CHAPTER III

MAIN RESULTS

3.1 Linear Combination of Tripotent Matrix.
Lemma 3.1.1. {3, pp. 47-49]. For nonzero ¢, ¢; € € and nonzero tripotent matrices
Ty, To € M,(C) satisfying the commutativity property 7175 = 157}, let T be their
linear combination of the form 7' = ;73 + co 5. Under the assumption that Ty # 11
and T, % —T7, the matrix T is tripotent if and only if one of the following conditions
holds:

(8) s =1,cp=—1 or ¢;=~1,cp=1 and T?Tp =173,

(h) ¢y = l,ep = —~2 0or ¢ = —1,0 = 2 and TETQ =T, = TlTQQ?

(¢) e =2c0=—1 or ¢, = ~2,c0=1 and T¥Ty =T} = N1},

(d) Cy = lies=1lorc = —-1,¢y'= -1 and T}?T‘Q = '-T;TQQ,

(&) cr=1l¢,=2 or ¢, = ~l,cp=~—2 and TiTp=Tp = -1T%,

(f) Cy = Q,Cg =1 or¢ = —2,62 = -1 and TETQ T "T1 = -—T;{TQ:“),

o ] _ s ] S SRR |
(g 01 = 3,00 =35 OI €& 5,Cg=—3 O £ = —5,0 %3

or ¢ = —L e =~1 and TITh =T, W15 =T1.
Lemma 3.1.2. {3, pp. 47-49]. For nonzero ¢, ¢ € C and nonzero tripotent matrices
To, T € M,(C) satisfying the commutativity property ToT = TT, let A be their
linear combination of the form A = ¢yTy + dyT". Under the assumption that T # T

and Ty # —T, the matrix A is tripotent if and only if one of the following conditions

holds:
(8) co=1,dp = —1 or cg=—1,dy =1 and T4T = T,T%,

(b) co=1,do = —20r¢cg=—1.dy=2and T¢T = T = T,1%,
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(¢) co=2,dg=—1orco=—2,dy =1 and TgT = Ty = TT?,

(d) cg=1,dg=1 or ¢g=—1,dy=~1 and TGT = —TpT?,

(6) cp=1,dg=2 or ¢o=—1,dy=~2 and TgT =T = -TyT?,
(f) co=2,dg=1 or ¢g=~2,dg=—1 and TgT = Ty = =TT,

o 1 1 B | e 1 — 1 |
{g) Cnm§,dn-—-.2- or C()-—-a,dgw——ﬁ ar (‘{;—_§,d(;w§

and 197 =T,T,T? =Ts.

B [t

— 1 —
or ¢g = —3,dp = -

From Lemma 3.1.1 we have equation T = ¢;7] + &7 and Lemma 3.1.2
we have equation A = ¢yTh + dyT, so we will bring 7' to replace in the linear
combination of A = ¢Ty + doT” and so we can get the equation as follows:

A = Ty +doT (3.11)
= ggTy + dole 11 + e2T%)
By substituting 7" = ¢171+¢; Ty in the linear combination of the form A = ¢ To+dpT',

we have the following theorem.

Theorem 3.1.3. For nonzero ¢y, ¢1, ¢ € C, and nonzero tripotent matrices Ty, T1, T3
€ M,(C) satisfying the commutativity property, let A be their linear combination
of the form

A = cgTy + dy(ei Ty + 13).
Under the assumption that Ty # (671 + ¢o1n) and (e17) + cTa) # ~Tp, the matrix

A Is tripotent if and only if:

