CHAPTER II1

WEAK AND STRONG CONVERGENCE THEOREMS OF NEW

ITERATIONS WITH ERRORS FOR ASYMPTOTICALLY
. NONEXPANSIVE MAPPINGS

In this chapter, the modified Noor iterations with errors and new
iterations with errors are defined by using an asymptotically nonexpansive self-
mapping. Moreover, Tt is proved that if the mapping is completely continuous, then
the modified Noor iterations with errors converges strongly to a fixed point of the
mappings. And if the mapping satisfied condition (A) or completely
continuous, then the new iterations with errors converges strongly to a fixed point
of the mapping. It also shown that if the our space satisfies Opial’ s condition,

then we would have wake convergence theorem of our iteration.

3.1 Convergence Criteria of Modified Noor Iterations with

Errors for Asymptotically Nonexpansive Mappings

Let X be a normed space, C be a nonempty convex subset of X, and
T : ¢ — C be a given mapping. Then for a given z, € C, compute the sequences

{zn}, {yn} and {z,} by the iterative schemes

2y = Gpd"Tn 4 (1~ oy — V) Ln + Ynln
Yo = b2y + T 0 + (L~ by —Ca — P )En + Hnn (3.1.1)

Tnp1 = QpT"Yn+ BT 2+ (1— @p — Bn — An)Bn + AnWn, T >1,

where {an}, {bn} {ea}, {om} B} {¥n}s {Bn}, {An} are appropriate sequences in
[0,1] and {u,}, {vs} and {w,} are bounded sequences in C.

The iterative schemes (3.1.1) are called the modified Noor jiterations with
errors. Noor iterations include the Mann-Ishikawa iterations as spacial cases. If

Vn = pPn = Ap = 0, then (3.1.1) reduces to the modified Noor iterations defined by




11

N = i = Ap = 0, then (3.1.1) reduces to the modified Noor iterations defined by
Suantai [33]

z, = T 2, + (1= an)in
Yo = 0 T7n 4+ T 00 + (1 — by — €n)Zn (3.1.2)
Ipyy = and"Yn + ﬁnTnzn + {1 = Oy = ﬁn)a?m n>1

where {an}, {bn}, {¢a}> {0}, {B,} are appropriate sequences in [0,1].

We note that the usual Ishikawa and Mann iterations are special cases of
(311) and if ¢ = B = P = fhn = A, = 0, then (3.1.1) reduces to the Noor
iterations defined by Xu and Noor [40]

2, = ", + (1 — Gn)Tn
y?’t & bnTnz'n, + (1 - bn)mn (3.1.3)
Zopr = T+ (1= 0n)Tn, n21

where {a,}, {bn}, {@n} are appropriate sequences in [0, 1].

For ay = € = Pn. = o = phn = 2n = 0, then (3.1.1) reduces to the usual

Ishikawa iterative scheme '

Yo = by T"Tg 4 (1 —bn)Tn (3.1.4)

Tper = @A"Y+ (1 — anjn, 721
where {b,}, {e,} are appropriate sequences in [0,1].

If a, = by = Cp == fn = Tn = fin = An = 0, then (3.1.1) reduces to the usual

Mann iterative scheme
Tnt1 = OlnTnilIn + (1 - an)mn} n 3 1: (31'5)
where {os,} is appropriate sequences in [0, 1.

In the sequel, the following lemmas are needed to prove our main results.
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Lemma 3.1.1. Let X be a uniformly conver Banach space and B, = {z € X :

lzll < r}, r > 0. Then there ezists a continuous, strictly increasing, and convez

function g : [0,00) — [0,00), g(0) = 0 such that
oz + By + pz + dwll? < allsll? + Bllyll + pllell® + Ml - afg(llz — yll)

for all z,y, z,w € By, and all o, B, pp, A € [0,1) with a+ B +p+Ar=1

Proof. We first observe that (p/(1—~a—8))z+ (A (1—a—B))w € B, for all z,w €
B, and o, 8, p, A € [0, 1] with o+ -+ pu+ A =1. Tt follows from Lemma (2.1.36)
and (2.1.35) that there exists a continuous, strictly increasing, and convex function

g : [0,00) ~ {0, 00), g(0) = 0, such that

|z + By 4 pz + Mol = |lax + By
- M A wlli?
+1=e-Plg—e gt amap
< allzl?+ Bliyh* — aBg(liz —yll)
7 A
=== T T a—5)
< afz]? + Bllyll* — eBa(llz — yil)
N 22+
L1 B + gyl
= allz|? + Byl + el + Mwl® - Ofﬁg(ﬂm -yl

wl®

(J

Lemma 3.1.2. If {b.}, {ca} and {1} are sequences in [0, 1] such that limsup, o
(b + €n + pn) < 1 and {k,} is a sequence of real number with k, > 1 for alln > 1
and lim,,__,o, k, = 1, then there exist a positive integer Ny and v € (0,1) such that
cpkn < v for alln > Ny.

Proof. By limsup,,__,.o(bn +cn + in) < 1, there exists a positive integer N, and
7 € (0,1) such that

Cn < by 4 Cnt+ pn <n Vn 2 Ny
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Let 7' € {0,1) with 7 > 0. From limg,e0 kn = 1, there exixts a positive integer
N, > Ny such that

1
b1l Y > Ny,

from which we have k, < %7 ¥n > Ny. Put y = [, then we have enkn < 7y for all

Lemma 3.1.3. Let X be a uniformly conver Banach space, and let C be a
nonempty closed, bounded and convez subset of X. Let T be an asymptotically
nonezpansive self-map of C with {ka} satisfying k, > 1 and 557 (kn — 1) < 0.
Let {an}, {bn}, {cn}, {an}, {Ba}s {m} {1t} and {An} be real sequences in (0,1} such
that Gn + Yn, by + Cp + i and oy + Bn + Aq ore in 0,1] for all n > 1, and
Y Y < 00, Yy <00, S A < oo, and let {un}, {vn} and {wy} be the
bounded sequences in C. For a given z1 € C, let {zn}, {yn} and {zn} be the se-

quences defined as in (8.1.1).
(i) If q is o fized point of T, then limn e [|@n — ql| exists.

