(k-—z)slanmﬁ =3 bm—(kw?) Z 5(‘2+1—‘ia"“1‘) +.
fo2 \\Y
4 {bm-1518n—(h-1) + b1 }_J S(k—l)-%luianwi)‘
10

$10n-k + (Sk+1)tn

+ (bm*(kmx)h&nﬂ + bm-{km2)32~i~l~1an~wl 4 bmwls(_k_'i}-i-‘lwlanwl)

k=2

+ (_bmm{k._g).filan_g) R (bm—ls‘lanm(k-—l) 4 bmwl Z '9(1:w1)—§-1—i‘:"n—i)
pmz2

$1Cnep + (Sk41)Gn

+ (bmm(k—l)ﬁz + b f—ryS2 b bm_'lskwl)awl
k-2

+ (Be(k-2)510n-2) +  F (Be1 8100 (1) T b1 Z 8(k=1)+1-iln=i)
i=2

S1lnop + (Skp1 )t + (85)@n-1 + (bmw(k-—fl}slan—-‘Z) 4.

j
+ (b-rnmlslan-—(kwl) ~ bm—1 Z S{kmi}-{-lmian—i}-

122
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Continuing in this processes, we get

Aok = 310n-k + Skt10n + Skln-) + Sk-10n-2 4o Slnaktl

k
= E Sk+1-i@p—i-
3220

The theorem is proved. ]

Theorem 3.1.2.{ Generalized Quotient Theorem) Let f(z) = anZ 01 T
dvon Foagx? + ar + ag and glz) = bz — by t™ e byi® — byz — by
where a, # 0 and by # 0, be polynomials in Clz] and suppose that m =
deg g(z) < deg f(z) = n, and the quotient on dividing f(z) by g(z) is glz) =

oo™ 4 dg @ doa® + dyx + dy then

k
dnm-k = Ztk%leanwj; (32)
5

and

Q(’L) o z ( Z f?‘t»m-—i-’;—lmja?%-j) mi- (33)

i=0 7=9
3 3 1 o gt e |
where {t,} is the linear recurrent sequence, Ap e gl»; and t, = ng: oy it

forr=2,3,4,....

Proof. We will prove this theorem by mathematical induction on k.

In case k = 0, we have that dp_m-0 = dnom. From {2.6) assert that

. . @ (bpmg) 1
boydpom = Gp implies dpom = e A = g = Dl
bTT!- b'fﬂ bm

Thus the theorem is true for k = 0.

Assume the theorem is true for dy_mey, for all v < k< n-—m. Thus

k4
dpm—y = E toileiGnoi, forallv <n—m.

1:=]




We will show that it is true for dpm—r. From (2.6), we have

dnwm——k -

Gp—k + bm——kd‘nwm + bmm(k——l)dn—-m—-l SR o bmwldnwm—(kml)
ben

by the first step and induction hypothesis we have

dnwm—k

0 1
1 By Breth—1
ok T Z tot1miln-i + metked) Z b p1—iCni
z‘)m bm im0 bm =0

b (- 2 by Kot
N e
+ h éo top1—iln-i -t F b iEmO:t{km1)+1~éan—a‘

me« bm— s <
AT b k {titn-0) + "‘_i)"(}“““"l'l(_t}“n—-l + Ztl-}-l—ian-—-i)

e m -
=0

21

f1dn-g Z pxad s \ RN, g
2220

-1

bin

bm-—(k—~2)
+ bm (

{k~-1)—1

+ Z t(k~—1)+i»~ianmi)
gzzi)

. 1 1
fani + = (bmeptin) + 7 (bn- (-1t 14n-1

(t18pn-(a—1)F

bm bm
L 1
bm—- e t ilUp—y ) T T bmm ey B e
+ (k 1); 141 i) bm( (k~2)T10n—2
= 1
+brm = (k--2) z togpimilini) + 0+ “g‘"‘(bmwltlan—-(kwl)
o m
k-2 Fe
+ b1 Zf(k—l)-f«marm)
te=zi)

21

ty ook 'g‘“(bm—ktlan 4 by (k1) E1 41 ~0Gn-0 F Bin— (h-2) 241 -00n~0

1

+ ok b 1b(k1)r1-00n-0) T "g“(bm—(kq)hanm;l)—l—
T
1
1
gﬁ;(bmw(k—z)tzanmz + B (k-2) Z;tm_-ianﬂ:) +-
k-2

1
g‘(bm—-ltlanm(kml) + by Zt{k—})—i-lwianwi)

