CHAPTER V

COMMON FIXED POINTS OF NEW ITERATIONS WITH ERRORS

FOR NONEXPANSIVE MAPPINGS AND ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN A BANACH SPACE

This chapter is to construct an iteration scheme for approximating common
fixed points of three nonexpansive mappings and three asymptotically nonexpansive
mappings to prove some strong and weak convergence theorems for such mappings

in a uniformly convex Banach space.

5.1 Common Fixed Points of New Iterations with Errors
for Nonexpansive Mappings in a Banach Space
Xu [39] introduced the following iterative schemes [or nonexpansive

mappings 7' - €' — C known as Mann iterative scheme with errors and Ishikawa

iterative scheme with errors:
(1) The sequence {z,} defined by
T = T-€ C s
Ty = (1= ay —by)ny+ anTzy 4 bpun,n 2 1,

where {a,}, {b,} are appropriate sequences in {0, 1} and {u,} is a bounded sequence
in C, is known as Mann iterative scheme with errors. This scheme reduces to Mann

iterative scheme if b, = 0.
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(2) The sequence {z,} defined by

ry = X € C,
yn = {1 ap = bn)xp + 0 T3, + bytn,

Tpyr = (1 - Oy lﬁn)mn -+ OfnTyn + /annan = 1;

where {an}, {ba}, {an}, {Bn} are appropriate sequences in [0,1] and {un}, {va} are
bounded sequences in C, is known as Ishikawa iterative scheme with errors. This
scheme becomes Ishikawa iterative schemes if b, = f, = 0. Chidume and Moore
[5] studied the above schemes in 1999. A generalization of Mann and Ishikawa
iterative schemes was given by Das and Debata [8] and Takahashi and Tamura

[34].
This scheme dealt with two nonexpansive mappings S and 7~

Ty == mEC’,
Yy = (1~ bp)Tn + bpSn,

Tagr = (1=ax)zn +anTyn,n 2 1.

In 2005, Khan and Fukhar-ud-din [15] generalized this scheme to the one

with errors for a pair of nonexpansive mappings S and T' as follows.
(3) The sequence {,}, in this case, is defined by

z, = z€C,
Yo = (1= an — bp)Tp + @aSTy + bpttn,

Tppl = (1-—on— Bn)on + an Ty, + Batn,n = 1,

where {a,}, {b.}, {0}, {Bn} are sequences in [0,1] and {un}, {vn} are bounded
sequences in C. They proved weak and strong convergence of the iterative scheme

(3) to common fixed point of two nonexpansive mapping S and 7.
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Recently, Khan and Fukhar-ud-din [16] introduced the three-step iterative

scheme with errors for three nonexpanxive mappings as follows:

For a given z; € C, compute the sequences {zn},{ya} and {z,} by the

iterative scheme

Zg = (I—an~— bn) % + ap 320 + bntin,
yn = (1= ¢y~ dn)2n + anlozn + datn,

Tp+1 = (1 Oy ﬁn)mn + o, Ty, + Bown,n 2 1,

where {a.}, {b.}, {ca}, {dn}, {@n}, {Ba} are sequences in [0, 1] and {un}, {vn}, {vn}
are bounded sequences in C, and they proved weak and strong convergence of this

iterative scheme to common fixed point of Ty, 7> and 15.

Inspired and motivated by these facts, a new class of three-step iterative
scheme is introduced and studied in this paper. We consider a new three-step

iterative scheme defined as follows:

For a given xz; € C, compute the sequences {#0}, {yn} and {z.} by the

iterative scheme

Zy = (-[ - Oy T bn)mn + apTiTy + bnum
Yo = (L—ep —du)on + calozy + dpn, (5.1.1)
Tayr = (1 — Oy ﬁn)'yn + o Tsyp + Ban, 121,

where {un}, {vn}, {wn} are bounded sequences in C and {an}, {b}, {cn}, {dn}, {an},

{B,} are appropriate sequences in [0, 1].
In order to prove this, the following lemmas are needed.

Lemma 5.1.1. Let X be a uniformly conves Banach space, and let C be a
nonempty closed and convex subset of X. Let Ty, T, Ts be three nonezpansive self-

mappings of C and {z,} be the sequences defined as in (5.1.1 ) and Y o by <
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00, 2% d, < 00, 20 B < co. If F # 0, then limp o0 |20 — pll exists for all
peEF.

Proof. Assume that F # (. Let p € F and
My = sup{|lun — pll : 7 2 1}, My = sup{lon — pll :2 1}

M = sup{||wp — pll : n = 1}, M = max{M,, My, M3}

We have

Zas1 — Pl = (1 = 0n — Ba)n + 0nT3Yn -+ Brwn — pll
= [[(1= an — Ba) (¥ — 2} + an(Tsyn — ) + Balwn — )|
< (1= an = Ba)llgn = Pl + anllTsyn — pll + Ballwn — Pl
< lyn = Pl + Ballwn = pll
lgn = 2ll = 11(L = ca — dn)za + calazn -+ dnvn = p|

=L~ en — dﬂ)(zn ~p) + cnlTozn p) + dn(vn ~ Pl

< (1= co — do)l|2n — 2l + all T2z = pll + dnllva = 2
< lzn = pll + daljvn — ol

iz = plb = [I(1 = an = ba)tn + ba Ty + bpun — p]
= {1 = an — b} (@n = p) + an(T12n — ) + bnlun — D)
< (1= an = bp)llen = plf -+ ball in — pif  ballun — pl]

