BANDS OF

CHAPTER V

WEAKLY r-ARCHIMEDEAN (ORDERED)
I-SEMIGROUPS

In this chapter, we divide into two sections. We give some characterizations

of weakly r-archimedean {ordered) T'-semigroups of a (ordered) I-semigroup M

that are given by

considerations. F

(ordered) I-semi
and regular band

[-semigroups.

the relation (7,N77%) 7.0n; ! on M, and are also necessary for our
inally, we give some characterizations of bands of r-archimedean
groups, bands of weakly r-archimedean (ordered) I'-semigroups

s of weakly r-archimedean (ordered) I'-semigroups of (ordered)

5.1 Bands of Weakly r-Archimedean I'-Semigroups

The following two lemmas are also necessary for the main results.

Lemma 5.1.1.
are {p;)" and (p

Proof. Similar {

Similar re

Corollary 5.1.2.

Corollary 5.1.2
o) for alln € N

(p1)" and (p1 04

Lemma 5.1.3.

Eb

If p1 and py are left congruences on o D'-semigroup M, then so

opg) for alln €N,

o the proof of Lemma 5.8 [18], we obtain it. O

sult holds if we replace the word “left” by “right”. Then we get

. If py and py are congruences on a I'-semigroup M, then so are

If E is an equivalence relation on a T'-semigroup M, then

{(a,b) | (a,b), (zaa, zab), (aBy, bBy), (zaaBy, zabfy) € B

for all z,y € M and o, B €T}
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is the largest congruence on M contained in I

Proof. Similar to the proof of Proposition 5.13 [18], we obtain it. Q

We give some characterizations of weakly r-archimedean I'-semigroups that

are given by the relation 7, N7 on a I-semigroup M and some characterizations

of bands of weakly r-archimedean sub-I-semigroups.

Lemma 5.1.4. A sub-T-semigroup T' of a T'-semigroup M is weakly r-archime-

dean if and only if (a,b) € n, Ny for alla,beT.

Proof. Assume that a sub-I'-semigroup T is weakly r-archimedean, and let a,b €

T Then b € eI’ M or there exists an integer m > 2 such that bogbagb. . . ba,_1b €

al'M for some aq, &2, ..., 0m-1 € I, and a € bI'M or there exists an integer n > 2

b

such that afiafea...af,_1a € bI'M for some 31,02, -1 € T. Thus b e

aUal'M or ba;bo;
bU M. Hence

Conversel

Then (a,b) € 7.

ob . bay,_1b € aUal’M, and a € bBUVIM or afiafha. .. af_1a €
(a,b) € 0, and (b,a) € 1, so {a,b) € 7. Q77 L.
v, assume that (a,b) € n, Ny foralla,b € T. Now,let a,be T.

N1, so (a,b) € - Thus b€ aUal'M or there exists an integer

m > 2 such that baybash... by, 1b € aUal'M for some oy, .-, @p1 € T\

Hence, let v € [. If b € aUal'M, then byb € al'M Ual'MI'M C oI'M. If

baybash. . . bom_1b € a U al'M, then bonbagd. .. bap,_1byb € al’'M U aT'MI'M C

al’M. Therefore T' is weakly r-archimedean. O

As a consequence of this result, we obtain Theorem 5.1.5.

Theorem 5.1.5. A I'-semigroup M is a band of weokly r-archimedean sub-T'-

semigroups of M if and only if it satisfies the condition for all a,z,y € M and

a:ﬁ:’ye}-—‘:

(e, av0), (zaa, zaaya), (aBy, avafy), (zaafy, zaayafy) € - No . (%)




Proof. Assume t

M. Then there ¢

M containing x i
Now, let a,z,y
we have (a, aya),

exist _bl, bjg, b3, b4

(B3}, zxa Py, xoa

archimedean, it f

(a,aya),

Conversel

(i) Clearly
(i) Let o

alUal’M or there

for some oy, ao,
2 such that cfi¢
b=aorb=c¢
or baybagb . . bol
c=borc=20
cphefac. .. cfn