™ i=1
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dnmm—k - 1"1C"'1z-—]c + Bl‘(bm—kﬁl + bm_(k—l)tQ + bn:-»{k—2}t3 4o + bm——ltk)a'n
T . 1
+ L(bmm(k——i}tlﬂn—-l) + (b (k-2)t18n-2F

by, b
! 1
b (k—2) Zt%—l-ian——i) + et "I")”T:(bm—Ltz&nu-(k—i)*i“
FEE ]
k2
bm-1 }: i(k—1)+1~z‘an_-i)-
=3l
Since .
1
1y == 1 and fp = bm~1t,-mi,
b =1
we obtain ﬁ
1 Finl T i k
byl = 7 }: b—1tha1-i = “Z;“’me_ltk-fplwi‘
bm =] e
Thus

dn-nmwk C flCLn..k -+ (gj’; Zi;} bmmltk—}—l—i)an 4 gﬁf(bmm{k——l)tlanml)

1
‘i"g}“(bm_(sz)flfﬂn_'z + bn‘a-{k——2) Z 1‘24«1_5%-_1') +

?; ez
‘%‘”Z“)“““‘(bmn»ltlan—-(kmi) + b1 Z t(kwl)a—]mifln—-i)
n i=1
, 1 1
= t10nek + (Eke1)0n + W(bne~—(k—-1}t1an-l) = (b fh—2yt1 G2

o bun

1
7]
+bin—(k-2) Zt2+i-ifﬂn—i) K + g““““(bm—}.tla'nm(k~l)

: ™m
=l
k-2

+bim—1 Z t(k—l)-}nlwi@nwi)-
=1
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Similarly,
1 .
ot = t10n-k + tes1an T 'b—“(bmw(k-l}tlanwi + by (-2 f2p1 -1 801 F -
T
1
b1t (h-1)41-18n-1) F %—“(bnl—(km?.)ﬁlan—-?) + ...
y ™ -2
+‘"’”(bm-—1tian——{k—~l) + bm—l Zt(k—l}ﬁ‘l-‘ian—-é)

b

1=2

1
=t lpek T teg1ln t 'I;"‘(bmw(k-l}tl + by (k=2yte + ot bin-1tk-1)an-1

1 1.
+ (D) F1n2) + - g‘”(bm-—itian——(kmi}

b
k-2
b1 Z t(k-—i}ﬁ—l—-ian—-&)
12
= {10n—k T+ thi10n + Ip@n-y ot g};;(bm—{kmz)ia%—z) +o
k2
At .
‘jr“‘g"“(bm—ltianm(k——l) — b1 Zt(k~}}+lu—ian-i)~
m i=?2

Continuing in this processes, we get

dn—-mw—k 7 t'ianu-k + tk—}-lan 4 LRy + tk:m-lanwié 4 - o tﬁanw—k—l
k
7= E Thatejlin—;-
J=0

§4i=mn—m-—kthen k = n —m — i, it follows that

77

d; = _S_ trem—it L= U

Je=0
Since q(z) = Somg" diz', we have
n—m [
glz) = }: ( 2 tn_nlwi.}_l_janmj) o
=0\ j=0
The proof is complete. 0l
Note: The coefficients ag, a3, . - ,cz,'n_-; of f(z) are not related to the quo-
tient polynomial.
The remainder theorem asserts that the remainder on dividing f(z) by

z — bis f(b), now we can prove the Quotient Theorem as follows:
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Corollary 3.1.1.(Quotient Theorem) If fl2) = an™ + an_y" - A agn® +

iz + ao, 4n # 0, then the quotient on dividing f(z) by z —b 15

n-1 n-1

g1

b G4
=0 j=1

Proof. From the well known Remainder Theorem asserts that

flz) = (z ~ bglx) + f(b).

Thus

anxr’ + IR L S ayr® oz + ag

= (2~ b)(dp-y2"” Ly doga™ o 4 dya® o dyz + do) + £(D).

Since m = 1, by Theorem 3.1.1, we have

k

etk = E Shpl—iln=is

1=0)

where {s,} is the linear recurrent sequence, s = 1 and s, = Zwl by_i8p; ToTr

r=2.3,....

Forn—1 k=10 imp_lies that & =n — 1. Thus



[ (2 S

dﬂm E Sp—141—iln—i — E Sneiln—i

1==0 =)
-2 n--2
dy = E Spe2plilin—g = E Sptmilpey = 3102 + 8203 + - - Sp1n, 89_529
de=() =0 Lapt
Gy,
(3.4)
i 1
dn—? = § 8141 ~illpn—; = E §9_iline.i = S1Up-1 T $90n,
=0 =0
0 0
dpy = g Sl —illp—y = E Stuillne.; = 5105,
i=0 ie=0
. 1
Since 51 = 1 and s, = ) ._| by_;s,_;, we have

