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3.1 Ideal Exter

The following theorem is obtained in [13] and the following lemmas will be

used frequently 1

Theorem 3.1.1

The next

Lemma 3.1.2.

Lermma 3.1.3.

(B,I) C {A, I).

Lemma 3.1.4.

v e€T. Then we

CHAPTER III

D) IDEAL EXTENSIONS IN (ORDERED)
I-SEMIGROUPS

apter, we divide into two sections, and many properties of ex-
(A, I) of an (ordered) ideal I by a subset A of a (ordered) I'-
> provided. Moreover, the equivalence relation ($1) ¢y on M
€ b« (z1) = {y, I)) (z,y) € ¢ @ {z,I) = {y,I) is consid-
own that if M is commutative, and [ is an (ordered) s-semiprime
(®;) ¢; is a (ordered) semilattice congruence on M. In addition,

prime ideal of M, then (®7) ¢r = {(z,y) |z,y € Torz,y ¢ I}

1sions in T'-Semigroups

n this thesis.

([13]) If M is a T-semigroup, then

n = ﬂ ogg.

TeSP(M)

two lemmas are easy to verify.

If A is a subset of a U-semigroup M, then

I(A) = AUMTA.,

Let I be an ideal of a T-semigroup M and A C B C M. Then

Let I be an ideal of a commutative U-semigroup M, A € M and

have the following statements:




(a) (A, I} is an

(by I C (AT}
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ideal of M.

- (ATA, I) C {AvA, I).

(c) IfAC I, then {A,I) = M.

Proof. (a) Let

r € (A, D,y € M and v € T. Then Al'(zvy) = (Al'z)yy C

ITM C I, so zyy € {A,I). Hence (A, I) is an ideal of M.

(bylfz €

(ATA)Tz = AT

(AyA)Tz C (AT

(AvA, T).

(c) Let A

(A1) = M.

Hence the proof is completed.

Femma 3.1.5.

Proof. By Lems

all'z C I for all ¢

(A1) = (a1

acA
Hence th

Lemma 3.1.6.

M if and only if

e proof is completed.

I, then Al'x € MTI C 1. Thus z € {A,I). If z € (A, 1), then
ATz) C© MTI C I. Thus = € (AT'A, ). Tf v € {ATA,I), then
Az © I. Thus z € (AvA,I). Hence I C (A, 1) C (ATA, 1) C

C Tandz € M. Then ATz C ITM C I, 30 z € {A,I). Hence

Let I be an ideal of a T"-semigroup M and A C M. Then

(A1) = (e, ]) = (A\ L, I).

acA

ma, 3.1.3, we have (A4, 1) C n {a,I). Now,letz € ﬂ(a, I). Then
‘ acA acA

1€ A, s0o ATz C 1. Thus z € (4,1}, s0 ﬂ(a, Iy C (A, T). Hence
aEA

). By Lemma 3.1.4(c), we have (4,I) = n{a, Iy={(A\LI).
acA

&

Let I be an ideal of a T'-semigroup M. Then I is a prime ideal of
(A, Iy=1Iforall AZ I




Proof. Assume

APz C I. By hyy

(A1) =1.
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that I is a prime ideal of M and A € I. Let z € (A,I). Then
yothesisand A € I, z € I. Thus (A, I) € I. By Lemma 3.1.4(b),

Conversely, assume that (A, 1) =T for all A Z I. Let A,B C M be such

that ATB C I ax

Hence the

‘We can e

Lemma 3.1.7.

respectively. The

(a) mPisa

PecA

(b) UPisa

PeB

{c) ﬂPis ar

Pch

(d) UPisa

PeB

We now

theorems of this

A C M. Then

semiprime ideal

Proof. If A C
AEZ P, then it

Theorem 3.1.8.

d AZ I. Then B C (A, I) = I. Hence [ is a prime ideal of M.

proof is completed. O

sily prove the last lemma.