< flzn = pll -+ ballun — pll

It follows that ||Zpr1 — 2l < |2a = Pl + balltn — Pl + dalivn — pll + Bullwn — pll.
And 50 ||Zny1 — 2| € ||2n — Pl -+ M (b + d + Bn)-

Since 350, b, < 00, 300 dy < 00, 32 | B, < 00, by Lemma 2.1.32 implies that

limy, 0 ll2n — 4| exists. 0
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Lemma 5.1.2. Let X be a uniformly convez Banach space, and let C be a
nonempty closed and convex subset of X. Let 7,1, T; be ihree NONELPANSIVE
self-mappings of C and {an}, {ba}, {en}s {dn}{en} and {8.} be real sequences in
[0,1] such that an + by, ¢n + dy and an -+ Ba are in 10,1] for all n = 1 and
T by < 00, 3%, dy, < 00, o2, B < 00. For a given 21 € C, let {aa}, {ya}

and {z,} be the sequences defined as in (5.1.1).

(i) If 0 < liminf,. e, < limsup, (o + Br) < 1, then limg, e

1 T59n —~ ynll = 0.

(i) If 0 < liminf, eo€a < limsup, (cn + d,) < 1, then limg 0
”ngn - Zn” =,

(i) If 0 < liminf, o, < limsup, (@, + by) < 1, then lim, o

| Tazn — 2|l = 0.

() If 0 < liminf, o0, < limsup, (e + Bo) <1, 0 < Hminfp.se0Cn
< limsup, . (cp+dp) <1 and 0 < liminf, o0 0, < lim SUD,eolln +ba) < 1,

then imy_s o0 [|T5%, =~ 2pl] = 0 = lim, 0 WT3zn — ]|

Proof. (i) From Lemma 5.1.1, we have lim, e |2, — pl| exists for any p € F(T).

It follows that {z, —p}, {Ti2n ~p}, {2 — ¢}, {122, —p} 2nd {yn~p}, {Tsyn—p} are
all bounded. Also, {u, —p}, {vn —p} and {w, —p} are bounded by the assumption.

Now we set

o= sup{lan—pllin > 1},
ry = sup{|[Tiz, —pll :n > 1},
rs = sup{lzm—pll :n 2 1},

ra = sup{l|Tez, —pll : n 2 1},




rs = sup{fly. —pll :n =1},
re = sup{§Toyn —pli 1 n = 1},
re = sup{flun —pll :n = 1},
rs = sup{flon - pll 121},
rg = sup{w, —pl:n 21},

o= IDB,}C{Tl, 79,735, 74,75,76, 77,78, TQ}-

By Lemma 2.1.36 we have

12 — P”2

i — BY?

H(L = @n = bn)zn + T3 Tn + btin — plI*

(1 = @ — b) (@ — P) + tn(T3@n = P) + b (n ~ P
(1 = ap = bp)|5n = DY + anllTiza = oI + ballun — 2l
— a1 = an = ba) g({| 1120 — 2all)

(1= an = b)l|&n — 2|2 + aallzn = BII* + ballun — pif?
iz — pl? + 72 — an(L = an = bn)g (1 T2 — 2nll)
0 = oI+ 17, _

11 = 6 = duYon oot + i — PP

11 = cn = dn){2m = P) + ca(Tozn — ) + da(va — DI’
(1= 5 — du)l|2n — PIP + €all T2z — DI + dullvn — gl
~ cn{l = € — da)g([|T2%n ~ Znil)
(1 = &n — du)llzn — Bl + eallzn — Pl + dallvn — I

— cp{1 = o — )9 (| To2n — Znll)

|20 — DI + 725 — ca(l = cn — dn) g (|| T22n — 7nll)

lzn ~ pI* + rdy

56




57

and

Han-H - sz = H(l ™ Qp ™ ﬁn)yn A+ e T3y + Bnn — p”2

= (1 - an~ Bn)(yn — p) + on(Tsyn — p) + Brlwn — p)i|2

IA

(1 = o — dn)lvm — Bl + el Tsyn = pII* + Ballwn — pII”
— o (1 = om = Ba)9(|Tsyn — vall)

(1 = atn = Ballvn — I? + nllym — pII* + Ballws — pII”
— (1 = o = Bn)9 (T3t — wnll)

< “yn = p”2 + Tz,ﬁn 4 an(l = Oy — ﬁn)g(“TSyn - yn“):

IA

which lead to the following:

Cﬂn(l =y ﬁn)g(HT?’yn ol yﬂ“) < nxﬂ - P“z i mei«l “P”Q

4% (b, + dn + B, (5.1.2)
and
en(1 = eo = d)gl{|Tozn — zal)) < Nin = 2I* = [l = pII°
42 (by + dn + Br)s (5.1.3)
and

an(1 = an —~ ba)g (D20 =2all) < lizn ~ 2I° = |2ns1 — 2l

+72(by, + dn + Bn), (5.1.4)
(i) If 0 < liminfy. oo @ < limsup, ,eo(an + Ba) < 1, then there exist a
positive integer ng and 1,7’ € (0,1) such that
0<n<a,and o+ B, <7 <1 forall n2ny.
This implies by (5.1.2) that

(1 = 1)g(|Tsn — vall) < liza = oI = 12041 = pl”

+72(by, + dn + Bn), (5.1.5)
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for all n > ny. It follows from (5.1.5) that for m 2 no

;Dg(tif‘ayn — ) < H?%W( T;O(“% o s — 2lP)
A2 f: (b + dy, + gn))
! 2
< "“”("““"“’ﬁ(“mno sl
+72Z n + O +,Bn) (5.1.6)

By letting m — oo in inequality (5.1.6) we get that Yot 9 T3Yn ynll) < o0,
which implies limy—e0 9(|Tstn — yall) = 0. Since g is strictly increasing and

continuous at 0 with g(0) = 0, it follows that lim,. o0 T3y — yal} = 0.