S 1:
21 1

59 = g by_i89-i = E by_isa—i = bpsy = byl = by = b,
Tyl =,
3-1 9

- 9

53 = E bi_is3_; = E b-isg—i = Dysy = bb = b7,
gzl =1
4=1 3
Z Z 2 3

sS4 = bl_,‘&;mg = bl—i&i—-i B 1)383 =0 AHIb s
=1 i=]
-]

Sy = bl—-'iSn—i ~ bD'Snwi == bbnmg = bnml- (35)
PE]

From (3.4) and (3.5), we get

d(} = 1&',1 + ba2 R o bn_2dn—-1 e bﬂwlana

Cll == 16’.2 e ()(Lg + - b“”“)‘an,

dn—z = Lan-1 + ban,

dnmi o= lan.
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Hence
n—1
di = b agy;.
=1
Since
ri—1
Q(T) = dnwlmn-_i + Cfnm'zil?n—z AR o d1£€‘ + d{} = z diwiz
o
we have
-1 rp—1 n:i
gz} = Z dix' = Y lag,
1=0 =0 j—1
This completes the proof. 3
3.2 Generalized Remainder Theorem
Theorem 3.2.1.(Generalized Remainder Theorem) Let f(z) = a2
t G123 b b anzi b ayzbag and g{a) = by bz — o wbozt by z—by,

where a, # 0 and b, # 0, be polynomials in Clz] and suppose that m =
deg g(z) < deg f(x) = n, then the remainder on dividing f(z) by g(z) is
m-1 R TR
?"(ﬂ’,‘) e Z (Cﬁk + Z bé Z tnmmwgn}vlwva‘nwv) :Bk (36)
k=0 i+jm=k v=0

where {t.} is the linear recurrent sequence, t; = B"E;U and t, = gl; S brite
forr =23 ...
Proof. The division algorithm in the polynomial ring Cle] asserts that there are
polynomials ¢{x) = dpom @ "+ 2" e - pdpz b dyabdy = 30000 dia®
and r(z) = cmo1 8™ Cpeg?™ b b L e = g epe® in Clz]
such that:

F(z) = glx)ale) + r(a),

that 1s
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F(®) = tna” + anorz™ o b aga® + @z Fag
= (™ = b1 2™ — o = bz = Bg)(dpem @™ F e @

ok dyz b dy) b (Gt ™ T A ™ E e 4 ez ).

From the system of linear equation (2.4},

K
Cp = 2 bi(lj = L}

i+i=k
where £ =0,1,...,m—1,70=0,1,...,m,and 7 =0,1,...,n—m
implies that
= Z bidj (37)
i gk
where k = 0,1,...,m—1,7=0,1,...,m; and § = 0,1,...,n — m. From (3.2),

k.
dypk = Ztkv}«lwvanmm (38)
w={

where {t,} is the linear recurrent sequence, ; = b——"‘ , and £, = g—lw > ;:11 brpwityes
Rrid T -
for r = A8, N

If j=n-~m—kthen k =n —m — j, hence (3.8) become

[ ]

P Ll == W (3.9)

wz()

Substitute d; in equation (3.7), we get

TE— Tt ]
Cy = kg + E b; Z tn—-m-—j-i—l—van—ﬂ
t+g=k v=(
TE -
= Qg E g tn—nrn-—j+i~—vc'5n——vbi- (3}‘0)
idg=k  v=0

3 — | X T -2 1 N e
since 1(2) = @™ Fepogrz™ b b F ezt = S e, we have

me-1 [}
7(11*) = Z (ak + Z by z tvlmn1%3+1-vaﬂm0) :Uk'

k=0 v g=k vz=()

The theorem is proved. O
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3.3 The Division Algorithm

Let f(z) = @™ + Gnaz™ ™t 4o+ aox® + arz + ag and gx) = bna™ —
by x™ =~ byz? — bz — by, where ay # 0 and by, # 0, be polynomials in Clz]
and suppose that m = deg gla) < deg f(z) =n, then by the division algorithm

in C[xz] , there exists unique ¢{x) and r{z) in Clz] such that

F(2) = gle)a(a) + r(z) where r(z) = 0 or degr(z) < deg g(2)-

From (3.4),

n—m fri—m-—i
E E tu—m ipl—gln—j

e Fe=
and from (3.7),

m—1 =
( )mz (ak"*_ Z b Z to- 1 j4- 1= ln v) ‘1'

k=0 e v=0

Therefore

e Foeepn, AT d

% a4;& = E E Lypmmmih 1 ) bl

1=0 =t r=0

m—1 i J
-+ E ap - E bz E tphm~ j+i—vn—u )
i ijk yz=()
. ; -1

where {t,} is the linear recurrent sequence, ty = i, and ¢, = B 2aimt Dmeitred
forr=2,3,....