(i) If 0 < liminf, 0 and 0 <liminfn e by < lim SUD,, -y ool b Cn +

Ju'n) < 1, then iimn_..}m ”Tnzn - x”” = 0.

(#51) If 0 < Hminf, e n < limsup,, o (@ -+ Bn -+ An) < 1, then lim,_ oo
Ty — || = 0.

(iv) If 0 < liminfp—eobn < Hmsup, _oolbn + o + pa) < 1 and 0 <

i inf,— o 0 < Hmsup, o (0n + 8o+ An) < 1, then limg e | Tz — )] = 0.

Proof. From [10], T has a fixed point z* € C. Choose a number r > 1 such that
C C B, and C — C C B,. By Lemma (2.1.36), there exists a continuous strictly

increasing convex function g; : [0, 00) — [0, 00), 91(0) = 0 such that

Az + By + yzl|* < Ml + Blyl® + Ylizl* ~ Aar(llz ~ wll). (3.1.6)

for all 7,4,z € B,, and all A, 8,7 € [0, 1] with A+ 8+~ = 1. It follows from (3.1.6)
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that

Hon — 1P = fan(T20 — %) + (1 = @n = ) (@ = &) + Wl ~ &)
< Tz — 2 4 (L= an = W)l = 7 + vl — 2117
— an(1 = an ~ T) g1 (17720 — Zul))
< 0nk2||zn — &2+ (1= an = W) |Zn = 2+ Yalltn — 2"
— (1 = an = )G (1770 — 2nll)
= (k2 + (1=t = 7)) o0 — 217 + allin — 27
= an (1= = 1a) g1 (| T"Tn = Znl])- (3.1.7)

By Lemma 3.1.1, there is a continuous, strictly increasing, and convex function

g2 : [0, 00) = [0, 00), g2(0) = 0 such that
llaz + By + pz + Ml < aflzll? + Bliyll? + szl + Muwl - aba(lie - yl)E3-1.8)

and all &, B, A € [0,1} with a+ f+p+ A =1, forall z,y,2,w € B,. Tt follows
from (3.1.8) that

g — 2] = [6a{T"20 = ") + (L= b = Cn = tn) (@0 — &)
G en(T 2y — 57 ) =+ (v — )
< bl Tz — a2+ (1~ b —Ca ) = 37| 4 el T 2n — z*|?
+ pnllon = @2 = ba(L = b = cn — pin) g2 (11" 20 — Z4l])
< bak2llam — 2P+ (1= by = o = pn)l|zn — &P + eakipllan — "

+ tallvn = 3|7 = ba(l = b = & = pn) g2 (1T 20 — zall). (3:1.9) -

Tt follows from (3.1.7), (3.1.8) and (3.1.9) that

llrnpa — 13*!12 = Jlen(T"yn — )4+ (1~ an ~ B — An)(zn — ")

+ BT 2n — ") + Al — 3:*)“2




A

1A

A
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anlTyn — 2|2 + (1~ an = B = A)llza — 2

+ Bl T2, — z*{1* + Anllwy — 2|}

~ (1 — atn = Br = Aa) G2 (1 T7 % — 2all)
ankllyn — @7+ (1 = 0 = B = An)llzn — 2"1°

+ Bkl — &I 4 Anflwn — 21

(1 = 0ty =~ B = M) 2|77 Yn — Tnll)

k2 (bak2 )20 — 2| + cakillzn — 2"

4 (1= by = 0o = )| — 2P + pallon — 1 + Bakillzn — 2"

— bp(1 = by — Cn — pn) g2 (1T 20 = al}))

+ (1= 6 = B = M)llzn — @I+ Agllwn = 2"

~ (1= an = Br = Xa) g2 (11" yn — znll)

ltn — 2*)|* + (Qnnky + k(1 = by — €q — fin) = O = B = Aa)l|Tn — z*||?
b ot — 1P+ (anbikl + Bk en — P

— bak2(1 = by = € ~ )2 (1T 20 = Ball) + Aalfwon = 2|

— a1l =g = Br = 2n)@2{[[T"Yn — Znll)

2 — @22 + (ncokin + Qnka(l = by = Cu = pn} = 00 = Bn — A lzn — 2|
+ onptn ki |on — |1

 (nbuk? + Buk2) ((ank? + (1 = @ = 1)) ln — 2| + Tnllun — 271%)
b k(1 = b — ¢n — )2 (T2 — Zall) + Aallwn — 2|

~ (1~ i = Bn = An) 92Ty — Zall)

12 — 212 + (CnCok? + 0nk2(1 = by~ €a = ftn) = @0 = B = In) 80 ~ z*|?
+ ppnk||vn — 27|

+ (Cupbakh + Bak2) (ank? + (1 — an = 1a))llzn — 2"

4 (Gnbakl + Bak2)Vnllun — 2|2

— bk (1 = by — ¢n — i) g2 (1T 20 — Tall) + Al — 2|

— an(l — ap = B = M) g2 (| Ty — 2al))
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= ||Tn — 2*)|? + (cncakp + ki (1~ by — €n tin) = Cn — B — M) lTn — z*|)?
+ Qnpnkiflvn ~ 2"
+ (Cnbnkd + Bok? + ananbnkl + Bk
— Yokl Y Bks — G Qb it — Bk T — ot
+ (anbnkl + Bukl) Vallun — 2"
— bk (1 = by = — )2 (| T2 = @all) + Anllwn = 2|
~ (1~ e — B = M) 2(IT"yn — Zll)

