CHAPTER I1

PRELIMINARIES

In this chapter, we collect definitions, notations, and some useful results that
will be used in the later chapters. The first section deals with primitive polynomials
over finite fields. Details and proofs can be found in Lidl and Niederreiter [18].
The second section deals with digit system of polynomials, first developed by
Scheicher and Thuswaldner [20]. Throughout this thesis, the follwing symbols
will be standard:

¥, a finite field with ¢ elements where ¢ is a prime power,

N the set of all natural numbers.

2.1 Primitive polynomials over F,

Definition 2.1.1. [18, 1.57] A polynomial f(z) € Fylz] of degree k > 1 is said
to be irreducible over I, if f(z) = g(z)h(z) with g(x), h(z) € IFy[z] implies that

either g(z) or h(z) is a constant polynomial.

Theorem 2.1.2. {18, 2.8] For every finite field Iy, the multiplicative group ¥y of

non-zero elements of By is cyclic.

Definition 2.1.3. [18, 2.9] A generator of the cyclic group Fy is called a primative

element of IF,.

Definition 2.1.4. {18, 3.2] Let f(z) € F,{z] be a non-zero polynomial. If f(0) # 0,
then the least positive interger e for which f(x) divides z® — 1 is called the order
of f(z), denoted by ord(f) := ord(f(z)). If f(0) = 0, then f(z) = z"g¢(z), where
h € N and g(z) € F,[z] with g(0) # 0 uniquely determined; in this case ord(f) is
then defined to be ord(g).




Definition 2.1.5. {18, 3.15] A polynomial f(z) € F,[z] of degree k > 1 is called a
primitive polynomial over Fy if it is the minimal polynomial of a primitive element

of }Fqk .

Theorem 2.1.6. {18, 3.16] A polynomial f(z) € F,[z] of degree k > 1 is a primitive
polynomial over B, if and only if f(z) is monic, f(0) # 0 and ord(f) = ¢* — 1.

Definition 2.1.7. [18, p. 395] Let k € N, and let a, aq, ..., a1 be given elements

of Fy. A sequence s, sy, ... of elements of I, satisfying the relation
Sptk = Op—1Sn4k-1 + Qp—2Snih—2 + -+ eSp+a (n=0,1,...) (2.1.1)

is called a (kth-order) linear recurring sequence in F,. The terms sg,815..., Sp-1
are referred to as the initial values and the vector v := (s, s1,. .. , 8g--1) is referred
to as the initial state vector. A relation of the form (2.1.1) is called a (kth-order)
linear recurrence relation. The sequence sg, 5y, ... is called a homogeneous linear
recurring sequence in i, if ¢ = 0; otherwise the linear recurring sequence is said to

be inhomogencous.

Definition 2.1.8. [18, 8.3] Let S be an arbitrary nonempty set, and let sg, 54, ...

be a sequence of elements of S. If there exist integer » > 0 and ny > 0 such that
Sptr = Sp (TZ = 'I’Lo),

then the sequence is called ultimately periodic and r is called a period of the
sequence. The smallest among all the possible periods of an ultimately periodic

sequence is called the least period of the sequence.

Lemma 2.1.9. {18, 8.4] Every period of an ultimately periodic sequence is divisible

by the least period.

Definition 2.1.10, {18, 8.5] An ultimately periodic sequence s¢, sq,... with least
period r is called purely periodic if s,4, = s, hold for all n = 0,1,.... In this case,

we also say that the sequence sy, sy, ... is periodic.



Lemma 2.1.11. [18, 8.6] The sequence sy, 81,... is periodic if and only if there

exists an integer r > 0 such that sy = s, for alln=10,1,....

Definition 2.1.12. [18, p. 404] Let sy, $1,... be a kth-order homogeneous linear

recurring sequence in IF, satisfying the linear recurrence relation
Sptk = Qp—18p4k-1 F QpaSnpk—2 -+ -+ sy (n=0,1,...), (2.1.2)
where a; € I, (0 < j <k —1). The polynomial
f(z) =25 — apqa™ "t — @922 — . — gy € Fyla]
is called the characteristic polynomial of the linear recurring sequence.

Theorem 2.1.13. {18, 8.28] Let sg,s1,... be a homogeneous lineor recurring
sequence in 'y, with non-zero initial stote vector, and suppose the characteristic
polynomial f(z) € IV, [z] is irreducible over T, and satisfies f(0) # 0. Then the

sequence 1s periodic with least period equal to ord(f).

Theorem 2.1.14. {18, 8.29] Let f(z) € F,z] be irreducible over ¥, with
deg(f) = k. Then ord(f) divides ¢* ~ 1.

Definition 2.1.15. [18, 8.32] A homogeneous linear recurring sequence in F,
whose characteristic polynomial is a primitive polynomial over I, and which has a

non-zero initial state vector is called a mazimal period sequence in F,.

