CHAPTER 1I

PRELIMINARIES

In this chapter, we give precise definitions, notations and basic results which
will be used in Chapter I1I, Chapter IV, Chapter V, Chapter VI and Chapter VIL

Moreover, many examples are provided.
We give the following definitions of a I'-semigroup.

Let M and T be any two nonempty sets. A set M is called a I'-semigroup

[1] if there exists a mapping - : M x ' x M — M, wiitten as (a,7v,b) — a7,

satisfying the foil%owing identity (acd)Bc = ac(bfc) foralla,b,c € Mand o, B €T
A T-semigroup é’\d’ is called commutative if ayb = bya for all a,b € M and
yel. A nonemiaty subset K of a I'-semigroup M is called a sub-I'-semigroup
of M if avyb € }i( for all a,b € K and v € I". For subsets A and B of M, let
ATB = {avb | %1 € A,b € B and v € T'}. We also write aI'B, AI'b and al'b for
{a}T'B, AT{b} a;Ind {a}T{b}, respectively. For y € [, let AyB := {ayb|a € A
and b€ B} AISEP, ayB and Avb are defined similarly.

A partialiy ordered T-semigroup M is called an ordered I'-semigroup
{(some authors c?lled po-I-semigroup) if for any a,b,c € M and y € I', a < b
implies aye < b’}f{c and cya < ¢yb. If (M; <) is an ordered I'-semigroup, and K is
a sub—l"—semigroéxp of M, then (K; <) is an ordered I-semigroup. For an ordered

[

I-semigroup M f;and a € M, define (a] == {t € M |t < a}, and for a subset H of

:
H

M, define (H] = U (h], that is, (H] = {t € M | t < h for some h € H}. Clearly,
[ heH

H C (H] = ((H]}.

For more examples of I'-semigroups and ordered I'-semigroups can be seen
in [13, 14, 15, 16] and [17], respectively.

A nonempty subset I of a I-semigroup M is called a left (right) ideal of
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ITM C I). A nonempty subset I of M is called an ideal of M if

leal and a right ideal. An ideal I of M is called

ideal of M if aT'6 C I impliesac€ Jorbe l,
ne ideal of M if avbe I impliesae I orbe I,
sme ideal of M if aT'a C I impliesa € I,

iprime ideal of M if aya € I implies a € [

and v € T. Then we have that / is a prime ideal of M if for
ATB C I implies A € T or B € I. Analogous results hold if

deal, a semiprime ideal and an s-semiprime ideal of M. For a

following implications hold:

s-prime ideal = prime ideal

4 I

s-semiprime ideal => semiprime ideal

P(M) = {A| Ais a prime ideal of M},

SP(M) = {A]Aisan s-prime ideal of M}.

of all ideals of a Isemigroup M containing a nonempty subset A
e ideal of M generated by A, and denoted by I(A). We also
{{z}). A relation p on a I'-semigroup M is called compatible if
M and v € T, (a,b) € p implies {aye, byc) € p and {cya,cybd) € p.

relation p on a I'-semigroup M is called a congruence on M if

M and v € T, (a,b) € p implies (aye, byc) € p and (cya, cyb) € p.

If p is a congruence on a I-semigroup M, then M/p := {(z), | * € M} is a

I'-semigroup wit

{' e M| (z,2

h (2),7(y), = (zyy), for all z,y € M and v € T where (z), :=

€ p}. A congruence p on M is called a band congruence on
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Example 2.1.([

Then M is a Iss

Pr=MDP

]

M and v € T, (aya,a) € p. A band congruence p on M is called

ngruence on M if (ayb,bya) € pforalla,be M and y € I'.

3]} Let M = {a,b,c,d} and T = {7} with

x'ry={

migroup. We can easily get all ideals of M as follows:

b if z,y € {a,b},

¢ otherwise.

= {c,d}, Ps = {b,c}, P, = {c}, Ps = {a,b,c}, Fs = {b,¢c, d}.

1t is easy to see that P, and P, are s-prime ideals of M, so P and P, are semiprime

ideals of M. Let

P

P2

It is easy to see

i

M x M,

a {(a, CL), (ba b): (Cv C), (d: d)r (aa b)a (b’ a‘): (Ca d)? (da C)}

bhat py and pp are semilattice congruences on M.