(i) I 0 < liminf, ey < lmsup, ,e{ca -+ dn) < 1, then by using
the same argument as above with the inequality (5.1.3), it can be show that

ity yo0 [T22n — 2n|| = 0.

(iii) If 0 << liminfy_ye0 @n < Hmsup, ,5(an+0n) <1, then by using (5.1.4)

and the same argument as in (i}, it can be show that limy, e T 2y ~ 2ol = 0.

(v) If0 < liminf, e o < lim SUD, ool Gt fn) < 1,0 <liminfy e € S

limsup, . (c, +ds) <1 and 0 <liminf, 0, < lim SUD,ool@n + bn) < 1, by

(i), (ii) and (iii} we have
n}_l__r{lm | Tsyn — all = n%}_{féo | T520 — zall = n}}gloo T2y — @al = 0. (5.1.7)
From z, = (1 —an —by)2n + 0 T12n +0pun and Yy, = (1~ ep—dn)2n + ey Tz + dntn,
we have u
“zn - mn“ = I,(1 e bn)mn + afnTl-'En + bpuy, 3771”
= “a’n(Tlmn — Tp) br (tn ~ T )|l
< a/n”Tl-'ﬁn - xn“ + bn“'“m - mn“

< | Thyzn — zal| + 2rby,
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and Yyn — Zall < 1 Tozn — zall + Wiz = Tal| + 2rbn + 27da. Hence

I Tyzn — znll < llzn — Tozall + [ Tozn — T22al|
< Naw = zall + T2z — 2all + [[20 — 2all
< |z — 2l + 2z — 22l
< || Tazn = 2l + 2| T12n — zall + 47y,

and

[ Tsan — Ball < Awn = Tovull + [ Toyn ~ Tr2a]

IA

en — Ynll + 1 T3yn = ¥nll + 4 — Znll

< | Tsyn ~ ynll + 2llyn = 2al

A

1 Tsyn = Ynll + 201220 — 20

+ 2Tz, = Tl + 4rb, + drdy.
It follows from (5.1.7) that limpyeo [| 1220 — Lol = iMoo || 1320 — zpl = 0. O

Theorem 5.1.3. Let X be a uniformly convex Banach space which satisfies Opial’s
condition, and let C be a nonempty closed and convex subset of X. Let Ty, 75,73 be
three nonezpansive self-mappings of C and let {an},{ba}, {cn}, {d,H{an} and {Br}
be real sequences i [0,1] such that ay + by, Co + dn and o, + By, are in (0,1} for
adln>1 and 2 by <00, 3oy dn < 00y 3075 Br < 00 and

(i) 0 < Hminfp—yeo 0t < Himsup, oo + Bn) <1,

(ii) 0 < liminfr,_se0 € < Him Sup,__eolCn +dy) <1, and

(i3) 0 < Hminf, o0 @n < M SUP, _00(an + bn) < 1.

For a given zy € C, let {z,} be the sequence defined as in (5.1.1). If FF £ 0,

then {x,} converges weakly to a common fized point of Ty, Ty and Ts.

Proof. Let p € F. By Lemma 5.1.1, liMp—s 0 ||%n — Pl exists. Now we prove that

{z,} has a unique weak subsequential limit in F. To prove this, let py and po
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be weak limits of subsequence {z,, } and {z,} of {z.} respectively. By Lemma
5.1.2(iii), we have lim, —c0 |11 2Zn—7a|| = 0. By Lemma 2.1.33, we have I-11,1-1T
and I — Ty are demiclosed with respect to zero, therefore Tip; = i, Tops = pi and
Typ; = pi, (i=1, 2) hence p;, ;2 € F. By Lemma 5.1.1 im0 [|#n — 1l and
liMy—y o0 ||Zn — pol| exist. Using Lemma 2.1.34 we obtain that p; = pa. Hence {z,}

converges weakly to a common fixed point of Ty, 7> and T3. O

Theorem 5.1.4. Let X be a uniformly conver Banach space, and let C be a
nonempty closed and convez subset of X. Let 7., Ty, Ty be three nonezpansive self-
mappings of C satisfying condition (A”) and let {a,}, b} {en), {dnH{on} and
{Bn} be real sequences in [0,1] such that an + by, n + dyy and o, + Ba are in [0,1]
foralln>1 and 550 b, <00, 5 70 dy < 00, 3o 1 B < 00 and

(i) 0 < liminf, e n < limsup, ,o(om + B,) <1,

(i) 0 < liminf,. e ¢y < Himsup, ,olcn + dn) < 1, and

(44) 0 < liminf, o0 0 < lim SUp, (s + by) < 1.

For a given 1 € C, let {za}. {yn); {2} be the sequences defined as in
(5.1.1). If F # 0, then {z.}, {vn} {22} converge strongly to a common fized point
of Ty, To and T%.