Now, suf
bAss. Put p = cf
bBss) € nNin
exists an integer
SOme Y1,V2, - - - »
and §; € T’ or py
for some s3 € I

c,\lc)\gc e CA};..]
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hat M is a band of weakly r-archimedean sub-I’-semigroups of
.xists a band congruence p on M such that the p-class (z), of
s a weakly r-archimedean sub-I-semigroup of M for all z € M.
c M and o, 8,7 € I". Since p is a band congruence on M,
(zaa, zaava), (aBy, avafy), (zaafy, zaayaPy) € p. Then there
= M such that a,ava € (by),, zaa, raaya € (ba),, afy.avafy €
vaBy € (by)p. Since (by)p, (b2)p, (bs), and (bs), are weakly r-

ollows from Lemma 5.1.4 that

raa, zaaya), (afy, avefy), (zaafy, zaayefy) € . N

y, assume that M satisfies the condition (x).

7, (a,a) €y, for all a € M.

b,c € M be such that (a,b) € 1, and (b,c) € 5. Then b €
. exists an integer m > 2 such that bogbanb. .. bom_1b € aUal’'M
.., @m-1 € ', and ¢ € bUBI'M or there exists an integer n =
Boc. .. Cfp..1c € bUBLM for some Sy, 02, ..., Pn—1 € I'. Thus
sy for some 53 € M and o € T or baybash.. . ban-1b = @
b = aas, for some s; € M and a1,0z,..., 0.1 € T, and
As, for some s5 € M and 8 € T or ¢ficfac...cfp1c = b o1
¢ == bf3s, for some s» € M and fy,02,.- ., Pn-1 €T.

spose that baybash ... bo,—1b = aas; and eficfec. .. cfipic =

B1¢Bac. . . ¢Bp1¢ = b3ss. By hypothesis, (p, ba1bfs2) = (bfsz, by

and so (bobBse, p) € 1. Thus p € bagbBsy UbabBs:I'M or there

my > 2 such that pyip¥ep. . . P¥my—1P € baybBsaUba bBs,T'M for

tmi—1 € I'. Thus p = baybBs, or p = bobBs20; 53 for some s3 € M

1PV2P - PYmy-1D = b1bBS2 OF PPV - - . PYmy 1P = babfs30153

M and §; € T. Hence there exists an integer k¥ > n such that

¢ € banbBsa U babBssT M for some Ay, A9, ., e €1




Case 1: pypvp

(b bs20 83,

where 7y = bﬁ325

[ such that cAyc)

Case 2: py1pyp

\aC. .. CAg, —1C € ba banbayry U ba;bagbairlf‘M.
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DYy 1P = bonbBsadiss. Similar to the case as above, since
baybagbon ) = (b bBs26, 83, babogbon bBse6183) € 7 N ot

35, there exists an integer ky 2 nmy 2 1 and A, Aa, . -, Agy—1 €

o DYy 1D = b1 b@s;. Similar to the case as above, since

(bay bBss, baybagbam ) = (baabfss, babasba bBss) € m Nt

where 7, = bf3ss,

such that chichy

Case 3: p=buy

(ba1b3s26183

r
[

oo €Ay 1€ € bobagbanry U bonbasbonri I'M .

bB3s28185. Similar to the case as above, since

where 71 = b38201 53, there exists an integer ky > n and XA, A, ..

that CAlc)\gC 5 (‘/\;;,1 ~1C € ba;bagbalﬁ U ba;bagbalrlf‘M.

Case 4: p= by

(bal bﬁ

where r; = bQs

that eAchac. ..

bBs,. Similar to the case as above, since

c)\kl_ic € boabanbarry U bay bevoboyyri UM

there exists an integer ky > nmy = nand A, g, .. A1 €T

,bozlbagbalrl) = (balbﬁSZCS}Sg, ba;bagbal bﬁ52§183) € n-N 7],:1

. a/\kr-l € I' such

sg, banbogbary 1) = (b bBse, bonbagbon bBs2) € . Ny 1

,, there exists an integer k;y 2 7 and Ay, Az, .-, Ap—1 € T" such

If we continue in this way, there exist rm_s € M, an integer kp..o > n and

A A2y ooy Ak g

_; € I'such that chjedac. .. cAg,_,—1¢ € bogbagh. .. bom_1bouTm-2

Uba bagh - - boyy_1bai7m—2TM.  Therefore chichqe. .. CAk,,_p-1€ € bazbagb...b

100172 U

balbagb cee bam_lbale_ng = Q811 Tm—2 U aaslal'rm_gI‘M -

al’M C aUal'M. Hence (a,c) € .. In another case, we can show that (a,c) € 1.