(a) g = Lidg = ~1,¢ = Lep = —lor¢g=~1,dg = 1,&1 = —1,¢cp = 1 and

T@(clTl -+ CETQ) = Tg(Cﬂﬂ + CQTQ)Q,

) g = 1,dy = 2,61 = L,;p = =2 0r ¢y = —1,dp = 2,¢; = —1,00 = 2 and

’I}‘;l(CITl + CQTZ) = (ClTl + CQTQ) = To(clTl + CQT2)2,

(€) cg = 2,dp = —1,c0 = 2,62 = =1 or ¢¢ = —2,dp = 1,1 = —2,¢p = 1 and

Tg(clﬂ -+ Cng) =Ty = TQ(CIT} -+ CQTQ)Q,



(@) ¢g = l,dp = 1,1 = Licp = 1 or g = ~1,dy = =1, = —1,c0 = —1 and

TR (e Ty + Do) = (aTy + eTh) = ~To{aa Ty + e T2)%,

-2 and

(0) co = 1,dy = 2,01 = L,cg = 2 0r ¢p = —1,dp = 2,6 = -1,

Tg(ClTl -+ CQTQ} = (ClTi -+ Cng) = °—TQ(C;T1 + Cng)g,

(£ cg = 2,dp = Liey = 2,¢0 = 1 or g = —2.dy = —1,¢ = —=2,¢2 = ~1 and

T Ty + coTy) = =Ty = =To{e/T1 + o),

or l 1 1 1 1 i 1 _
(g} co = L,do = 3,e0 = J,c0 = ooy = 5,dog = —5:60 = 5,02 = 3 O
1 P g - ] I TP S |
Co = “§,dn = 5,0 = —3,0 = 5 0T G = ~§,d0 = 5,01 = 5,0 = Ty and
T{‘?‘(QT; o Cng) iy Tq TQ(C]_T‘; + C;)_Tg)g =it

Theorem 3.1.4. For nonzero ag, a1, a3 € C, and nonzero tripotent matrices To, 7Y,
Ty, € M,(C) satisfying the commutativity property, let A be their linear combination
of the form

A= CI.(]TQ + (l]Tl -+ UQTQ. (312)

Then the matrix A is tripotent if and only if one of the following conditions holds:

(a) ag=1,a; = —~1,a3 = —lorag=—1,a1 = ~1,a9 =1 and

THT, — To) = To(Th — T)? = =I5 (1 = Ta),

(b} ag = 1,0, = —2,a2 =4 orag= —l,a; = —2,a, = 4 and

T()Q(Tl - 2T2) = (Tl - 2T2) = TO(TE - 2T2)2a

(¢) ag = 2,ay = =209 =l or ap = ~2, ¢ w —2 ag = 1 and

TQZ(TQ i Tl) i T{] == T()(Tg - T})Q,

() gp=1l,ay=lap=1oragy=-la=la=1 and

2T+ Ty) = ~To{Th + To)?,

(e) ag = 1,041 = 2,00 =4 0t a9 = —1, =2 a; =4 and

THT +T3) = (T + o) = ~To{T1 + Ta)?,
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() ap=2,0s =2,ap=10rag= —92.a; = 2,80 =1 and

TE?(QT; + TQ) = "-*T() e —T{)Z(QTl +T2),

(2) ap=3.a1 =} 00 = Lorag=—3,01 = gy, =1 and
TPAT + 3Te) = (3T + 5T3), To(AT) + iT)* = To,
o= 3%,0, =~} mp=jorag=-j5m= ~1 gy = { and
T2AT, — 3T) = (31 — $T0), To(3 T — $T)° = To.
Proof. Let
= (cgTy+ doT) where T =T + &3 (3.1.3)

Direct calculations show that A of from (3.1.1) is tripotent if and only if
Ty + 3G TET + 32Ty T% + diT = ¢oTy + doT
or equality
(& = co)To + 3c2deTET + 3eodiTo T + (dg — do)T = 0 (3.1.4)
Substituting T = ¢; T} + ¢T3 to (3.1.4) show that

(Cg - C[})Tg 4 SC%dng(ClTl - Cng) + BCQd(Q}T()(QTl 4 CQT2)2 - (dg = d{))(C1T1 Al e 0

(3.1.5)
By (3.1.3), we can rewrite equation:
A = Ty + doT
= Ty + doleT1 + 2 T2)
= eoTo + docy T\ + docaTs
Let ag == cq, a1 = dy¢y and ay = docg. Thus
A= aoTo + a1 1) + a1 (3.1.6)

By Theorem 3.1.3 together with (3.1.5) we consider the following case:

Case (a). g = L,dog = —1,c1 = 1,¢p = ~1 and Tg(e, Ty + eoTh) = Tolar Ty + e 1),

M3T()?(T1 - Tz) + ST()(T - Tg)Q = (),
~TE(Ty — To) + To(Ty - T)? = 0,
Tz( - Th} + TO (T, — ) = 0.
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or ¢p = --Ml,d() = 1,(:1 e —1 =1 and T()?(Cng -+ CQTQ) B Tg(C;Tl -+ CQTQ)Q,

STHTy - Th) - 3Tp(Ta = Th)? = O,
THT, ~ T~ T —T1)* = 0,
T, ~T) —THT, - Th) = 0.