Iz — 2*)| + (anenkl (ks — 1) -+ (k2 = 1) + apby k2 (k2 ~ 1) + Bu(kZ —1)

AN

+ Anombakt (K2 = 1) + anBaki (ks — 1)) |12 — z*]|?
+ k2 lfun = 5" |2 + (nbak + Bokn)alltn = 271
— @bk (L — by = € = pn)g2(IT" 20 = Zall) + Anljon — z*|f?
~ (1 — = B = M) 92| T"Yn — Zall)
< lan — 22 + (opcakl + an + Onbok? + Bn
Gkt - anBak2) (K2 — Dl = 5742 + (b 4 k) llwm — 211
+ ki [fon — 27|
— k2 (1 = by = € — ) G (17720 = Tall) + Anllwn — z*||?

—ap(l—op—Ba— M) 92| T Yn — xnn)

Since {k,} and C are bounded, there exists a constant M > 0 such that
(ancnki 4+ oy + Odnbnki + Bn + ananbnkg + anﬁnki) ||zn = :r:*|!2 < M
for all n > 1 . It follows that

bk (1 — by = Cn — ) 92177 = Zall) < llow = &P = |1Zns1 = 2"

FMEE = 1) 4 Ly + Apn 4+ 7%
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and

aﬂ(l - Qn )Gn - )‘n)gz(HTnyn - xﬁ“) < “:En - :E*Hz - “:ETWi - -L‘*HE

FM (K2 = 1)+ Ly + A + 752,
where L = sup{(k: + k2)||lun — 2*||? : 7 > 1} and A = sup{kifvn — % n > 1}
Now, if we let K = maz{M, L, A,r*} then we get that

aﬂbnkg(l — by — € — Hn)giz(HTnzn ~ Tnfl) £ “3:11 - 3;*“2 = [{Tnpr x*ilz

FE (2~ 1)+ Y+ o+ An)(3.1.10)

and

(1 — an = Bp— )\n)gz(“Tnyﬂ S l‘n“) < ”mﬂ - m*ng f “wﬂ”*“i - :E*“z

FE((K2 = 1) 4 + i+ Aa). (31.11)

(i) If ¢ € F(T), by taking z* = ¢ in the inequality (3.1.10) we have |jzai1 —
g2 < ||#n — q|* + K (k2 — 1) + Yo + fin + A ). Since Y07 (B — 1) < o0, it follows

from Lemma 2.1.32 that lim, e [|@. — ¢} exists.

(ii) If 0 < liminf, oo € and 0 < lim inf, oo by < limsup,_oolbn + ¢+

pn) < 1, then there exists a positive integer ng and v,n,n € (0,1) such that
0<v<a, and 0 <1 <by, and by + ¢+ jtn <7 <1 forall n 2> ng.

This implies by (3.1.10) that

(1 = 1)@ (T2 = @all) < Nl — 2|~ lnss — 2|17

K (B2 = 1) + Yo+ o+ M), (3.1.12)
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for all n > ny. It follows from (3.2.12) that for m = 7o

3 iz - 2l) € oy (2 (5 = 21 = llzwes — 1)

+Ki((ki~n+%+un+xn))

1
& g = z* 2
= wp(l—7) (”‘ “
+ K Z ((K2 = 1) + Yo + pon + /\,,)). (3.1.13)
TLEZTL

Since 0 < 2 — 1 < 2t(t — 1) for all ¢ > 1, the assurption S ilbn— 1) <
oo implies that 3.°2 (k2 — 1) < oco. Let m —— oo in inequality (3.2.13) we
get >0 (T2 = Tal) < oo, and therefore lima e (| T2 — zal]) = 0.
Since g, is strictly increasing and continuous at 0 with ¢(0) = 0, it follows that

litps oo | T 20 — Zall = 0.

(i) If 0 < liminfy. oo = lim Sup,, 00 (0t + Bn + An) < 1, then by
using a similar method, together with inequality (3.2.11), it can be shown that

bty o [|T7n — 2al] = .

(iv) If 0 < Hminf, by < HMSUP, . yeolbn + Cn + pn) < land 0 <

Hminf, e (< HMSUD, oo + Bn +An) < 1, by (i1) and (iii) we have

Ega Wy, — 2nll = 0 and 1 T"2n — Zall = 0. (3.1.14)

lim
T3 00
From yp = by T™ 2, + 1" Tn + (1= by, — €t — Pa)Tn + fin¥n, WE have

lgn = Tall < BallT™ 20 — Zall + Call T 50 = Tall + inllvn — 2all




19

Thus

T2, ~ Zall

IA

HTHITL - Tnyn” + HTny'”‘ - m”“

< kalfen = Yall 1T = Zali

IA

ki (bl T" 20 — 2l + |l T ~ mn” + pinl|va = Zall)
+ [|T"yn — 2al|
= kpba||[T"2n — zall + Cakn [T 20 — T !

+ pakallo, = 2t T, — ol (3.1.15)

By Lemma 3.1.2, there exists positive integer n, and 7y € (0,1) such that ¢ kn <

for all n > n,. This together with (3.1.15) implies that for n > m

(1 - T @, — zoll < (1-— Cokin) [T Tn — Zn)|

< knbnnTnzn S SL',,,H -+ ;U'nknurun = an + HTnyn - mn”
It follows from (3.2.14) that lim, e N7z, — zof] = 0. ]

Theorem 3.1.4. Let X be a uniformly conver Banach space, and C a nonempty
closed, bounded and convez subset of X. —Let T be a completely continuous
asymptotically nonezpansive self-map of C with {ky)} satisfying kn > 1 and S o 1 (n
—1) < oo. Let {an},{bn},{cn},{an},{ﬁn},{fyn},{un} and {),} be sequences of
real numbers in [0, 1} with by + ¢, + fin € [0,1] and o + Bn + An € [0, 1] for all

n>1, and 320 Y < 00, Yol Ha < 00, 3 1 An < 00 and
(i) 0 < liminf, b < KM Sup,, o0 (b + n -+ pn) < 1, and
(i) 0 < liminf, e 0tn < lim SUD,,_yo0(Cn + Bn + An) < 1.