Proof. By Lemma 5.1.2, we have
lm ||T3z, — z.ll = lim | Tazr — @pll = lim [{Tizy — o] = 0.
—— T30 T OO
By condition (A”), we have
F(d(a, F)) < L(llen — Tazall + llon — Togall + 2 — Tzal))-
It follows that lim, .0 f{(d(zn, F)) < 0, hence limp o0 f (d(zn, F}) = 0.

Since f is a nondecreasing function and f(0) = 0, we obtain that limg, —e0 d(Zn, F)

— 0. Thus we can choose a subsequence {z,, } of {z,} and a sequence (yx) C F
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such that ||z, — gl < 27% for all k > 1. Then following the method of proof of
Tan and Xu [7], we get that {yx} is a Cauchy sequence in F and so it converges.
Let vy — y. Since F' is closed, y € F and then z,, —> y. By Lemma (5.1.1)
lityye0 [|n — pl| €xits, Vp € F. It implies that lim,— e iz, —yl| = 0. Hence {zn}

converses strongly to a common fixed point of Ty, Ty and 3.

Since |[yn — Tnl| < 11220 — 2al] + [ T22n —~ Zal| + 27bn + 27dy, and ||z — Zal| <
132 — 20| +27bn, it follows from Lemma 5.1.2 (i) and (iii) that |y, —za|| —> 0 as
n —— 00 and |1z, — &,|| — 0 as n — co, which imply that lim, o ||t~y =0

and lim, o {2, — yll = 0. 0

Theorem 5.1.5. Let X be o uniformly convez Banach space, and let C be a
nonempty closed and conver subsel of X. Let T\, T2, T3 be three nonerpansive
self-mappings of C and let {a.}, {ba}, {cn}, {dn}{an} and {B.} be real sequences
in 10,1 such that a, -+ bn, Co + d. and oy + By are in [0,1] for alln =1 and

© by < 00, Yooty dn < 00, 3oty fu < 00 and
(i) 0 < liminf, 00 On < limsup, . eol@n + Bn) < 1,
(i) 0 < liminfy o0 € < lim SUPp-so0(Cn T dn) < 1, and
(iti) 0 < liminf,. 00 0 < 1M SUP,,yoolln +0n) < L.

For a given z; € C, let {zn}, {Un}s {2z} be the sequences defined as in
(5.1.1). If F # @ and one of 11, T and Ty is completely continuous, then {z,}, {ya},

{2} converge strongly to a common fized point of Ty, To and Ts.

Proof By Lemma 5.1.1, {z,} is bounded. In addition, by Lemma 5.1.2, limp—s00
lzn — Thzall = 0, liTn—s 00l Tn = To@nl} = 0 and lima e |z, — Tsza]| = 0, then
{Tyz,}, {Tox,} and {T5z,} are also bounded. If T} is completely continuous, there
exists subsequence {T1Zn,} of {Tyz,} such that Tyz,;, —> p as j —> co. Thus
lim.mso0 |2, — TaZn;f| = 1My Wzn, — TaBngl] = 1iMj—se0 \%n, — Ts2nsll = 0.

It follows that Hm; e ||z, — Pl = O. This implies by Lemma 2.1.33 that p €
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F. Furthermore, by Lemma 5.1.1, we get that lim,. e ||Zn — pi| exists. Thus

1477 — 00|| T — Pl} = 0. The proof is completed. 0

Theorem 5.1.6. Let X be a uniformly conver Banach space, and let C be a
nonempty closed and convexr subset of X. Let Ty, Ty, Ty be three nonerpansive
self-mappings of C and let {ay}, {6}, {en}, {dn}{on} and {Bn} be real sequences
in [0,1] such that ap + b, co + dn ond o + B, are in [0,1] for all n Z 1 and

S by < 00, Yoo dy <00, 307 B < 0 and
(1) 0 < liminf, @, < lim SUD,, ool + Bn) < 1,
(i) 0 < liminfp— e € < 1iin SUD,,_yoo(Cn +dr) < 1, and
(i#3) 0 < liminf, o0 an < limsup, . (@n + by} < 1.

For a given ©, € C, let {zn}, {yn}, {2} be the sequences defined as in
(5.1.1). If F # 0 and one of T1, Ty and Ty is demicompact, then {xn}, {Un}, {2n}

converge strongly to o common fized point of Ty, Ty and 13,

Proof. Suppose that.T} is semicompact. By Lemma 5.1.2, Hmn o0 Nz, — Tizp|l =
liMy o0 12n — Totnll = limy o0 [j2, — T3zl = 0. Then there exists subsequence
{%n,} of {z.} such that {z,,} converges strongly top € C. It follows from Lemma
9.1.33 that p € F. Since lim, ;e ||z, — p|| exists by Lemma 5.L1, it follows that

limyeo || 20 — 2l = 0. O

5.9 Common Fixed Points of New Iterations with Errors

for Asymptotically Nonexpansive Mappings in a Banach

Space

Takahashi and Tamuro [34] introduced the following iterative schemes known

as Ishikawa iterative schemes for a pair of nonexpansive mappings:
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Xy = I & C,
Tntr — (]- - bn)mn + b Loyn,n 2 1,

where {a,}, {bn} € [0,1].

Khan and Hafiz [15] generalized the scheme (5.2.1) to the one with errors

for a pair of nonexpansive mappings as follows:

z = x €O,
Yn = (1 = lp bn)xn + ap, DTy + bty (522)
Tpt1 = (1 TS ﬁn)xn == O‘anayn X ﬁn”n:n =1,

where {a,}, {bn}, {an}, {fn} are appropriate sequences in [0,1] 0 < 6 < ap+by, 't

Bn<1—08<1,and {u,},{v.} are bounded sequences in 5.