In this case, we have gy = 1,4, = —l,as = -l oray = ~1l,a, = —1,a3 = 1 and

TOQ(T; - Tg) = T()(Tg - T2)2 = —Tg(Tl - Tg)

Case (b). ¢g = 1,dg = —2,¢; = 1, ¢ = —~2 and
Tg(cﬂﬂ -+ CQT'Q) = (C}Tl -+ CQTQ) = T{}(C;Tl + ?QTQ)Q,
3(—2)THTy ~ 2To) + 3(=2°Ty(Ty = 2T3)* + (=8 +2)(Th — 2T2) = 0,
*—6(T1 - 2T2) -+ }.QTQ(Tl - 2T2)2 ~ 6(T1 - 2T2) = 0,
0

S 12(Ty = 2T3) + 1UTy — 2Ty) =

orcg= —1,dy=2,¢y = —1,c0=2 and
Toz(clTl -+ C2T2) = (CiTl —+ CQTQ) = TQ(C]_T}_ A Cng)z,

3(-12Q)T3(2T = T1) + 3(-1) (2P T (2 - 1) + (8 - 2)(2Tr - T1) = 0,
6(2Ty - T)) — 120275 - Ty)* +6(215, —Th) = 0,
12027 ~ 1) = 12(27> - T} = 0.

In this case, we have gy = l,a; = —2,a0 =4 or ap = —1,a1 = —2,ap = 4 and

T{)Z(Tl - QTQ) = (T} - ZTQ) e T{)(Ti e QTQ}Q.
Case (¢). ¢g = 2,dg = —1,01 = 2,¢p = —1 and

T(;?(clTl + C2T2) =Ty == T()(Cng + CQTQ)Q

f
=

6T) + 3(2)2(~1)T2(2T; — Ty) + 3(2)(~1)*Th(2Ty ~ T3)?
61y ~ 6T§(2T1 - Tg) + 6T0(2T1 — Tz)g = 0,
6Ty — 12T, + 6T, = 0,

or cg = —2,dyg = 1,04 = —2,c0 =1 and

THey Ty 4+ o) = Ty = Tolar Ty + &T)?
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6T + 3(—2)2(V)THT: — 2T) + 3(=2)(1)*T(2T — 211)° = 0,
~6Tp + 12721y — 2T3) — 6To(2T> — 217)° = O,
“"GT{] + 12T0 - G‘T(] = G

In this case, we have ap = 2,0y = ~2,a9 = 1 of a5 = —2,01 = —2,0p = | and
T(?(Tz - Tl) = Ty = TO(TZ - Tl)z-

Case (d) Co == 1,d0 = 1,61 = l,CQ == ] and Tg(clTl -+ CQTQ) == *““'To(ClTl +- CgTQ)z,

3Ty +To) + 3To(Th + 12)* = 0,
3TAT 4+ T) = 3THTy+ 1) = 0,

Qr Cpn = —1,d0 = Wl,Cl = *3,6’2 = —1 and Tg(cl'ﬁ + CQTQ) = —Tg(61T1 -+ Cng)Z,
3T2(—Ty = Ta) = 8Tp(~Ty = T2)* = 0,
—ST(;‘"}(”‘“T; = Tg) -+ BTOZ(““TI - Tg) =£f Y

In this case, we have ag = 1,07 = l,ap = lor g = —1,8¢ = l,ap = 1 and

Té‘)(T1 - Tz) g —Tg(T-l B Tg)g.

Case (e_)m. ep=1idy = 2.cr="1,00=12

and rIE)z(C;Tl ‘+" CQTQ) s (C}Tl “+ CQTQ) i —T(](ClT} -+ CQTz)z,

6TR(Ty + 2Ty) + 12T5(T; +2T3)% + 6(Th + 213) = 0,
6(Ty + 20%) — 12(Ty + 2T3) + 6(T7 + 213) = 0,

orco=—1,dy = —2,¢0 = ~1,6p = —2 and
T (erTy + oo} = (ah + Ty} = ~To(aTh + ey Ty)?
—BTF(=T, — 2T} — 12To(=T — 2T3)* ~ 6(~Ty ~ 2T) = O,
—GTZ{~T) — 2Ty) + 12T4(~Ty — 203) — 6(~Ty — 272} = 0.
In this case, we have ag = 1,a, = 2,0y =4 or ap = —1,0; = 2,a2 = 4 and