By (i) and (if),

n. N0t is an equivalence relation on M.
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(iii) Let
p = {(ab)|(a,b), (zaa, zab), (aBy,bBy), (zaafy, zabfy) € nr N1
forall z,y € M and o, €T},

Since 7, Nyt is

p is the largest c(

band congruence

(iv) For a
Since p is a band
from Lemma 5.1

Therefore M is a
Hence the

We briefly

ordered I"-sermigr

andyela<h

Theorem 5.1.6.

p = {{a,
for

be a congruence

Proof. Let 2 b

== {((x)p

?

an equivalence relation on M, it follows from Lemma 5.1.3 that
sngruence on M contained in 1, N7t By condition (x), pis a
on M.

ny z € M, let a,b € (z),. Then (a,b) € p, so (a,b) € p. Nyt
| congruence on M, (z), is a sub-I-semigroup of M. It follows
4 that (z), is a weakly r-archimedean sub-I-semigroup of M.

band of weakly r-archimedean sub-I-semigroups of M.

proof is completed. 0

; recall here the definition of ordered I'-semigroup. A partially

oup M is called an ordered I'-semigroup if for any a,b,c € M

implies aye < byc and cya < eyb.
FLet

5) | (a, b), (zara, zab), (afy,bBy), (zaBy, TabBy) € 5 N7

allz,y € M and o, B € I'}
on a T-semigroup M. Then M/p is an ordered I'-semigroup.

e a relation on M/p defined as following:

(1)) | (z1,71) € p™ for some 1 € (z),, 41 € (¥), and m € N}.

We shall show that (M/p; X) is an ordered I'-semigroup.

(i) For ax

reflexive.

ty (z), € M/p, we have (z), < (), because (x,x) € p. Thus <is




(i} Let {z

there exist z1, %2

and
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) s (y)P € M/p be such that (x)p = (y)p and (y)p = (x)p Then

€ (2)p,¥1,¥2 € (¥), and m,n € N such that {z1,77) € p™ and

(y2,%2) € p". Thus there exist wi,wy, . . W1, Wy, Wy - -+, Wy_y € M such that
(II 3 wl); (wls w?)a sy (wmwlyyl) € p, (5-11)
(yQ} wll)v (w’la w;)v ] ('U)’ —1s EZ) e p. (5'1‘2)

Since (z;,wy) €
y) € n. N for

letz,y €
y) € 5. Nyt
zoun Syl M or ©

(zazify). .. (za

N & P | e T

Mand&él"or

zow; fy or (rox

Bydy s for some
Case 1: zoaxif

(w11 ’LUg) € P (33(

Then zow; fri €

(zaw:fri)fr{za
Q_'wgﬂTIFM for s

= Towsfrid28, for some s; € M and &, € T or (zaw:fri)f (zow, fry)Ba(zaw 8
r1) ... {zow Ory
)

1) ... (maw Bry

Case 1.1: zouy

qwwy Oy, zowefri) € n Ot

o, we have (z1,u), (zaz;, zoan ), (:18y,w By), (zoz1 0y, sow B
alz,ye M and o, f €T

M and o, 8 € T, and p = zaz; fy. Suppose that (zaz: By, zouw
Then (wow By, zazify) € n.. Thus zaxfy € zowfy U
here exists an integer k; > 2 such that (wazify)e:(zozi8y)o,
1y, 1 (zazBy) € mow By U zow fyl'M for some oy, o,
“hen zazfy = zow Py or zazfy = zow:Fydisy for some s €

(zo, By)e (zaz By)oo(zew, fy) . . - (zaz fy) o, -1 (zom By) =

Iﬁy)az(mxlﬁy)az(mwlﬁy) .- (xafglﬁy)akl—l(fcamlﬁy) = T

sy € M and 8; € T

y = zawyBy. Then p = zowfr; where ry = y. Next, since

Thus (zawsfri, zaw fri) € 0.

zows B Uzaws fr "M or there exists an integer k2 > 2 such that

wy Bry ) Bz (zow; Bri) - . . (mows Bry) Br, -1 (zowi fri) € zaw:friUz

ome By, Ba, .. ., Bry1 € I'. Then zown fr1 = zawsfry or zoawBry

Bry—1(zews fr1) = zowsfry or (zaw, fri)f(zaw, fri)fz(zaun

Bry1(x0w, Br1) = Tawsfri8,3 for some s; € M and d; € T.