Let A and B be two nonempty subfamilies of P(M) and SP(M),
n we have the following statements:
semiprime ideal of M if ﬂ P # 0.

PeA

prime ideal of M.

n s-semiprime ideal of M if ﬂ P+,
PeB

n s-prime ideal of M.

sive some characterizations of extensions of ideals and the main

seciion as below.

Let P be a prime ideal of a commutative I"-semigroup M and

(A, P) is a prime ideal of M. Furthermore, (4, ﬂ P)isa
PeP{M)

of Mif [} P#0.

PeP(M)
P, then it follows from Lemma 3.1.4(c) that {A,P) = M. If
follows from Lemma 3.1.6 that {4, P) = P. Hence (A,P) is a




prime ideal of M
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Now,

ze(a, () P) < Arzc [} P
PeP(M) PGP(M)
< ATz C P for all P € P(M)
< z € (A, P)forall Pe P(M)
o ze ] (AP).

Hence

By Lemms 3.1.7

Theorem 3.1.9

Then I(A) C I(F

Proof. Assume
Lemma 3.1.2, we
some y € M, b &
all v € I'. Hencs
then ayx = byz
Therefore (B, J}

Conversel
(B,I(B)) C (A
(B, I(B)) = M.
I(B). This impl

Theorem 3.1.1

then ¢ is a sem

=
T

jes that I(A) C I(B).

PeP(M)

4, (1 = [ &».

PeP(M) PeP(M)

a), {4, ﬂ P) is a semiprime ideal of M.
PEP{M)

Let A and B be subsets of a I'-semigroup M and A € MTA.

3) if and only if for every ideal J of M, (B, J) C (4, J).

that J(A) C I{B). Let J be an ideal of M and z € (B, J). By
‘have A € I(B) = BUMUB. For any a € A, if a = yab for

B and o € T, then ayz = (yab)yz = yal(byz) € MTJ C J for

> ayz € Jforally € T, soz € (a,J). If a =0 for some b € B,

€ Jiorallyel. Henceayz € Jforally €T, so z € {(a,J).
C ({a, J). It follows from Lemma 3.1.5 that (B, J) C (4, J).

acA
y, assume that (B,J} C (A,J) for all ideal J of M. Then

I(B)). Since B C I(B), it follows from Lemma 3.1.4(c) that
Thus (A,I{(B)) = M, so MT'A C I(B). Hence A C MTA C
4

0. If I is an s-semiprime ideal of a commutative I'-semigroup M,

ilattice congruence on M.
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Proof. Let (z,y) € ¢r,c € M and v € T'. Then (x,I) = (y,I). Thus

a€ (zye,l) & (zye)faCl
zl{cya) C 1
cva € (z,1)
cya € {y, 1)
yI{eya) C I

(yye)Ta C T

T % ¢ ¢

a € {yvye, I).

Hence (zve, yyc) € ¢r. Similarly, we can show that (cyz, cyy) € ¢;. Hence ¢; is

a congruence on M. Let 1 € M and v € T'. Then

a € {zyr,I) = (eyz)TaCI
= (zyzla)a CITM C I
= (zla)y(zTa) C T
= zla T 1
=

ac{z,I).

Thus (zyz, I} C {z,I). By Lemma 3.1.4(b), we have (z,I) C {2yx,I). Hence
(zyz, 1) = (z,I), so (zyz,z) € ¢;. Therefore ¢; is a semilattice congruence on

M. g

Theorem 3.1.11. If I is an s-prime ideal of a T-semigroup M, then ¢r = or and

n C ¢;5.

Proof. Let (z,y) € ¢r- Then (z,I) = (y,I). Suppose that (z,y) ¢ o7. Without
loss of generality, we may assume that z € I but y ¢ I. By Lemmas 3.1.4(c) and
3.1.6, we have {z,I) = M and (y,I}) =I. Thus I = M,soy ¢ M. Thisis a




contradiction. He
By Lemma 3.1.4
(z, 1) =1 ={y,1

from Theorem 3.