In 2006, Jeong and Kim [14] generalized this schere (5.2.2} for a pair of

asymptotically nonexpansive mappings as follows:

r, = X & G,
o = (1 — ap — bp)%p + ax 1720 + bptin, (5.2.3)

Tp+l = (l — Oy ™ ﬁn)mn + anTéayn + Bntp, 2 1,

where {a,}, {bs}, {@n}, {B8.} are appropriate sequences in [0,1] with 0 <0 < a, +

b, 0n + B < 18 < 1, and {un}, {va} are bounded sequences in C.

Inspired and motivated by these facts, a new class of three-step iterative
scheme is introduced and studied in this paper. We consider a new iterative scheme

defined as follows. For a given z; € C, compute the sequences {2,}, {ya} and {z.}
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by the iterative scheme

zp = (1= an = bp)Zn + anT] Ty + bytiy,
yn = (1= en—dp)zy + 15 20 + dnvy, (5.2.4)
A (1 - Qpy — ﬁn)yn + anTanyn + Bpwn, n =1,

where {un}, {va}, {wn} are bounded sequences in C and {a,}, {ba}, {cn}, {d,}, {on},

{B,} ate appropriate sequences in [0, 1}.

The next lemma is crucial for proving the main theorems.

Lemma 5.2.1. Let X be a uniformly convez Banach space, and lel C be a
nonempty closed and convez subset of X. Let 11,15, T be three asymptotically
nonezpansive self-mapping of C with ky, L, m, € 0, 00), limp o0 kp = 1, liMlyye0
Ly = 1, Mo i = 1, 5200 (b = 1) € 00, 3o (ln ~ 1) < 00, 3 o1, (ma—1) <
oo, respectively and {z,} be the sequence defined as in (5.2.4) and 37, bn <
00, 3% 1 dy < 00, Yoo fn <00 IfF # B, then lim,-— oo ||Za — pl| ewists for all
p€EF.

Proof. Assume that F # §. Let p € F' and

My = sup{fjuy = pll 72 2 1}, My =sup{fjva = pll :2 1}
My = sup{|Jwn = pll : 7n > 1}, M = max{M;, My, Ms}.
We have
Iz = ol = (1 = an = ba)2n + b T7' T + bptin — p

= (1= an = bn)(@n — ) + n(TP20 — P) + ba(un — D)

[

(1= ap = bo)llzn — pli + bl T %0 ~ Pl + balun — pll

A

(1-an- ba)llzn — Pl + bekal| TV @0 — Pl + bullun — ol
(1 + anlkn — 1))z — pliballun — P

knl[Zn = Pl + ballun — Bl

IA

IA
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nyn - p“ = H(l = Cn dn)zn + a1y 2n + dnUn — p”
= ”(1 — Cp = ) (20 — p) -+ {13 20 = p) + dnvn — P)u

< (L=~ dn)il2n ~ pl| + el T3 20 — p|| + dnllvn — i

g (1 — Cp ™ dn)Hzn - p” + Cnln“Tf?zn o p” + dn”'un - P“
< (L calla ~ Dlizn = pll + daflun — pll
< lnllze — 2l + dn”")n - pl|

ones = pll = {1 = an = Ba)¥n+ @ T3yn + Brwn ~ Pl
= “(1 — Qi — ﬂn)(yn - p) - an(T:?yn - p) + Brlwy — 'p)“

< (L= an=Bo)llyn — pll + 0nl|T5 90 — il + Ballwn — 2l

< (1=op~ Ballyn — pll 4 onma || T3 Yn — il + Brllwn — ]
< (14 an(mn ~ 1))llya — pli + Bullwn — pll
< Mgllyn — Pl + Ballwn —~ 2l

74N

Mo [ln (Enljn = Il + bnflun pll] + dulive = pll] + Ballwn — ol

i

bkl T — Bl + Mindnbn lun - Pl + Modallvn — pli]
+ ,Bnn'wn S p”

hollen = pll + M{b +dn + Br)

IA

- (1 ok (h’i =\ 1))|i$n "‘p” X M(bn + dp + ﬁn)a

where M is some positive constant and h, = max{kn,ln, M, }. Notice that Sy
(hn—1) < o0 is equivalent to 3o, (h% —1) < oo. Since 3 2., by < 00, S dn <

00, 320 Bn < 00, by Lemma 2.1.32 implies that limy, e x, — pl| exists. 0

Lemma 5.2.2. Let X be a uniformly convez Banach space, and let C be a non-
empty closed and conver subset of X. Let Ty, Ty, T3 be three asymptotically nonez-
pansive self-mapping of C with knyln, My € [0,00), iy so0 kp = 1, 1My 00 In =
1, 1Moo Mg = 1, 300 (K — 1) < 00, Yooy (b — 1) < 00, 3000, (mn — 1) < o0,

respectively and {an}, {ba}, {en}, {dn}{en} and {8} be real sequences in [0, 1] such
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that an, + by, ¢ + d and on + B are in {0,1] for alln 21 and 3oy bn <

00, 3% dn < 00, Y ey Bu < 00, For a giwen 21 € C, let {z,}, {yn} and {z.} be
the sequences defined as in (5.2.4).

(1) If 0 < liminf, o0 0tp < 1im SUD,, 0ol Cn+Bn) < 1, thenlim, o0 T3 yn—
yn” = 0.