Example 2.2. For n € {1,2},let M = {n,n+1,n+2,..} and I'= {—n}. Then

M is a [-semigr

oup under usual addition. Let I = {2n,2n+1,2n+2,...}. It is

easy to verify that [ is a semiprime ideal of M, and p = {{n,n)} is a semilattice

congruence on

IfFizan

contains / and
{{a},I). For an

M as follows:

f.

ideal of a I'-semigroup M and A C M, then

(A, T) {ze M| ATz C I} (2.1)

t is called the extension of I by A. Also, let {a,I) stand for

ideal I of a T-semigroup M, define the equivalence relation ¢; on

@1 {(:c,'y) I (:EaI) = (y,f}}_ (2'2)
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¥ 4
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(M) := {A| A is an ordered prime ideal of M},

(M) := {A]| A isan ordered s-prime ideal of M}.

of all ordered ideals of an ordered I'-semigroup M containing a
A of M is called the ordered ideal of M generated by A, and
4). We also write OI{z) for OI({z}). A semilattice congruence p
semigroup M is called an ordered semsilaiiice congruence on

€ M and v € T',a < b implies {(a,avb) € p. From {2.1),if I is an

ordered ideal of an ordered I'-semigroup M and A C M, then the extension of I by

A will be denote
implies B C {4
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d by {4, I). Notice that AT{A,I) CIandfor BC M,ATBCI
,IY. In fact, {A,I) is an ordered ideal of M containing I if M
Since AT'({A, INTM) = (AT{A,I)TM C ITM C I, it follows




that (A, IHTM € (A, I). Ifx e {AT) and y € M are such that y < z, then

avy < ayx € [
y € {A,I). Fro

then the equivale

 Letnbea

for all @ € A and v € " which implies that Al'y C I. Thus
m (2.2), if I is an ordered ideal of an ordered I-semigroup M,

nce relation ©r on M is

o = {(@y) | {= 1) = (. D)}

ny integer such that n > 2. For any subsets A;, As, ..., A,..; and

An, of a T-semigroup M, and let i be an integer such that 2 < i < n~ 1. Define

)

¢>)

1;n) == A:ZPA;-} . An_lFA.n,
im} = Aerg . Ai_1FA§+1PA5+2 4} - AnmlI‘An:
nin) = Aerg e An_gr/{n__;.

An ideal I of a I''semigroup M is called an n-prime ideal of M if for any subsets

Ay, Aoy AL

an integer ¢ (1 <
A(l;?

Anideal T of a1
subsets A1, Ag, .

A, C I implies y
(a) Every prin
(b} Every n-pr
{c} The prime
(d) The semip

An order

and A, of M, A;TAy... A, 1T'A, C I implies that there exists

i < n) such that
1 Ay -5 Aty At ting Az - -5 A S 1

“semigroup M is called an n-semiprime ideal of M if for any
-;A-‘n—l and Aﬁ of M with AI = Ag =...= An,AJ‘Ag...An_lf

'f(n;n) C I. For a I'-semigroup, we have the following statements:

1e ideal is a semiprime ideal.
ime ideal is an n-semiprime ideal.
ideals and the 2-prime ideals coincide.

rime ideals and the 2-semiprime ideals coincide.

ed ideal I of an ordered I-semigroup M is called an ordered n-

prime ideal of M if for any subsets A;, As, ..., Ap1and A, of M, A TAy. . A,

T'A, C I implieg

that there exists an integer 7 {1 <4 < n) such that
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semigroup, we ha

:A(2;n)a L aA(i-—I;n): A{i-%—l;n): A(i+2;n); s :A(n;n) - I

I of an ordered I-semigroup M is called an ordered n-semi-

M if for any subsets Ay, As,..., A,y and A, of M with A,
ATA,. . A, ,TA, C I implies E(n;n) C I. For an ordered I-

ve the following statements:

(a) Every ordered prime ideal is an ordered semiprime ideal.

(b) Every n-ordered prime ideal is an n-ordered semiprime ideal.

(¢) The ordere

(d) The ordere

d prime ideals and the 2-ordered prime ideals coincide.

d semiprime ideals and the 2-ordered semiprime ideals coincide.