Hence the
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nce (z,y) € 01,50 ¢1 G o7 Let (z,y) €op. Hz € [, theny & I.
¢), {z, Iy = M = {y,I). fx ¢ I, then y ¢ I. By Lemma 3.1.6,

). Hence (z,y) € ¢1, s0 o7 € ¢;. Therefore ¢y = 07. It follows

1.1 that

7 = ﬂ oy = n o5 C ¢y.

JeSP(M) JESP(M)

proof is completed.

3.2 Ordered Ideal Extensions in Ordered T'-Semigroups

Our purp

of an ordered '

yse is to provide various properties of extensions of ordered ideals

emigroup M. The following lemma is evident.

Lemma 3.2.1. Let I be an ordered ideal of an ordered T'-semigroup M and A, B C

M. Then the fol

(&) FAC B,

lowing statements hold:

then {(B,I) C (A, I).

(b) If AC I, then (A, I}) = M.

(0 (A1) <

Proposition 3.

foranya e M,

A\I,TY.

2.2. Let I be an ordered ideal of an ordered ['-semigroup M. Then

{al, 1) = {a,I) C {=,I)) forallz < a.

Proof. By Lemma 3.2.1(a), {(a],I} C {a,I). Ify € {a, I} and z € (da],

then z < a, s0

zyy € ayy € aly C I for all v € I'. Hence y € {{(a], ).

Therefore we have {(a},I) = {a,I). I 2 < a, then £ € (a], so by Lemma

3.2.1(a), {(a], I}

C {a, I). O
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Proposition 3.2.3. If I is an ordered ideal of an ordered T'-semigroup M and

AC M, then

A, I) C (ATA,I) C (ATYA,I) for dliT CT.

Proof. Since (ATA)T{A,IY) = AT(AT(A, I))) € ATI C I and (ATVA)T(AT'A, 1))
C (ATAT{ATA,I) C I, it follows that {A,I) C {ATA,I)) and (ATA,I) C

{AT" A, I}, respectively.

O

Proposition 3.2.4. Let I and I; be ordered ideals of an ordered I'-semigroup M

and A, A; C M foralli € A. Then

(2) (A (VL) = )4A LY and

ieh icA

(b) (1J A )= ()44 1)-

ich igA

Proof. For xz € M,

ze (AL «
iGA
=4

and

T € «U A;, )

icA

8 ¢ ¢ 3

-

EN

Az C Lforallic A
re {A L) forallie A

z € [ (A L,

ieA

(Jajrzc1
€A
ATz CTforallie A

x € {A;,I) forallie A

z € (A 1).

€A




Proposition 3.2
I is an ordered p

AL

Proof. Assume
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5. Let I be an ordered ideal of an ordered T'-semigroup M. Then
rime ideal of M if and only if {A, 1) = I for all A C M with

that I is an ordered prime ideal of M, and let A € I. Since

APGAIY € I,A € I and T is an ordered prime ideal of M, it follows that

{ A, I) C I which
Conversely

ordered prime ide

BC(ATI) =1

Recall thy

implies that {A4,I) = 1.

7, assume that {(A,I) = I for all A € I. To show that I is an
al of M, let A, B C M be such that ATBC I and AZ I Then
O

t for an ordered ideal I of an ordered I'semigroup M and A C

M, {A,T) is an ordered ideal of M it M is commutative.

Corollary 3.2.6

an ordered prime
Proof. This foll

It is obvic

of an ordered I'-¢

ACM. F{L
n Ii # ﬂ, then

i€
Proof. By Coro

But «Aa ﬂ Iz» B

ieh
an ordered semip

Proposition 3.

OI(A) C OI(B)

-]

syws directly from Lemma 3.2.1(b) and Proposition 3.2.5.

Corollary 3.2.7.