(i3} If 0 < Hminf, o0 ¢ < lim SUD,,__y00(Cntdn) < 1, thenlim, 0 T2z, —

Zl = 0.

(ii3) If 0 < liminf, e 0n < lim SUp, o (Gntby) < 1, thenlimn oo {17 %n—

Zp|| = 0.

(iv) If O < Himinfp.s00 n < lim SUD, oo (Ot Bn) < 1, 0 < liminfpoo € <

Hmsup,, o (Cn -+ dn) < 1 and 0 < liminfn e tn < Hm sup,, eol@n +ba) < 1,

then limy. o0 | T2 = #nl} = 0 = limp oo [T 20 — Tall-

Proof. (i) From Lemma 5.2.1, we know that limn;e ||, — p|} exists for any p € F.

1t follow that {$n "p}v {T‘lnxn"p}: {ZR—Q}: {ngnwp} and {yn"p}’ {ngyﬂ —'p} are
all bounded. Also, {u, —p}, {v, —p} and {w, —p} are bounded by the assumption.

Now we set

ryo= sup{flen —pl 1 n 2 1},
ro = sup{||T{w, ~pll 1 n 2 1},
rs = sup{llz —pll: n 21},
re = sup{||T3z —pil : n =1},
rs = sup{|lyn —pll:n =1},
re = sup{[|T3y~—pll:n 21}
re = sup{lju, —pll :n =1},

rg = sup{|jvn —p|l:n>1},




ry = sup{|jwn —pll :n =1},

o= maX{Tl: T9,73,7T4,75, 76, 7,78, ’I’g}.

By using Lemma 2.1.36 we have

M pllz
1y — plI?

and so
len—i»l - sz

IN

1 IA A IA

I

A

[A

A

AN

i

(1 — ap = bn)Zn + a7 @0 + bpts ||

(1 = an = bo)(a — ) + aa(TPTn ~ P) + balun — P)II°

(1 =ty = bp)l|zn — B + aullT72n — Pl + ballun — oI
~ an(1 = @ = ba)g({|T72n — 2all)

(1= an = ba)lzn = Bl + ankZl|zn — PY* + brljun — 2l

(1 + au (2 = D)z = oI+ 7%0n

k2|@n — pI” + 72bns

(1~ ¢n = dn)zn + caTy 2a -+ dnVn — p||*

(1~ en — dn) (2 — D)+ ca(T5 20 — D) + dn(va ~ D"
(1 = ¢~ du)l|2n — PI? + call T3 70 — PI? + dultvn — pl*
— ¢y (1 = ¢ = dn)g(1 152 — 2all)

(1= en — dn)l|zn = Bl + allizn = pl* + dallvn — ol
— (1= e = dn) g1 T5 20 = 2al])

(L4l = D)z — ol +77¢n

220 — p|* +r7dn

H(l = Oy ﬁn)yn -+ anTgt'yn + 5n'wn - pu2

(1 — an — Ba) (Y — P} + an(T3yn —p) + Bn(wn — p)HQ

(1 = @ — da)llyn — P + el| T3y — I + Ballwn — Pl

- an(l — Oy ﬁn)g(nT;yn - yn”)
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< (1=~ B)llyn — plI? + cwmillyn = pl> + Ballwn — pII”
— (1 — 0 = B g\ T3 9 — ynll)
< (14 an(m2 = D)llye —plI* + B
= an(1 = an = Ba)g (115 Yn = ynll)
< m2lyn — P2 + 7280 — an(l — @~ Bn) (1T yn — ¥ull)
< mE[2llzn — plf* +r2da) + 77 Bn
= an(t=an = B)g(I Ty — wall)
< m2[2[R2jwn — pl* + Tba] + 77dn) + 77 Bn
— (L= e — Ba)g(IT5 9 — tall)
= 22K, — p|* + M. + mir?d, + r’fy
— (1 — oy = Br) (15 % — vall)
< 2 llzn =l 4 M{by + dn -+ Bn)

e on(1 = atn = Ba)g{I T3 Yn — Unll)
= (11 = )]z — pll> + M (b + dn + Bn)

- Odn(l — Oy ™ ﬁn)g(”T;yﬂ . yﬁ“):

which leads to the following: -

(1 = @t — Ba) (I T5yn — ¥all) < lizn = plI? = || @nsa — 2l
FM((hS — 1) + b+ dn + Ba),
and
m2cn(1 — cn — da)g(|1T52n — 2all) S lizn p|? ~ Zns — plf?
MRS — 1) + by + dn + Br),
and

milian(l ~ an ~ bp)g{| 7720 — znll) < llzn — PW ~ zpyr p“Z

*i“M((hi - 1) + bn + dn + ﬁn):
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(5.2.5)

(5.2.6)

(5.2.7)




69

(i) If 0 < liminfu—oe 0y < limsup, colcm + Bn) < 1, then there exist a

positive integer ng and 7,7’ € (0,1) such that
0<n<ap and o, -+ B, <7 <1 forall n=mne

This implies by (5.2.5) that

(L = 1) g T2 — yall) < llzn = pI° =z — pII”
+M((hE — 1) + by + dn + Bn), (5.2.8)

for all n > ny. It follows from (5.2.8) that for m = g

S o175 ue =l < s 2 G I = lizoss =2l

=1y

+M i((h2—1)+bn+dn+ﬁn))

NE=N0
!

< m (Hxnu - pli?