A T-semigroup M is called » (I)-archimedean if for any a,b € M,b €

aT'M (b & MTaq)

al'M (b’hb’}'gb o

M is called arch

or there exists an integer m > 2 such that byibyeb... bym—1b €
b¥m-1b € MTa) for some 71,72, -+, ¥m—1 € I'. A I-semigroup

imedean if it is both [~archimedean and r-archimedean. A sub-

-semigroup (left ideal) T of M is called an r-archimedean sub-I'-semigroup

(lefi ideal) of

g\J if T is r-archimedean. A I'-semigroup M is called a band

4
of T-arch’imedfean sub-T'-semigroups (left ideals) of M if there exists a

;

band C¢:>ngruenc?E p on M such that the p-class (z), of M containing z is an 7-

archime- dean suhl"—semigroup (left ideal) of M for all z € M. A sub-I'-semigroup

(left ideal) T of M is called a weakly r-archimedean sub-T'-semigroup (left

ideal) of M if for any a,b € T,b € aI'M or there exists an integer m = 2 such

that by byb. .. by,_1b € al'M for some 71,72, ..

is called a band

of M if there e3

confaining z is 8

z € M.

3 ¥m—1 € T'. A I'-semigroup M
of weakly r-archimedean sub-I'-semigroups (left ideals)
(ists a band congruence p on M such that the p-class (z), of M

» weakly r-archimedean sub-T-semigroup (left ideal) of M for all
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In the sequel, the following relations on M are used frequently:

n. = {(a,b) | b€ aUal'M or there exists an integer m > 2 such that
baybicsh . . borm_1b € aU al'M for some oy, @, ..., 01 € T},
m = {(a,b) ] b€ attMTa or there exists an integer m > 2 such that
bevybosbh . . . bay,_1b € a U MTa for some oy, g, - - ., -1 € '}
An ordered I-semigroup M is called negative if for any a,b € M and

v €T, ayb < a and avb < b. An ordered I-semigroup M is called r (I)-

archimedean if

integer m > 2 su
for some 1, Y, . .

if it is both l-ar

called an r-arch

ordered ['-semigr

of M if there e

M containing z
sub-I'-semigroup

of M if for any

that by;bysb... bym-1b € (aT'M] for some v;,7%,...,Ym—1 € I'. An ordered I'-

semigroup M is ¢

for any a,b € M,b € (al'M] (b € (MTal]) or there exists an
ch that by bysb. .. bym_1b € (aT'M] (byibyob . . bym-1b € (MTa])
., Ym—1 € I'. An ordered I'-semigroup M is called archimedean
chimedean and r-archimedean. A sub-I'semigroup T of M is
imedean sub-T'-semigroup of M if T is r-archimedean. An
oup M is called a band of r-archimedean sub-I'-semigroups
xists a band congruence p on M such that the p-class (z}, of
is an r-archimedean sub-I'-semigroup of M forall z € M. A
T of M is called a weakly r-archimedean sub-I'-semigroup

a,b € T,b € (aI'M] or there exists an integer m > 2 such

called a band of weakly r-archimedean sub-I'-semigroups

of M if there exists a band congruence p on M such that the p-class (z), of M
;

containing « is a; weakly r-archimedean sub-I'-semigroup of M for all x € M.

A congru?nce p on an ordered I'-semigroup M is called a regular con-

. .
gruence on M if there exists an order “ <” on M/p such that:

(i) (M/p; =) is
and ye T

{(ii) The mappi

an ordered I'-semigroup with (z),v(y), = (zyy), forallz,y € M

ng ¢ : M — M/p defined by @(z) = (), for all z € M is isotone.
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r “=<7” on M/p a regular order with respect to a regular
M.

uel, the following relations on M are used frequently:

) | b & (aUal'M] or there exists an integer m > 2 such that
vob .. bay,—1b € {(a U al'M] for some oy, g, .. ., @1 € T},
} | b € (aU MTa] or there exists an integer 7 > 2 such that

wob. .. bty 1b € (aU MTa] for some g, s,...,0m—1 €T}

emigroup F of a [semigroup M is called a filter of M if for
1 v eI ayb € F implies a,b € F. The intersection of all filters
M containing a nonempty subset A of M is the filter of M
. For A = {z}, let n(z) denote the filter of M generated by {z}.
empty subset A of a I'-semigroup M, we define equivalence rela-

lows:

{@y)lz,yecAora,y ¢ A},
{(z,9) | n(z) = n(y)}.