. Assume that M is a commutative ordered T'-semigroup. If I is

ideal of M and A C M, then sois {A,I)).

a

yusly seen that a nonempty intersection of ordered prime ideals

emigroup M is an ordered semiprime ideal of M.

Assume that M is a commutative ordered I'-semigroup and
i € A} is a collection of ordered prime ideals of M such that

A, n LY is an ordered semiprime ideal of M.
€A

lary 3.2.6, {A, L) is an ordered prime ideal of M for all 4 € A.

ﬂ((A, L) by Proposition 3.2.4(a). It follows that {4, ﬂ L) is
i

icA
rime ideal of M. O

2.8. For A/B C M where M is an ordered I'-semigroup, if

then {B,I) C {A,I)) for every ordered ideal I of M.
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Proof. Assume that OI{A) C OI(B) and let I be an ordered ideal of M. If
z € {B,1), then BTz C I. Since A C OI(B), it follows from Lemma 3.2.1(a) that
(OI(B),I) C {A,I)). By Lemma 3.2.1(a) and Propositions 3.2.2 and 3.2.4(b},

(B,I) < (B.I)N{MTB,I)
C (B, IyN{MTB)I)

({6, 1) N ((MTB), )

beB

— ()4l ) N ((MT B, T)

beB

= (lJ@, mn{MTBLI)

beB

= {(B,I) n{({MTB]I)

I

= ((BlU(MTB], I}
= {(BUMTB],I)

= (01(B), ) < (A1)

Hence (B, I} C (A, I). 0

Lemma 3.2.9. [f M is a commutative ordered I'-semigroup, and I is an ordered

ideal of M, then ®; is a congruence on M.
Proof. Let (z,) € ®r,c€ M and vy € T. Then {z,I)) = (y,I)). Fora € M,

ae (zye,I) & (zye)lagl
al(cya) C I
eya € (=, 1)
cye € {y, I))
yI(eva) S 1

(yyala C 1

t ¢ ¢ ¢ ¢ 3

a € {yve, I,




and

a€ {cyx,I)

<~

)

¢ ¢ ¢ 9

Thus (zve,yye) € @7 and (eyx, cyy) € 21
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(cyz)Ta &1
zl{cya) € 1
cva € {x, I)
cya € {u, I}
yD(cya) C T
(cyy)Ta C I

a € {eyy, I))-

Hence ®; is a congruence on M. [l

Proposition 3.2.10. If M is a commutative ordered I'-semigroup, and I is an

ordered s-semiprime ideal of M, then @ is an ordered semilattice congruence on

M.

Proof. By Proposition 3.2.9, ®; is a congruence on M. Sinece M is commutative,

(a-yb,bya) € ®; for all a,b € M and vy € . Let z € M and v € T. Then for

ac M,

=
= zla CI
=

a € {zyz,I) = (zyz)laCl
= (zyzla)la CITM CI

(zTa)y(zl'a) C I

a€ {z,I).

By Proposition 3.2.3, {z,I}} C {ayx,I). Therefore we have {zyz,I}) = {=z,I),




1. QA
ity
By L

so (zyz,z) € ;. Let z,y € M besuch that z <yand v € . Then fora e M,

a€{x,I) = zlaCl
= (zla)yy CITM C 1
= (zyy)Te C 1

= a € {zvy, 1),

a€ {zyy,I) = (z2yylaCl

(zyaTa)Ta C ((zyyTa)Ta) € ITM] S (1 S T
(zTa)y(zT'a) C I

2Ta C I

a € {z,I).

Thus {z,I) = {zyy,I), so (z,zvy) € ;. Hence @; is an ordered semilattice

congruence on M. (]

Proposition 3.2.11. If I is an ordered prime idesl of an ordered T'-semigroup

M, then

O, =(Ix UM\ xM\I).

Proof. This follows directly from Lemma 3.2.1(b) and Proposition 3.2.5. O