Definition 2.1.16. [18, p. 423] Let f(z) € F,[z] be & monic polynomial of positive
degree. We denote the set of all homogeneous linear recurring sequences in F, with
characteristic polynomial f(z) by S (f(z)). In other words, S (f(z)) consists of all
sequences in ¥, satisfying the homogeneous linear recurrence relation determined
by f(x). The set 5 (f(x)) may be considered as a vector space over F, if operations

for sequences are defined termwise.



Theorem 2.1.17. {18, 8.55] Let fi(z),-.., fa(x) be non-constant monic polynomials

over Fy. Then
S (fu(@)) + -+ 8 (fal)) = S (<)),

where c(x) is the (monic) least common multiple of f1(x),..., fu(Z).

Definition 2.1.18. [18, p. 449] For b € F, we denote by Z{(b) the number of
occurrences of b in one Jeast period of the linear recurring sequence. If sg, 51, .. is

a kth-order maximal period sequence, then

gt if b # 0,
Z(b) =

¢l —1 iftb=0.

2.2 Digit systems over F,z]

In 2003, Scheicher and Thuswaldner [20] devised a new kind of digit

systems analogous to the well-known canonical number systems (cf. [1]}.

Let

plz,y) =y" + by F iy —bo € Fylz, yl,

where b; € F,[z], degby > 0. Let
R = Flz,y)/ (@, y)), N ={g€Fyfa]: degg <deg bo}-
Clearly, each r € R\ {0} is uniquely represented as
perg Ty o Ty T E F,{z].

We say that r € R\ {0} has a finite y-adic representation if it admits a finite

representation of the form

r=do+diy + -+ duy"



with all the d; € N and h € Ny := NU{0}. The polynomials d; are called the digits
of r and the vector (do, ds, - - -, dh)y is called the digit representation of r. 'The pair
(p(z,y),N) is called a digit system in R\ {0} with y being the base and N being
the digit set. If each 7 € R\ {0} has a unique finite y-adic representation, then

p(x,y) is referred to as a DS-polynomial.

In order to determine those p(z,y) which are DS-polynomials, Scheicher and

Thuswaldner make use of the following algorithm. Given
@ =0 Oy e e RA{O)

there exist unique do € A and 7y € ¥, [z] such that rgo) = Fobgttly, degfo < deg T{(;)),

In order to mimic the case of integers, we adopt the square bracket notation by

writing
Fo 1= [r({,ﬂ) / bg] .
Using
’35 by oy o By (2.2.1)
we define
P = (D Pyt riy !t = r(ﬂ); & (2.2.2)

= (rgﬂ) + ﬁ;bl) + (rg}) + fgbg) y 44 (7 + Toba) gt
so that
r?) = riﬁ}l 4 fghip (0<i<n—1) and 71 = [(ﬁ}bl + r&m) /b(;] .
Continuing in the same manner, for k > 1, define
r—l) — dyy

P8 ) By ) gt = — (2.2.3)



so that, for i = 0,1,...,n— 1, we have

Tgk) = ?",(;:;_IU + Fre—1bint (2.2.4)
= Fptbip1 + Frogbipg + -+ Fobip + ik
e = [ (Faaby + Faby o Fobe ) /bo) (2.2.5)
and we get the y-adic representation

p=r@ =dy+dyy -+ + i1t yFri®. (2.2.6)

If there exists & € N such that #k) = 0 then {(2.2.6) yields a finite y-adic
representation for 7 of length k. If r = 0, define its length to be 0. If there
are indices j < k such that r) = ##), then (2.2.6) ylelds an ultimately periodic

representation for r with period length & — 7.
The main results of Scheicher and Thuswaldner state that:

Lemma 2.2.1. {20, 2.1] Lef p(z,y) = y" + byt A+ by - by € Folz, yl,

where b; € Flz], deghy > 0. FEachr € R = Flz,yl/ (plz,y)) has o unique

representation
re=rg+ Yyt ) 'rnmiyn—l = (7‘01 Tyg.o :'rnwl)_.;

such that

"

Ty izsibﬂ-j (J = 0,1,...,7&—* 1)

i=1
with r4,€; € Folz]. For such sums, 7= (£1,E2:- - -En), 5 called the g-representation
of r. The map (10,71, - JTa1)g — (Ens€2, - - ,En), s a bijection.

Theorem 2.2.2. [20, 2.5] Let p(z,y) = y" + by 1yt oo+ by — bo € Fola, v,

where b; € Flz], degby > 0. Then plz,y) is @ DS-polynomial if and only if

max degh; < degby.
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Theorem 2.2.3. [20, 3.1] Let p(z,y) = y" + by LA by —bo € Folz, yl,

where by € Fylz], degbo > 0. Then the sequence U, = (T(O),r(l},r(z},...), with

o= r®, is ultimately periodic for allr € R\ {0} & ond only if

max degb; < degbg.

f=lpe—1

Note that the ultimately periodic case properly contains the finite case.