+ M i (B2 — 1) 4+ by + dn + ﬁn)). (5.2.9)

=10

Let m —— oo in inequality (5.2.9) we get that > 7 = g({[15yn — yal]) < oo, and
therefore tim, oo g(1TPyn —ual}) = 0. Since g is strictly increasing and continnous

at 0 with g(0) = 0, it follows that lims seo [[T5'Yn — 1l = 0.

(if) If 0 < BKaminf,_yoo Cn < HmSuP,_oo(Cn d,) < 1, then by the using a
similar method, together with inequality (5.2.6), it can be show that limy—o0 |15 2n
— 2zl = 0.

(iii) I 0 < liminf, o0, < limsup, woltn + by) < 1, then by the
using a similar method, together with inequality (5.2.7), it can be show that

iy oo | TP %0 — 2l = 0.

(iv) If 0 < liminf, 00 i < limsup, ool Be) < 1, and 0 < liminfs oo
¢n < limsup, . (ca+dn) <1and0 < liminf, e an < lim SUD,, .y ool@n Fln) <1

by (1), (i) and (iii) we have

S [Ty~ voll = Jim T2 = zall = B [T = 30l] = 0. (5:210)
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From 2z, = (1 =@y — by )&n+ an 70 +bpu, and y, = (1 —dn) 2n 4 n 15 2+ dnn,

we have

|zn — 2ol = |1~ an — ba)Tn + @ LY Tn -+ bptin — Znl]

llan(T7 0 — Tn) + bt — :L’n)”

i

IA

an || T 20 — Tol| + balltn — Tal)

VAN

IlT{lmn - wn” -+ szn:

and lun — 2all < [|TF 20 = 2nll + | T¥@n ~ @l + 2rby + 2rd,. Hence

W15z, -~ Tnl] < H-Tn - T:?Zn” + ”Tznz'n T3, |l

A

zn — 2all + W13 20 — an + lllzn — za||

IA

HT;% WE o (1 +ln)”zn ~ Znf]

< T3z ~ zall + (L + BTV 2 = @l + 2rbal;

and

122, = zall < Non = Doyl + 1T50n = T3al]
< Nz = Yall + 1T = 9all + Mallyn — Tall
< N T3y = wall + (1 4100y — 20
< N TPy — yall + (1 + m)|TF 20 — 20l

+ |17 %0 — xp|} + 21y + 2rd,)]

It follows from (5.2.10) that lim, —ec | T2%s — Z2]| = liMn—so0 | T3%n ~ zof = 0. O

Lemma 5.2.3. Let X be a uniformly conver Banach space, and let C' be a
nonempty closed and convex subset of X. Let 11,12, T3 be three asymptotically
nonezpansive self-mapping of C with ky, Iy, mn € {0,00), imy e kn = 1L, im0

b= 1, lim, ey = 1,500 (ky—1) < 00,3 o0 (la—1) < 00, 300 (my—1) < oo,
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respectively and {a,}, {ba}, {¢a}, {dn}{an} and {8y} be real sequences in (0,1} such
that an + by, €n + dn and e, + Bn are in [0,1] for all n > 1 and 3 by <

s}

00, % dy < 00, .2, B, < co. For a given x1 € C, let {zn}, {yn} ond {2,} be
the sequences defined as in (5.2.4).

If 0 < Eminf, e 0ty < limsup, (@ + B} < 1, 0 < lim inf, oo ln <
limsup, _,.(Cn + dpn) <1 and 0 < liminfy oo n < limsup, . (@, +ba) < 1,

then limy— oo | 1125, — 2al] = limy o0 || T2y — Zall = limy o0 [ Tazn — @all = 0.

Proof. By Lemma 5.2.2, we have
: n e i . —A\TTS 71 . -
S [Ty, =4l = I [Tzl = Jim Y T¥oe ~ 2]l =0,
and lim |10z, — ]| = Im |17z, — za] = 0. (5.2.11)
T30 L=} OO

Also we obtain that ||y, — 2]} = 0 as n — oo by the proof of lemma 5.2.2.

Since Tnt1 — Yn = (T30 — Yn) + Bulwn — ¥n), we have
NEnar —2all £ I Zns1 — Ynll + [lyn — Znli
< IlTﬁyn — ynll + Bulltin — Y|l + Hym — |

And so

[ — TPnaall < Nonss = @all + WTE 1 — TETal| + T7 0 — 7

< [lzngr = Zall + kallznin = zall + 17700 — 2al

i

(1-+ kn)nxnﬂ - xn“ + “T{%n - an

IA

(1+ kn)[“Tgyn - yn” + Boljwn — ynu + {lyn — Zall]

+ [ T72n — .

This together with (5.2.11) implies that ||€p41 — TP@pr1]l — 0 (as 7 — 00).

Thus

AN

onit — Tizpsall zns1 — Tinmklxn-ki“ + | T1%n41 — T?+1$n+1l]

< %o - TFHMMH + El|Znt1 — T{*xnﬂil — 0,
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which implies that lim,.eo 112 — Tl = 0.

Similarly, we obtain that limn- oo [|12%a = Zall = litn—seo | Taxp — zal] =0 O

Now we give a weak convergence theorem for iteration (5.2.4).