Let {zn},{yn} and {2z} be the sequences defined by the modified Noor
iterations with errors (3.1.1). Then {.},{yn} and {z,} converge strongly to a
fized point of T.
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Proof. By Lemma 3.1.3 , we have

lim {[Tyn — @ali = 0,

Ty OO

lim ||[T"z, —za] = 0, (3.1.16)
PP

lim [Tz, — %l = O

Ty O

Since Tpiq — Tn = Gn(T™Yn — Tn) + B (T 20 — Zn) + An{Wn — Tp), We have

U&ns1 — TEn|l < f@ns1 = Ball + (T Tnss — T8al| + [T 20 — 24l
< Nwpr = Talt + kall@ngs — Tall + [T720 — 20l
= (1 +kllznsr — @nlt + | T7"2n — 2al|
< (1 k)aa| Ty — @l + (14 ki) Bull T 20 — 2all

+ (14 k) Anflwn = @l A 1720 — Zall;
This together with (3.1.16) implies that
[@ps1 = T Eaqal] — 0 (a8 n— 00).
Thus
Won1 = Tl S Mtngr = T8 Enaa i+ 1T 000~ T ]
< Ntnar = T @ngll + kallenss = T Tapa i — 0,
which implies

lim ||Tz, — zn|} = 0. (3.1.17)
n—roo

Since T is completely continuous and {z,} € C is bounded, there exists a
subsequence {z,, } of {z,} such that {Tz,,} converges. Therefore from (3.1.17),
{2,,} converges. Let lim, o0 T, = ¢. By continuity of T and (3.1.17) we have
that Tq = ¢, so ¢ is a fixed point of 7. By Lemma 3.1.3 (i}, limy— o Nz — gl
exists. But limg—y0 [Jn, — ¢]] = 0. Thus Hm, o0 |70 — ¢f} = 0.

Since

lyn—zal] < bn“Tnzn“ﬁ;n““i“cn”Tnmn”““-'L'nn“i“ﬁin”'“n"“?cn" -~ ( as n — 00,
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and
hzn = ol < aui T2 — 20l + Yalltn — zal| — 0 as n — o0,

it follows that lim,__,o ¥, = ¢ and limy oo 20 = ¢ . J

For 7y, = tin = Ap = 0 in Theorem 3.1.4 , we obtain the following result.

Theorem 3.1.5. [85] Let X be o uniformly conver Banach space, and C a
nonempty closed, bounded and conver subset of X. Let T be a completely
continuous asymptotically nonezpansive self-map of C with {k,} satisfying k, > 1
and Y oo (k, — 1) < oo, Let {an}, {ba}, {ca}, {an}, {Bn} be sequences of real
numbers in [0, 1] with b, + ¢, € [0,1] and cn + By € [0,1] for alin > 1, and

(i) 0 <liminf, b, <limsup, . (bn+¢.) <1, and
(it) 0 < liminf, o, < limsup, (o + Ba) < L.

Let {zn}, {un} and {z,} be the sequences defined by the modified Noor

iterations (35.1.2). Then {z,}, {yn} and {z,} converge strongly to a fized point
of T

For ¢, = f8, = 7y = pin = A, = 0 in Theorem 3.1.4 , we obtain the following

result.

Theorem 3.1.6. [46] Let X be o uniformly convex Banach space, and let C be a
closed, bounded and conver subset of X. Let T be a completely
continuous asymptotically nonespansive self-map of C with {k,} satz’sfying kp>1

and Y oo (ke — 1) < co. Let {an}, {ba}, {0} be real sequences in 10, 1] satisfying
(2) 0 < liminf,_,c0 b, < Hmsup, .. b, <1, and

(19) 0 < liminf, o an < limsup, 0, <1,
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For o gwen o, € C, define
Z2n = and" g A (1 = an)n
yp = 0Tz, + (L —bujan, n21

Tpsr = Ty + (1 — o) Tp.

Then {@a}, {yn}, {2.} converges strongly to o fized point of T'.

When an = ¢ = Pn = Yo = tn = Ap = 0 in Theorem 3.1.4 , we can obtain

Ishikawa-type convergence result which is a generalization of Theorem 3 in [28].

Theorem 3.1.7. Let X be a uniformly conver Banach space, and let C be a closed,
bounded and conver subset of X. Let T be a completely continuous asymptotically
nonexpansive self-map of C with {kn} satisfying k, > 1 and 377, (ks ~ 1) < 00.
Let {b,}, {en} be a real sequence in [0,1] satisfying

(1) 0 < liminf, oo by < limsup, o, bs < 1,and
{i1) 0 < liminfy oo Gt < limsup, o0 < L
For a giwen x1 € C, define
yn = bz A+ (L= bn)2n
Tt = @I Y+ (1~ @)z, n 21l
Then {x,} and {y.} converge strongly to a fized point of T.

Theorem 3.1.8. Let X be a uniformly convez Banach space which satisfies Opial’s
condition, and C a nonempty closed, bounded and convex subset of X. Let T be
an asymptotically nonezpansive self-map of C with {k.} satisfying k, > 1 and
S (kn — 1) < co. Let {an}, {bn}, {ca}; {0n}, {Bn}: {ttn}, {Pn} be sequences of
real numbers in [0,1] with @, + Yo, b -+ Cn + fn 6Ad 0 + Bn + Ay ore in [0, 1] for

<

alln > 1, and Y00 n <00, Yoy fn < 00, D o0 Ay < 00 and

(i) 0 <liminf, Leob, <Hmsup, _.o{bn -+ ¢+ pn) <1, and
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(i) 0 < liminf, 0, < lim SUD,,_ oot + Bn + An) < 1.