THT +T3) = (11 + 1) = ~To(Th + T2)*



Case (f) Cy = Q,do =1l = 2,62 = 1 and
Tl + ) = Ty = =TT + D),

6Tp + 12T2(2T, + Ty) + 6To(2Ty + To)2 = 0,
6Ty ~ 12Ty + 6Ty = O,

oreg=-—2,dy=—~1,¢y = ~2,¢ca=~1 and

T.E]Q(Cng -+ Cng) = -'-T() = WTQ(CIT} 4 CQT_?)Q,

—6Ty — 12TE(=2Ty — Ty) — 6To(—271 — T3)* = 0,
—6Ty + 12T —~ 675 = 0.
In this case, we have ay = 2,07 = 2,09 = 1 or ag = ~2,a4) = 2,09
Te(N + 1) = =Ty = ~T¢(2T) + Ta).

Case (g). cg = 3,do = 3, '1=%>612=%and

T(} (C1T1 + CQTQ) = (ClTl - CQTQ), T{](ClTl -t CQTQ)z = T()

(; — T+ 3HTRGT + 3T2) + 33 (DTG + §T2)°

+ (3 =330 + 3T =
AL+ RN + 3T) + LT + i) - T+ 5T) =
0n - m) =

3 3 IT }.T 3T
__ZO+_(_ 1+—2)+~D
Qr ¢p = —é d(} = ——;,Cl = 5, Cp == -—% and

T3 Ty + eoTa) = (e Ty + eoTh), TolaTy + e.T)* =Ty,

3T~ T30, - ¥ + $HGT: ~ 4T+ 16T - 43) = o
T~ 4T - 4T+ 10+ 34T —4T) = o

or g =~%.dy= 3,00 =~3,c0=3 and
TOZ(C1T1 + CQTQ) = (ClT; + CQTQJ, T()(C1T1 -+ CQTQ)Q = T(),

T -+ STE(—AT + E o) — 3To(—3T1 + 4 13)° -

3
8
e+ {4 4T - T

(M

. — i e | R 1 s 1
or Cp = “§,dg e —5,(,; = ‘—§,C2 = =3 and

T{?(ClTl + CZTQ) = (ClTl + CQTQ), T(}(ClTl 4 CgT2)2 = T(),

17

1 and
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8Ty — ST2(—-1T — ATy) = 3To(—3Th + 5T2)° + 21T~ 3T = 0,

2
3Ty - H(-4T - D) ~ T + §(—3Th — 3T2) = 0.

Lo 11 111
C"’O"“za' 1= 430‘2""4 ap = Qaal“""‘ 410'2"‘4
dT2(AT, + 4Ty) = AT + 113), (AT + 11 = To
and T¢(3T1 + 3T0) = (3 + 57%), To(sTh + 512)° = To
{ 10‘ ""‘]:G»_'l ar (T"""""'*la ——1a L
lf{)_zal""“ 12_’4 G = 21?. 12—"4

and T3(3T1 — 3Th) = 30 = 3T0), o3 Th = 3 T)* = To.

By Lemma 77, the tripotent matrix A, in Theorem 3.1.4 can uniquely be
represented as a difference of two idempotent matrices Ay and A, which are disjoint
in the sense that A; Ay = 0 and AsA, = 0. Thus, A = A, — A where A; and A, are
an idempotent matrices.

Given two different nonzero idempotent matrices Ay and Ay, let C be their

linear combination of the form
C=cd+ (""‘CQ)A2 (3.1.7)
Direct calculations show that, in view of C? = C, a matrix C of the form (3.1.7)

C = oA+ (—cp)Ag
C? = A}~ 2004147 + AL
AL+ (—e)dy = AT - 201041 Ay + A
(2 — c1)A? — 2010941 A2 + (GG + 2)A; = O
Then, in view of the Theorem 2.2.1, there is one case such that the matrix C =

1Ay + 2 Ay (now equal to C = ¢1A; + {~¢3)Ay) is idempotent where
[ E,Cgﬂ —"—17 AlAQ,:OmAQA}_ (318)

Hence A is an idempotent matrix, under this condition, criterion (3.1.8). The proof

is complete. (1
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Corollary 3.1.5. For nonzero ¢, dy € C and nonzero tripotent matrices 7p, 71,75 €
M,,(C) satisfying the commutativity property, let A be their linear combination of
the form

A=qayTy+a)T) + agdy.