04

Ti

ongruence p on a I'-semigroup M and z € M, let

denote the filter of M generated by p-class (z),,

denote the filter of M generated by U n(y).
¥E{z)p

rroup M is called a semilattice of archimedean sub-T'-semi-

groups of M if there exists a semilattice congruence p on M such that the p-

class (z), is an
sub-I'-semigroup

b = aryz for somse

archimedean sub-I“-semigroup of M forallz € M. Let K be a

of a I'-semigroup M. Fora,b € K, we definea lx bifb=a or

>z € Kandye . f K= M, then we also write a |is basa}b.




We define relatior
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ns on a I'-semigroup M as follows:

{(z,v) ty ]z},
{(z,y) 1z |y or z] ynyray. - y¥my for some m € N
and v1,%2, - ¥m € '},

pOp

From the definition of archimedean I'-semigroups, we see that a I-semigroup M

is archimedean if
MY - Tm €T
I'. Equivalently,
A filter F'
if for any b € M
filters of an orde:
ordered filier
ordered filter of |
is called a pseu
congruence p on
congrience on

a,b e M and vy

for any a,b& M, a|bor a| bybyb...by,b for some m € N and
and b|aorb|afafaa...afya for somen € Nand B4, 82,...,n €
M x M =mn.

of an ordered I'-semigroup M is called an ordered filter of M
and o € F,a < bimplies b ¢ F. The‘intersection of all ordered
-ed I-semigroup M containing a nonempty subset A of M is the
of M generated by A. For A = {z}, let N(z) denote the
W generated by {z}. A relation p on an ordered I'-semigroup M
doorder on M if <C p, and p is transitive and compatible. A
an ordered I'-semigroup M is called a complete semilattice
M if for all a,b € M and fy-e T, (avb, bya) € p, and for any

€ I',a < b implies (a,avh) € p. If p is a complete semilattice

congruence on an ordered I'-semigroup M, then ¢ < @ for all @ € M. Thus

(a,ava) € p for
and ordered sem;
For an orl

follows:

all « € M and v € T'. Hence complete semilattice congruences
Hattice congruences coincide.

dered T-semigroup M, we define equivalence relations on M as

N = {{z,y) | N(z} =N(y)}.




For any cd

F(ﬁf)p

T

An ordere

medean sub-I'-

gruence p on M
Mforallz e M.
a,b € K, we defi
K = M, then we

I-semigroup M ¢

From the definiti
T-semigroup M
some m € N and

and ﬁl?ﬁ‘); seey ﬁn
Let (M;<

is called an ison
(i) For any =z,
(ii) For any =z,

We write in this

i

i
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ngruence p on an ordered I'-semigroup M and z € M, let

denote the ordered filter of M generated by p-class (x),,

denote the ordered filter of M generated by U N{y).
vE(z),

d M-semigroup M is called an ordered semilaitice of archi-
semigroups of M if there exists an ordered semilattice con-
such that the p-class (z), is an archimedean sub-T-semigroup of
Let K be a sub-T-semigroup of an ordered I'-semigroup M. For
neallgbifb<aorb<ayrforsomez € Kandyel. I
> also write a {|ar b as a || b. We define relations on an ordered

s follows:

{{z,9) |y || 3,

{z,9) | = ||y ot 7 || yny 12y y¥my for some me€ N
and ¥1,¥2, -y ¥m € '}

-1

B0

on of archimedean ordered I'-semigroups, we see that an ordered

is archimedean if for any a,b € M,a || b or a || byrbyeb...bynb for

Vi V2s ooy Ym € T, and b | aorb| afiafsa..af,aforsomen € N
e I'. Equivalently, M x M =1
} and (N; <’) be ordered I'-semigroups. A bijection ¢ : M — N

norphism if it satisfies the following conditions:

€ M, 2 <y if and only if p(z) <’ p(y).

y € M and v € T, p(zvy) = p(z)re(y).

case, M = N.




Now, let

SC(M)
0SC(M)

RC(M)

{p| p is a semilattice congruence on M},
{p| p is an ordered semilattice congruence on M},

{p| p is a regular congruence on M}.
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