Let {z,} be the sequence defined by modified Noor iterations with errors

(8.1.1). Then {z,} converges weakly to a fived point of T.

Proof. By the same proof as in Theorem 3.1.4, it can be show that Hm, e || T %0 —
z,|l = 0. Since X is uniformly convex and {z,} is bounded, we may assume that
1, — u weakly as n —3 oo, without loss of generality. By Lemma 2.1.33, we have
w € F(T). Suppose that subsequences {n,} and {z,,} of {z,} converge weakly
to u and v, respectively. From Lemma 2.1.33, u,v € F(T). By Lemma 3.1.3 (i),
iMoo | @ — 4]l and lim, e {|2n — || exist. It follows from Lemma 2.1.34 that

u = v. Therefore {z,} converges weakly to fixed point of 7T C

For v, = ftn = A = 0 in Theorem 3.1.8, we obtain the following result.

Corollary 3.1.9. [35] Let X be a uniformly conver Banach space which satisfies
Opial’s condition, and C' a nonempty closed, bounded and convexr subset of X. Let
T be an asymptotically nonezpansive self-map of C with {k.} satisfying k, 2> 1 and
$ (ko — 1) < co. Let {an}, {bn}, {cn}; {an}, {Bn} be sequences of real numbers
in [0,1] with b, + ¢, € [0,1] and an + B € [0,1] for alln =1, and

(i) 0 <liminf, b, < limsup, o (by + ) <1, and
(i) 0 < Hminf,—e0 0ty < Himsup, (e + Bn) < 1.
Let {2}, {yn} and {z.} be the sequences defined by the the modified Noor

iterations (5.1.2). Then {x,} converges weakly to a fized point of T'.

For ¢p = Bn = Yn = ftn = A, = 0 in Theorem 3.1.8, we obtain the following

result.

Corollary 3.1.10. Let X be a uniformly conver Banach space which satisfies

Opial’s condition, and let C be & nonempty closed, bounded and convez subset
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of X. Let T' be an asymptotically nonezpansive self-map of C with {kn} satisfying
kn > 1and Y oo (ky — 1) < co. Let {an}, {ba}, {an} be real sequences in [0, 1]

satisfying
(1) 0 < liminf, o0 by < limsup, ,obn <1, and
(#1) 0 < liminf, e 0tp < M SUP,. o0 0 < 1,
For a given z; € C, define

20 = @pT"%n 4+ (1= an)zy
Y = bpd"zn+ (1 =by)rn, nz1

Ty = CnT"Yn + {1 — )0
Then {z,} converges weakly to a fived point of T.
When @, = ¢n = fn = Yn = Ma = Ap = 0 in Theorem 3.1.8, we can obtain
Ishikawa-type convergence result which is a generalization of Theorem 3 in {28].

Corollary 3.1.11. Let X be a uniformly convex Banach space which satisfies
Opial’s condition, and let C be o nonempty closed, bounded and conver subset
of X. Let T be an asymptotically nonespansive self-maop of C" with {kn} satisfying
kn>1and Y oo (k,—1) < oo. Let {b.}, {an} be real sequences in [0, 1] satisfying

(1) 0 < liminf, e by < limsup,. b < 1and
() 0 < Hminfpe oo 0n < HMISUP,. o < 1.
For a given x; € C, define

yn = bnTnZn + (1 - bn)xn

Tpy1 = T Y + (1 - O‘n)mm nz 1

Then {z,} converges weakly to a fived point of T.
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3.2 Weak and Strong Convergence Theorems of New

Tterations with Errors for Asymptotically Nonexpansive
Mappings
Let X be a normed space, C' be a nonempty convex subset of X, and

T :C —» C be a given mapping. Then for a given z; € C, compute the sequence

{zs}, {t=} and {z,} by the iterative schemes

zn = (1~ ap — bp)on 4+ 0TIy + bptin,
Y = (1= ¢y = dn)n + T Tq + dpn, (3.2.1)
Tnt1 = (1 = Oy ﬁn)yn = anTnxn -t ﬁnwm n 2 1:

where {un}, {vn}, {w,} are bounded sequences in C and {an}, {bu}, {en}, {dn}, {an},

{Bn} are appropriate sequences in {0, 1].

Ifa, = b, = cp = dy = P = 0, then (3.2.1) reduces to the usual Mann

iterative scheme
Tper = T Ty + (1 — )0, n 21, (3.2.2)
where {,} is appropriate sequences in [0,1}.

Let {z,} be given sequence in C'. Recall that a mapping T : C —+ C with
the nonempty fixed point set F'(T) in € is said to satisfy Condition (A) with respect
to the sequence {z,} [7] if there is a nondecreasing function f : [0, 00) — [0,00)

with £(0) = 0 and f(r) > 0 for all r € (0, c0) such that
lzn — Tzall 2 Fd{zn, F(T))),
foralln > 1.

Lemma 3.2.1. Let X be a uniformly convex Banach space, and let C be a non-
empty closed convex subset of X. Let T be an asymptotically nonexpansive self-map

of C with {k,} satisfying kn > 1 and Y ooe,(kn = 1) < 00 and F(T) # 0. Let
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{on}, {Bn}, {an}, {bn}, {cn} and {d.} be real sequences in [0,1] such that a, + by,
en+ dy and o, + B are in [0,1] for alln > 1 and Yo by < 00, D07 dn < 00,
Yo Ba < 00. Foragivenz € C, let {z,}, {yn} and {z,} be the sequences defined
as in (3.2.1).