Moreover, let T, # T and T; % —T5, ¥i,7 = 1,2,3. Then:

{a) in cases where T;T; = 0, Vi,j = 1,2,3 a matrix A is tripotent if and only if

(ag,a1,a2) € {(1,1,1),(1,—-1,1),(-1,-1,1), (=1, 1, 1)},

() | in cases ToT = T. where T = ¢;T} + 1% a matrix A is tripotent if and only
if T is idempotent and (ag,a;,a) € {{(1,~1,1),(~1,-1,1),(1, ~2,4),
(—1,-2,4)} or —~T is idempotent and (ag, as,a2) € {(1,1,1),{(=1,1,1),
(1,2,4),{~1,2,4)} or Tj is idempotent equal to T and the pairs (ao, a1, 62) are

as in Theorem 3.1.4 (g).

(¢} in cases ToT = Ty, where T" = ¢; T} + T, a matrix A is tripotent if and only
if Ty is idempotent and (ag, a1,02) € {{1,-1,1),(-1,-1,1),(2,-2,1),
(—=2,—-2,1)} or —T; is idempotent and (ao,a1,02) € {{1,1,1),(~1,1,1),
(2,2,1),(=2,,2,1)} or T is idempotent equal to T and the pairs (ag, m1, az)

are as in Theorem 3.1.4 (g).

Proof. Direct calculations show that, a matrix A of the from (3.1.5)
(& — e)To+3c2dg TR e\ Ty + coTo) +3codsTo(r Th + c2T3)* + (dy — do){ey Ty +¢2Ta) = 0

By Theorem 3.1.3 together with (3.1.5) we consider the following case:

Case(a). In cases where T;7; = 0, V4,7 = 1,2,3 a matrix A is tripotent if and only

if {ag,a1,00) € {{1,1,1),(1,-1,1),{-1,-1,1),(~1,1,1}},

Hence it is clear that if situation {ag, a1, a2) in (3.1.5).
Case(b). In cases TyT = T, where T = ¢;7) + ¢T7 a matrix A is tripotent if and
only if T is idempotent and co = 1,dy = =1, =L, cp = ~lor gy = ~1,dg = 1,6 =

Wl,(.‘g =1or Cp = l,doﬂ ——2,6‘1 = E,Cg = -2 o0r Cp = ——1,d0 m2,81 = ——1,(32’—"—2.



Ifey=1,dy = ~1,¢, =1,¢p = —1, then
—3TYTy = T) + 3T(Ty - T3)? = O,

~TEMN - T+ To(h - T)?* = 0,

—( ~ 1) + (T, - T3)

i
o

If Cy = -1, do=1,¢ = —1,e0=1, then
3TE(Ty —Th) = 3Ly(Ty = 1) = 0,
TETy =) =TT = T1)? = 0,
(To —-T) - (T =T)) = O
Hege1,dy= —2,6; = 1,692 —2, then
3{—2)T§(T1— '2712) e 3{_2)2T(}(T1 --QTQ)Q + ("—8 —+ 2)(T1 - QTQ) = {,
—6(Ty — 2T5) + 1275 (Ty — 2T5)2 —6(Ty — 2T3) = O,
MIQ(T} o QTQ) “+ 12(T1 - ZTQ) = O

fe=~—1,dy=2,¢,=—1,¢3 = 2, then
-1V @TF QT - 1) +3(~-1) 2P L2 - 1) + (8- 2)2T - Th) = 0,
6(2T2 - TL) o 127})(2712 L T1)2 - 6(2T2 - T1) = 0,
12(2T2 - Tl) - 12(2T2 - T1) = {.

In this case, we have (ag,a1,00) € {{1,=1,1),(=1,-1,1}, (1, -2,4),(~1,~2,4)}.

In cases TyT' =T, where 7" == ¢; T + ¢»/5 a matrix A is tripotent if and only
if —T is idempotent and ¢g = 1,dy = 1,00 = l,eo =l or¢g = ~1,dg = ~1,¢3 =
—lee=—lorg=1ldy=2,=1c=20r¢=—1,dy=—-2,¢,= 1,00 = ~2.