Theorem 5.2.4. Let X be a uniformly convez Banach space which satisfies Opial’s
condition, and let C be a nonempty closed and conver subset of X. Let Ty, Ty, T3
be three asymptotically nonezpansive self-mapping of € with ky, ln, My € [0,00),
1y se0 bn = 1,1iMpse0ln = LAMg e mn = 1, Sk, — 1) < o0, Yoo 1 ln
~1) < o0, 12 (m, — 1) < 00, respectively and {an}, {bn}, {ca}: {dn}{an} and
{B,} be real sequences in |0, 1] such that an + b, Ca -+ dn and on + B, are in [0,1]

for alln > 1 and 320, b < 00, Y00 dp < 00, 3071 fn < 00 and
(i) If 0 < Bminf,—eo o < lim SUD,,_ oo (Gn + Bn) < 1,
(i) If 0 < liminf, e Cn < limsup, ,.oltn +dn) < 1,
(i#) If 0 < liminf, o0 an < limnsup,_o0(an + sJU.

For a given 31 € C, let {z,} be the sequence defined os in (5.2.4). If F # 90,

then {z,} converges weakly to o common ﬁ.md point of Ty, T5 and Ts.

Proof. Let p € F. By Lemma 5.2.1, limy, o0 {|#n — || exists. Now we prove that
{z,} has a unique weak subsequential limit in F. To prove this, let p; and po
be weak limits of subsequence {,,} and {zn,} of {z,} respectively. By Lemma
5.2.3, we have lim,— o0 ||1T1%n — || = 0. By Lemma 2.1.33, we have I —T1,1 -1,
and [ ~— T4 are demiclosed with respect to zero, therefore Thp; = pi, Top; = p; and
Tsp; = p;, (i=1, 2) hence p1,p2 € F. By Lemma 5.2.1 lim, oo jlzn — pri| and
liMp——so0 || — P2l exist. Using Lemma 2.1.34 we obtain that py = pa. Hence {z,}

converges weakly to a common fixed point of 71,73 and T3. O

Our next goal is to prove a strong convergence theorem:
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Theorem 5.2.5. Let X be a uniformly convex Banach space, and let C be a
nonempty closed and convex subset of X. Let Ty, T, Ty be three asymptotically
nonezpansive self-mapping of C with kn,ln,mn € [0, 00), limy o0 bn = 1, im0
L= 1,00 yoo M = 1, Doy (kn — 1) < 00, S 1 (ln —1) < o0, S me—1) <
oo, respectively and let {an}, {bn}, {cn}, {d.}, {an} and {Bn} be real sequences in
[0,1] such that an + bn, ¢ + dn and an + Bn are in [0,1] for all n > 1 and

3% by < 00, 3o dy < 00, Yoty B < 00 and
(i) 0 < liminf,.oo @n < lim SUP, yooln + Ba) < 1,
(41) 0 < liminf, 0 ¢, < Hm SUD,_olCn +dn) < 1, and
(i) 0 < liminf, o an < lim SUP,o0(@n 4 ba) < L.

For a given zy € C, let {zn},{yn}, {zn} be the sequences defined as in
(5.2.4). T F + O and one of Ty, T, and Ty is completely continuous, then {zn}, {yn},

{zn} converge strongly to a common fized point of Ty, T2 and Ts.

Proof. By Lemma 5.2.1, {z,,} is bounded. In addition, by Lemma 5.2.3, liMy.—so0
Nz =~ D12l = 0, limn—coll@n — Tyl = 0 and limy,.—seo [|#n — T3Zall = 0, then
{Tye,), {Tox,} and {Tsa,} are also bounded. 1£ 7} is completely continuous, there
exists subsequence {11z, } of {T1z,} such that Tiz,, —> p as j — oo. Thus
lim;_soo |3n, — T12n, |l = HMy—so0 [iZn; = To%n, | = b oo |2, — Ta@ngf| = 0.
It follows that lim; e ||Za; — pll = 0. This implies by Lemma 2.1.33 that p €
F. Furthermore, by Lemma 5.2.1, we get that lim, e Nzn ~ pl exists. Thus

lima—oolln — pll = 0. ' O

Theorem 5.2.6. Let X be a uniformly convez Banach space, and let C be a
nonempty closed and conver subset of X. Let T1,15,T3 be three asymptotically
nonezpansive self-mapping of C with knyly, My € [0,00), lima—se0 ky, = 1,1iMp.c0
L= 1My oo i = 1, 3 opy (kn — 1) <00, T (ly —1) <00, Poari(ma —1) <

oo, respectively and let {an}, {bu}, {cn}, {daH{an} and {B,} be real sequences in
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[0,1} such that an + bn, ¢ + dn and oy, + Bn are in [0,1] for all n > 1 and

Y ey b < 00, S dn < 00, 3 B < o0 and
(i) 0 < liminf, oo 0t < Hmsup,_,oo{om + Ba) <1,
(it} 0 < Hminf, 00 €a < limsup, . (cn +dn) <1, and
(iii) 0 < liminf, oo Gn < lim SUP,,__oolln +bn) < 1.

For o given 1 € C, let {z,},{yn} {2} be the sequences defined as in
(5.2.4). If F + O and one of Ty, Tp and 13 is demicompact, then {zn} {yn}t, {2}

conwerge strongly to a common fived point of Ty, Ts and Ts.

Proof. Suppose that T} is semicompact. By Lemma 5.2.3, limy oo 20 = Ti2a|| =
ity —s00 [|2n = Tonll = My, oo |2a — Tsz,|| = 0. Then there exists subsequence
{zn;} of {z,} such that {@n,} converges strongly top € . 1t follows from Lemma
2.1.33 that p € F. Since lim, o ||z, — pl| exists by Lemma 5.2.1, it follows that

iy —so0 |20 = pl] = 0. O