(i) If p is a fized point of T, then lim, o ||z, — p|l exists.

(33) If 0 < Bminf, oo @ < limsup, ,o(@n+8n) < 1, then lim, o || T,

_yn‘! = 0.

(iii) If O < imsup,, e (0n+8s) < 1 and0 < liminf, o ¢p < limsup,

(e +dn) < 1, then litin—00 | T72s — 2] = 0.

(iv) If 0 < iminf,, .00 @ < limsup, , (0p+6,) <1, and0 < liminf, 0
¢n < limsup, , (cp+ dy) < 1 and limsup, . an, < 1 then limy_ o0 || T30 ~

Tpll = 0.

Proof. (i} Let p € F(T), and
My = sup{||un — pfl : 10 2 1}, My = supffjon - pll : n 2 1},

Mz = sup{fjw, — pl| : n > 1}, M = max{M; : i = 1,2, 3}.

Using (3.2.1), we have

uzn mp” = ”(1 = Uy bn)(mn - P) + an(Tnxn - p) + bn (g p)”

iA

(1 = an = bu)llea — pll + ankallzn — pl| + ballun — P

< (1 anlkn — 1)z — plf + M,
< knll®n ~ pll + Mby,
lom —pll = [I(1 = cn — du)(zn = P) + calT™2n — p) + dn(vn — D)
< (1= cn = da)llzn — pll + enkallan — pll + dallvn - 2
< (1= e — da)lkallzn — il + Mby] + caknllwn — pl| -+ Mdy
< knllzn - pll + Mby, + Md,,,




and so

Hxn+1 e p” =
<
<
<

|

Since 3" (k, ~ 1) < oo, the assertion (i) follows from Lemma 2.1.32.

(1= ot = Bu}(yn — D) + 0 (T"2n = p) + Bulwn — p)|

(1= an = Ba)llgn = Pl + nkallwn — pll + Ballwn — pll

(1~ ctq ~ Bo)lknllzn — Bl + Mby + Mda] + cnkn ||z — pll + MBn
kullzn = pll + M(bn + dn + 5n)

(1+ (kn = D))z — ol + M(ba + dn -+ Ba),
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(it) By (i), we know that lim,,c ||z, —p|| exists for any p € F(T'). It follow
that {z, — p}, {T"z, — p} and {y, — p} are all bounded. Also, {t — p}, {v. — P}

and {w, — p} are bounded by the assumption. Now we set

1

()

T3

T4

Ts

Tg

L4

sup{||zs = pl| : n = 1},
sup{|T™z, — p|l : 0 > 1},
sup{[|y. ~ pil :m = 1},
sup{[lza — pif : 7 > 1},
sup{|lun —pfl : 2 21},
sup{|lva —pil : n = 1},
sup{fjw, — pll : n = 1},

max{r; 11 =1,2,3,4,5,6,7}.

(3.2.3)




By using Lemma 2.1.36 we have

iz — pl

v~ ol

|2

!2

IA

1 VAN VAN VAN AN

b\

A

IA

A

IA

(1 = @ = bo) (@0 = D) + an(T"Ta — p) + bn(un — P
(1= an = bl tn — P + anl| T 20 = P + ballun — pII*
~ an(l = ap — ba)g(|T" % — Tnl])

(1= Gn ~ b)lj5n — PI* + ankllien — BIIF + bullun —pl”
(1= a,+ tnkn?)|| 2 — 2I® + r%bn

(1 + an(k% = 1))||2n — pl* + b

(1 + (k2 = D}llzn = plf> +r°bn

k2llzn = plI? + b,

(1 = ¢y = du) (20 — B) + cn(T"@n = p) + dn(va — p)|
(1= ey = d)|2n = PI? + callT™ 50 = plI” + dullvn — pIf
~ cnf{l = cn — dn)g(IT" 20 — zal])

(1= cp — do)llzn — DI* + cakilzn — pI* + dullon — plf?

Locn{l ~cp — dn)g(“Tnmn ~ zn”)

(1= cp — da) (B2 l13n — pl2 + 7%00) + cukil|zn — Pl +72dn

= (1 = cp = dn)g{[|T"2n — znl])
(1 = cn — dn)k% + Cakl) | @n = pI” + r*bn + 72y
= ep{l = € — dn)g(|T" 20 — 2al|)
(1 — dp)k2||zn — plI* + 7%b, + rdy,
— en(l = cp ~ dn)g (T 20 — zal])

ki“xn - P”? + szn + 7'2dn:
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and so

| Zner = p“2 = {1 ~an-— Br)(yn — p) + an (T T, — p) + Brlwy — p)HQ

IA

(1 = Oy = dn)“yn - pHQ + an“Tﬂicn - p“2 + ﬁﬂnwn - pH2
- an(1 - Qg ;Bn)g(HTnfcn - yn“)
(1 - — Bl llyn — 33“2 + ankﬁﬂiﬂn - PH2 + Bullwn — PHQ

- an(l - Oy )6n)9(HTn$n - yn“)

A
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< (d-an— ﬁn)(kiumn - PH2 + szn + Tzdn) -+ ankilliﬂn - pllg

+ 728y an(l = o = Bn)g(||T" %0 — yanll)
< (1= ot — k% + k) || = I + 7700 + 72 + 7B,
— an (= an — Bn)g([|IT"2n — tmll)
= (1~ Bu)k2lon = PI* + r*bn + 72du + 1" Bn
— o (1~ et = Bu) gl T s — vall)
k2|2 — pl|* + 720, + r2ddn + 72 B
~ (1 = an = Ba)g(I T2 = ynll)

kiﬂﬂ?n - png == Tz(bn - d'n -+ 1871) o an(l Oy ﬁn)g(“Tnmn

A

AN

= |lza = p“2 + (k’?:, — Dlizn ~ P”Z + 7‘2(bn + dp + fBn)
- an(l — Oy ﬁn)g(”Tn:I;n - yn“)
“:Cn - P“2 + TQ(bn + dn + ﬁn) + T‘2(kzi - 1)