Heg=1,dg=1c==1 ¢ =1, then

3T3(T1 4 Tg) -+ 3T0(T1 + Tg)g =
(Tl + TQ) - (Tl -+ Tg) = 0.

if Cp = “1,dﬂ = w]_j(;l = ”’*1,(‘,‘2 = ._,]_: then

——ST(?(_Tl - Ty) = 3Tp(—1) — T2)2 = 0,
-—("-Tl — Tg) + (’—T] — Tg) = (.
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Hep=1,dy=2,¢0 =1,c0 =2, then
GT(‘?(T} -+ ZTQ) + 12To(T1 + 2T2)2 -+ 6(T1 -+ QTQ) = (),
if Cy = _l,d(; = —-2,(;; =—-l.¢g= “—27 then
—“GT(')?(—'Tg - QTg) — 12T{](—-T1 - 2T2)2 - 6(—'T1 e ZTQ) i 0,
“6T2(~T\ - 2T%) + 12Ty(=T; — 2T3) — 6(~Ty ~ 2T5) = O.

In this case, we have (ag, a1,a2) € {(1,1,1),{-1,1,1),(1,2,4),(-1,2,4)}

In cases 70 = T, where T = ¢{T) + 975 a matrix A is tripotent if and onl

0 » 141 249 ! Y

e e " _ 1 e 1 1 S

if Ty = 1% and =73,y =30 =350=500=3d=-30=
- ! LAY | M\ S .1 b a3 1 e

Co=—5,dp= 5,01 = —5,00= 3 OF ¢g = —35,dp = —5,00 = —3,00 = —3.

Ifeg=1%,dy =2 0= 3,co= 3, then

+ (- PGh +5T) = 0

37, ITRAT 4 1) + ST (AT + A T0) = 23Ty 4+ 1 Ty) = 0,
3T+ 3T 4T) + 3T — 30T +4T3) o
Ifey=3,do=—3.01 = 3,¢2 = —3, then

=5T0 = 3TGT = 3%) + 3BGT - 3T+ 56T - 3T) = 0,
N -GN =T+ T+ 6T - 3Th) = O
Ifcy=—3,dy=3,0=—3,0c0=3, then
ST+ TG (5T + §To) — $T0(—4Th + § 1) ~
fe= ”"”“.;:,d() = b o = g, Cp = w%, then
Ty) = ¥To(— AT + A2 + 3(-1Ty — 1Ty) = o,

S~ 33T~ i) - M+ 34T - iT) = 0.

2
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In this case, we have (ag, 0y, a2) € {(%,i,é},(%,~§,%,(——%,—-é, (-3 45}

M In cases TyT = Ty, where T = , T} +¢, T a matrix A is tripotent if and only
if Ty is idempotent and ¢g = 1,dy = ~1.¢) = l,cp = ~l or ¢y = —~1,dy = 1,0, =
~l.co=10r ¢y =2,dp= —1,¢1 5= 2,co = —Loregy= —2,dy = 1,¢; = —2,¢0 = 1.
feg=1,dy=~1,¢0=1¢ = 1, then
~3THT, ~ To) + 3To(Ty — Tu)? = 0,
~T3 (N ~T) + T(Ty - Ta)* = 0,
—Ta -+ To = 0.
fep=—1,dy=1,c0=-1,¢c5 =1, then
STATs—Th) - 3T(Ta = Thf = 0,
T ~T) - T(Ta -T)? = 0,
To~Ty = 0,
feg=2dy=—1,¢; =2, ¢ == —1, then
670 + 3(2*(—1)TE(2Ty — Ta) + 3(2)(—1)*Ty (217 = T)® = 0,
67y — 6T2(27, — Ta) + 67527, — Ta)* = 0,
67y — 121, + 615 = 0.

Ifeg=—2,dy=1,¢, = ~2,¢9 = 1, then
~6Ty + 3(=22(1)TH Ty — 210) + 3(=2)(1)* 1o (2T, — 2T3)? = 0,
—6Ty + 12T2(Ty — 210) — 6Tp{2T, — 2T1)2 = 0,
6Ty + 127y — 6Ty = 0.
In this case, we have (ag, a1, ) € {(1,-1,1},{~1,-1,1),(2,-2,1), (=2, -2, 1)},

In cases TyT = Ty, where T = ¢, T} + 275 a matrix A is tripotent if and only
if =T is idempotent and ¢ = 1,dy = l,¢; = lL,gs =1 or ¢y = =1,dy = —1,¢; =
~les=—loreg=2,dg=1,c=2,cs=1orey = —2,dy = —1,0 = —2, 09 = —1.
if cp=1,dy=1,¢; =1,¢0 =1, then

STET) + To) ++ 3To(Th + T3)? = 0,
To—Ty = 0
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if [ "1,0{0 = —1,61 = 1,00 = —1, then,

""3T02(WT1 - Tg) - BT(}(-‘Tl - T2)2 - O,
~To+ Ty = 0.

i Cp = 2,d0 = 1.,(,'1 = 2,(:2 = 1, then
6Ty + 12T2(2Ty + Tp) + 6Ty (2T, + T3)2 = 0,
67 — 1275 + 67, = 0.
Meg=—2,dy=~1,0; = —2,¢9 == —1, then

61y — 12T3(=2T1 — Tp) = 6To(—2Ts — T5)* = O,
6Ty + 1275~ 6Ty = 0.