3.4 Related Topics

Tn this section, we find remainder in case g(z) = b(x — b )" (x — by)™
(= by, ri+r+--+rs=m Byl[d (5], let C be the complex field, g(z) is a

nonconstant polynomial in Clz],

glz) = b{z — b)) (x — by} (b {3.11)
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where 7y + 7o + -+ + 7y = m, degg{a) = m, if f(z) € Ciz] and deg f(z) > m

then the remainder
-2 w1
r(z) = ¢+ x + -+ Guaad™ T A cua”

on dividing f(z) by g(x) is

det('V)

.. det(?V)
)= ey

det(™ V) L,
detv T N

det V

det{"V) .,
detV ©

(3.12)

' s ™1
where det V' = (H il k!> T (B;—b)™™ #£0, V is the confluence Vander-
i=1 k=1 1 <i<y<s
monde matrix and (7V) are matrices obtained form V' by successively replacing

the 1%, 274 . m'" columns by the block column vector

FOby) FB(by) FreBip)T.

(3.13)

FODBy o OB FO(B)
The proof of this theoremn by produce a system of liner equations in the
form Vx = b, where x = [¢1,¢,...,¢,]" and b is the block column matrix in

(3.13) that is,

(1O () U RN (O L & FO )
(W ety o I C S T e F ()
(1)m-1 ()= (B7=2ylra=l) iy b ers FUr=tib)
(1) (b2)(0) (e %)) Bm=1y(o) Cry s FO (bg)
(1 (b)) e - LA L FE (b2
f Z : . Crpbrn ; - {3.14)
(1)(7'2—1) {by)(r2—} (b;;?“2)(v'z—l) (b;‘l“‘)(v‘emi) Cryprgbl Fir2= (bg)
(1)1 (51O i (S I G W) FO b
M (e (b= e FO b5
i {1){1'5-"1) (bs)(rswl) (b':;ﬂ"‘z)(rg—-j) (b;nmiJ(r,m}) il Cin | f(”m”(bs) |

In solving this system of linear equations by Cramer’s rule, the solution 1s

L det(?V)
G = detV ’

j=1,2,..

LM
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and by [4], we can find inverse of V. Then we get x = V™'b, the column matrix

x is the coeficient matrix of the remainder polynomial on dividing f(z) by g(z).

For example, let f(z) and g(z} be any complex polynomial where g(z) =

b{a — by)3(x — bg) form (3.14), we get
1 b b b e | FO (b
0 1 2b 3b c B(p
V prownl ‘ ! ‘1 p, Qs 2 N ! b prg f ( !
1 by b2 B c3 FO (b,
LG i 21)2 31)%_ i Cyq | ] f(l)(bg
Now \ .
bt}
by 1 by 1
vi= ) = W
by 2by by 2bo
_b’? 362 b3 3()%_
Thus, form [4, p. 1546], we get
b5 (b2 =361 ) 6b1 by ~3(by +b2) ¥ |
{by by )? (ba~—by ¥ (ba—ty )® (ba—byp)®
——b%b; tr (Bo 26y ) - { 2by by ) 1
p‘/fml A (bgmb;)g {bg-«bi.)z (bg—bl)z (bz"-b;)?“
b (b —-3b2) 6by by ~3(by +bn) 9
(b1 =ba)? (by=b2)? (bi—-by)®  (b1—b2)?
b by by (by+2by)  —{2b; +ha) 1
| (b —b2)? (by ~ba }* (by—by)? (b1 —=by)®
In fact
(V’I')wl e (V_—l)T:
Therefore form (3.15), we have
[ b2 (ba—3b1 ) b2 by BE(by —3bs) ~b¥by ]
(B2—by ) (by=b: ) {bi~b2)® (by —ba)?
by by b (by+201 ) 6By by by (b +2b2)
Vol= | lembr)? (b2—b()? {by~by)? {by b2}
=3(bitbp}  —(2y+bi)  =3(bi ) = (2bi k)
{by—b1 3 {hy—by ) (by b2 ) (by—ba)?
2 1 2 i
L {ba—By )3 (bz—by)? {by by )3 {by—b2)?

(3.15)



Finally, we obtamn

x = Vb

€1
Ca
3

C—4

CM(bo—3bi)  —biby BR(by-3bs)  —bPhy
(by—by)? {b2—b1)? {by—bg {b1—b2}?
by by b (be-+261) Gby by by (by +2b2)
{by~by )° (ba—by)? {by —by )® (1 —b2)?
~B(by+ba)  —{2baby)  =3(bitba}  —(2b1Hba)
(bz—b¢)? {by—b1)? {by —bg)® {br—b2)?
2 H 2 1
L (by—by)® (ba—b1 )2 (b —b2)3 (by~b2)? |

[ FOB,) |
FO(by)
FO)(by)
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| fW(b2) |