- anﬁ — Cip — ﬁn)g(“Tnmn - '.Un“):

A

which leads to the following:
an(1 = an = Ba)g (T2 — yall) < [l = 2l = |5ns = 2l
+T2(k'r21 - 1) + Tz(bn + dn -+ /Bn):

and

(1—ap— Br)ca(l —cn— dn)g(| Tz, —~ zoll) < lon — p||2 ~ || @pa1 — pi|2

- yn“)

(3.2.4)

+72(k2 ~ 1) + r* (b, + dn + fn), (3.2.5)
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IO < liminf, o < lmsup, (e + B8a) < 1, then there exist a positive

integer no and 7,7’ € (0,1) such that
0<n<a, and o+ <9 <1 forall n2ne
This implies by (3.2.4) that

(1 —n)g(llT"zn — yal) < HTn — pH2 A Tpa1 p112

472 (k% — 1) + (b + dn + Fn), (3.2.6)

for all n > ng. It follows from (3.2.6) that for m = no

m y/ m_iw - \ N ) 2
; a:(IT" — %) < S (gg(tmxn plf? = 2ass = II®)
472 i (by + dp + Bn -+ (ki . 1)))

=10

1 2
< | g ~
< el -l
T
477 > (b 4 o+ B+ (k2 — 1))). (3.2.7)
NN
Since 0 < 2 — 1 < 2t(t — 1) for all t > 1, the assumption 3 oo (kn — 1) < 0
implies that S0, (k2 — 1) < 0. Let m — o0 in inequality (3.2.7) we get
that > 0 go (|72 — Yall) < oo, and therefore limp e @ (T2, — wll) = 0.
Since g, is strictly increasing and continuous at 0 with ¢(0) = 0, it follows that

iy, o0 |77 % — ¥all = 0.

(iii) If O < Hmsup, _,oo{0n+ ) < 1 and 0 <liminfncoCn < lim SupP, o0
(¢n+dn) < 1, then by the using a similar method, together with inequality (3.2.5),

it can be show that limy.—eo | T7Tn — 2l = 0.

(iv) If 0 < liminf, e 0 < lmsup, ool Br) < 1,and 0 < iminfp oo

cn < limsup,, o (cn + d) <1 and limsup, o 0n <1, by (ii) and (iii) we have

nl_}“gnoonT Tp — Yuli =0 andn@milf Ty — Zp|| = 0. (3.2.8)
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From yn = (1 — ¢p — dn)in + T %0 + dpty, We have

9 = Zall = [I{1 = cn = du)2n + caT" %0 + dnVn = Zal]
= 2 — z4) + (T Tn ~ 20) + dn(vn = 20|
< |l2n = @all + Call 700 — 2all + dnflvn — 2l
= (1~ an = bp)xn + anT"zp + bpttn — Tall + eallT" %5 — Zal|
o+ dnl|tn = Znl]
= lan (T — 2n) + ba(tn — Ta)l] + | T = Zall + dullvn — zl]

< G| T~ Znl| + balltin —~ Bl + Cal|T"Tn — Zal] + dnllvn = Zall

IA

an 1T 2n — Tol| + CallT"%n — 2ll + 2rby + 2rdn, (3.2.9)

where r is defined by (3.2.3). Thus

Tz = Tnl] < W™z, — Yall + [|Yn — Ty |
< [Tz ~ Ynl| + apf|T" Tn = Tnf| + el T s — Zn ]

+ 2rby, + 2rd,, (3.2.10)

and so
(1 = ap) || T2 = @all ST By — Yol + a[|[T %0 —~ 2pll -+ 27bg + 27dy. (3.2.11)

Since lim sup,,__, . tn < 1 and limy_ 00 by = limp 00 dn = 0, it follows from (3.2.8)

that lim, e |[T™%n — Zal = 0. O

Theorem 3.2.2. Let X be a uniformly convex Banach space, and C a nonempty
closed conver subset of X. Let T be an asymptotically nonezpansive self-map of
C with {k,} satisfying kn > 1 and 3 o0 (ks — 1) < 00 and F(T) # 0. Let
{an}, {Ba}, {an}; {ba}, {ca}, {dn} be sequences of real numbers in [0, 1} with an-+bn,
o + dn, and ap, + By arve in [0,1] for alln > 1, and 3% by < 00, Y opegdy < 00,

3020 1 Bn < 00, and

(i) 0 < liminf, o0 @n < lmsup, q{cm + Br) <1, and
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(i3) O < Hminf, e cn <HMSUP,. ,elcn +da)} <1 andlimsup, 00 <

Let {2}, {yn} and {z,} be the sequences defined by the three-step iterative
scheme (8.2.1). If T satisfies Condition(A) with respect to the sequence {z,}, then

{xn}, {yn} and {z,} converge strongly to a fized point of T'.

Proof. By Lemma 3.2.1 , we have

lim 7%, —yal] = 0,

—3 00

lim [T"z, — 2}l = 0, (3.2.12)
Tl OO

lim ||T"zn — za)| = 0.

Ty OO

It follows from (3.2.9) and (3.2.12) that lim,—eo {[yn = Zali = 0.