In this case, we have (ag, a1,02) € {(1,1,1),{-1,1,1),(2,2,1),(~2,,2,1}}.

In cases ToT =T, where T = ¢; T3 + o 75 a matrix A is tripotent if and only

e 2 1 N W AN NIR . 1. _ 1
UT =15 and ¢p = 3,ds = 5,01 = 5,6 = 5 01 €y = g,dy = ~3,0p = 5,65 = —5 OF
1 1 1 1 WA IS \Y 1
Co = Ejd 35 1-»«~—§,CQ—§OICQ-—""§ dgm—§161m~§,CQ—M"§.
1 1 1 1
IfCQ-—§ d = 5,01 = 3,0 = 3 then

(b= DT+ 3DGITEGT +4T) + 3(%)(1)Ts(4~T1 £ g%)“’

—5T0 + 3G+ 3%) + §HGT + (D) ~ %( T+ %Tﬂ) =0,
T+ §GT +3T) + 3T - 34T + i) = (.
If Cop = %—,do prem '_%)ci = %3@2 = —---515’ {;hen

=30 = TEGT — §T) + 03T — i0) + 33T - 1) = 0,
:

3T - 36T -0 + 3+ 33T ~- 1Ty = 0.

Ingﬂ“““%,do:%,Clm——" sz , then

ST+ 5T (3T + 3T0) = T(—§Th + A1) = 3(—in - i) = o,

ST+ (=37 +30) = T - (=5 - §T2) = O
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In this case, we have (ag,a1,a2) € {(3,3.3). 3, ~3. 5 (4, -3, 1), (-3, 3. D}
)

Under this condition, criterion (3.1.5) can be the proof is complete. O

3.2 Linear Combination of Idempotent and Tripotent Matrices.

Theorem 3.2.1. Let ¢; and ¢; be nonzero complex number. Let A and B be nonzero
complex matrices and ¢; A + B = C satisfy A®> = A, B* = B, AB = BA, A# B,
and C? = C. Then B2 = B or B® = 3,

Proof. Let A he idempotent and B be s-potent. If ¢; A + ¢o B is idempotent, then

A+ B = c(Ay ~ Ag) + B,  (by Lemma 77)
= (01 A) — 1 Ag) + 2B
= {1 A; + dAy) + B (where d = —¢;)

== 61A1 +- (ClAg s (.'QB)

By Theorem 2.6.1, B must be idempotent or tripotent.

If B is an idempotent matrix, then ¢ Ay +(dAs + o B) is idempotent. From
Theorem 2.2.1 asserts that there are d, ¢s such that (dAs + ¢ ) is idempotent. Now,
let £ = {dAs + coB) be idempotent. From Theorem 2.2.1, we can find some scalar
ki, ko such that &) Ay + ko £ is idempotent. Thus, there exists some scalars for which

combination of A and B is idempotent.

If B is a tripotent matrix, then ¢;4; + (dAz + ¢ B) is idempotent. From
Theorem 2.3.2 asserts that there are d, ¢o such that (dAs ¢y B) is idempotent. Now,
let @ = (dA; + ¢3B) be idempotent. From Theorem 2.2.1, we can find some scalar
{1,y such that [ A, + L@ is idempotent. Thus, there exists some scalar for which

combination of A and B is idempotent. a
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bination A, B and C' is idempotent (or tripotent), then the others matrices must beinnad

idempotent (or tripotent).
Proof. 1t follows directly from Theorem 3.2.1 0

Theorem 3.2.3. Let Ay,..., A, be t1,...,t.-potent respectively. If combination of
Ay, ..., A, is idempotent and one of A;,..., A, is idempotent {or tripotent) and
- the combination Ay, ..., A, is idempotent, then A;,..., A, each the other matrices

must be idempotent (or tripotent).