Since

”55’714-1 n mn“ 3 “(1 = Oy, = Pn)in + €n T 2 4 Prwn — an
= |H{yn — En) + (T 2y ~ Yn) + Bnlwn — Ya)

< Mya = 2all 4+ el T"%0 = yalt + Bullwn — yali,  (3.2.13)

it follows that limp—ye0 [|€n4 — 2o = 0
Thus

znss = T Tl < o — zall + |77 2041 = T72] + T 20 — al]

A

< MNantr = Zal| + knllTns — Tl + | T 20 — 20| — 0,

and

Zn1 — Toppall < |20t — Tﬂ'HIL‘nM“ A+ [T T gy — Tn+1$n+z||

< “mn-!—l - Tﬂ%lxn-ki” + k1|l$n~m - Tnmn—l-ln — 0,

which implies

lim [Tz, — .|| = 0. (3.2.14)
o0

i
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Since T satisfies Condition(A) with respect to the sequence {z,}, there is
a nondecreasing function f : [0, 00) — [0, 00) with f(0)} = 0 and f(r} > 0 for all
7 & (0,00) such that
|20 — Tza| = fd(za, F(T))},

for all » > 1. This together with (3.2.14) imply lim,__,c d(z,,, F{T)) = 0.

Then limy..y00 T, = g € F(T) by Theorem 2.1 [41]. Thus lim, . |jzn — ¢l = 0.

Since ||y, — 2p]| — 0 as n — o0, and
Hzn = 2| = (Y = an = bp)an + 0T %q + boun — 2]
< @[T — x|+ |ty = ]} = O as n — oo,
it follows that i, oo ¥ = ¢ and Lm0 20 =¢ . o

From Theorem 3.2.2, we have the following.

Theorem 3.2.3. Let X be o uniformly convexr Banach space, and C a nonempty
closed conver subset of X. Let T be a completely continuous asymptotically non-
ezpansive self-map of C with {k,} satisfying k, > 1 and 3.5 (ko — 1) < co and
F(T) # 0. Let {ant, {Bnts{an}, {bn}, {cn}, {d.} be sequences of real numbers in
[0, 1} with a, + by, cy+dy and e, + 8, are i [0,1) for alln > 1, and 3 oo | by < 00,

(i) 0<liminf, ..o, <limsup, (o, +5,) <1, and

(i) 0 <lminf, e ¢, < limsup, . (cn+d,) <1 andlimsup, . a, <

Let {xn}, {yn} and {z,} be the sequences defined by the three-step iterative
scheme (3.2.1). Then {x,}, {yn} and {z,} converge strongly to a fized point of T'.

Proof. Tt is well known that every continuous and demicompact mapping must

satisfy Condition(A) (see [32]). Since " : C —= C is completely continuous,
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it is continuous and demicompact, so T satisfies Condition(A) on C, and so the

conclusion of theorem follows from Theorem 3.2.2 ]

For a, = by = ¢y = d, = 0, then Theorem 3.2.3 reduces to the Mann

iteration with errors.

Corollary 3.2.4. Let X be a uniformly convex Banach space, and let C be a
closed convex subset of X. Let T be a completely continuous asymptotically non-
expansive self-map of C with {k.} satisfying ko > 1 and 35,7 (kn — 1) < oo and
F(T) # 0. Let {e,},{Bn} be real sequences in (0, 1] such that 0 < liminf, oo 0 <

limsup, .. (s + 8,) < 1.

For a given 1, € C, define
Tpat1 = (1 — Qi ﬁn)xn + o Tz + ﬁnwm n > 1,

where {wy,} is bounded sequence in C. Then {z,} converges strongly to a fized

point of T

Theorem 3.2.5. Let X be a uniformly convex Banach space which satisfies Opial’s
condition, and C a nonempty closed conver subset of X. Let T' be an asymptotically
nonezpansive self-map of C with {k,} satisfying ke > 1 and 3771 (kn—1) < co and
F(T) # 0. Let {on}, {8}, Lant, {ba}, {en} {da]} e sequences of real numbers in
[0, 1} with a,, + by, co+dp and a5y are in 0,1 foralln > 1, and 3 72 bn < 00,

(i) 0 < liminfp—e 0n < lim SUD,,_yeolOn + On) < 1, and

(i) 0 < liminf, o€y < lmsup, (¢ +dn) <1 and imsup, o n <

Let {z,} be the sequence defined by three-step iterative scheme (3.2.1). Then

{z,} converges weakly to o fived point of T.
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Proof. By using the same proof as in Theorem 3.2.3, it can be shown that My e
| T%n —an]] = 0. Since X is uniformly convex and {z,} is bounded, we may assume
that z,, — u weakly as n —3 oo, without loss of generality. By Lemma 2.1.33,
we have u € F'(T'). Suppose that subsequences {2} and {Zm,} of {T.} converge
weakly to u and v, respectively. From Lemma 2.1.33, u,v € F(T). By Lemma
3.2.1 (1), limy oo [in — vl and lim, e |z — vl| exist. It follows from Lemma

9.1.34 that w = v. Therefore {x,} converges weakly to fixed point of T O
When a,, = b, = 0 in Theorem 3.2.5, we obtain weak convergence theorerm
of the two-step iteration with errors as follows:

Corollary 3.2.6. Let X be a uniformly convez Banach space which satisfies Opial’s
condition, and C a nonempty closed conver subset of X. LetT be an asymyptotically
nonezpansive self-map of C with {ka} sotisfying kn 21 and 3 o7 (kn — 1) < 00
and F(T) # 0. Let {co},{dn}, {on}. {Bn} be sequences of real numbers in [0,1]
such that

(i) 0 <liminfy e 0n < lm SUP, _oolttn + fn) < 1, and
(i) 0 <liminfy e cn < lim SUP, eolCn +dn) < 1.
For a given 1 € C, define

Un = (1 — Cp T dn)mn + eI Ty thnVn,

Tat1r = (1 = Qp ﬁn)yn -+ anTnmn + ﬁn'wm n 2> 1,

where {v,} and {w,} are bounded sequences in C. Then {z,} converges weakly to

a fized point of T.