Bri = zawyBr;. Then p = zowyfry where ra = 71.




Case 1.3: (zay
zows 1. Then g
Case 1.4: (zon
zawyIr10982. Th
Case 2: zovr 1
since {(wy, ws) €
7. Then zowf
2 such that (zo

zowsFry Uzoaws

Case 2.1: zowy
Case 2.2: zoun
Case 2.3: (zo
rowsFr. Then
Case 2.4: (zo
2owsr10283. T
Case 3: (zaz, 3
Then pazposp.
(zaw, fry, zows

T xowsfry U zow

(zow, fry) (o
for some f31, B2,

8257 for some 39

w1 Br1) i (zaw Bri) Felzow; Bry) . ... (zovun 0r1) Pry—1 (zow; Br1)
PO pPap- - - PBry—1p = Towefry where rz = 71.

w1 11 ) By (zoaw, By ) Bozow fry) . . . (@awi 1) Bry—1 (zowi Br1)

hen pAipfap - - - PPro—1P = Tows 32 Where 1o = r10287.
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Case 1.2: zow, fry = taw,fBr10252. Then p = zawsfry; where rp = 710285,

J}ﬁﬁ)ﬁl (maw;ﬂ'rl)ﬁg(xawlﬁrl) - (fb"Oéwlﬁ’rl)ﬁkz—l(iﬂawlﬁﬁ) =

B1982p . . . PBr,—1p = zowsfry where 1o = 11.

Ulﬁ?‘l)ﬁl (maw;ﬁrl)ﬁg(mawlﬁrl) - (wawlﬁrl)ﬁk2_1 (:cozwlﬁ'ﬁ) ES

en pBipBep . . - Pli,—1p = 0wy where 7y = 710285.

) = zounfydis;. Then p = zow;Bry where 11 = yb;s;. Next,

p, (zowi Bry, vewsfri} € B, N7 Thus (zawsfry, sonvfri) €
Iry € zawsfri U zowyfriTM or there exists an integer kp >
wi Br1) Br {woaw, Bry ) Belzoan Bry) . . - (mewy Bry) B, -1 {zoan Bri) €
3r UM for some 1, Ba, .+ ., Bra—1 € I Then zow, fry = zowsfry
or zow, fry = TAw,fr8zs; for some 53 € M and §; € T'or (zovws Ory) fr(zoaw, Bry)
Bolzow fre) ...
Ba(zow fry) ...
el

zow; Br1) Bry -1 (zow fry) = zowsfry or (zoaw: fri)bi(zow Bri)

zow; fr1) B, —1(Tow Bry) = zawsPridysy for some s € M and

Bri = zawsfry. Then p = rawsyfrs where ry = 7.

Bry = zowyfribz5.. Then p = wow;fry where 1y = r16282.

Yo (zazi By)as(zae By) - . . (zaz fy)ak, 1 (zom By) = zow, fy.

.pag, _1p = wowfry where r; = y. Next, since (w1, ws) € p,

Bry) € N7t Thus (zawsfry, zaw fri) € 7. Then zow, fry €

23T M or there exists an integer k» > 2 such that (zaw;f6r1)6

wy Br1) ... (aw Bri)Br,-1{zow fry) € zawzfry U zaw,frI'M
.. Bry1 € T. Then zow;Bry = zowsfry or zawfry = sowsfr

€ M and &, € I' or (zaw Br1)fai{moaun fry) Be{zawi fri) . . . (o




Br1)Bry-1 (xa’wzﬂ
Br1) By —1{woown 3

Case 3.1: zouy

To = T1-
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r) = zowyfry or (zocw, Bry) Br(zaw O ) Ba{zaaw Ori ) - .. {xoun

r1) = zoawer 625 for some sy € M and gy e T

Ory

xowsfry. Then poxpagp. .. pag,—1p = Tawefry where

Case 3.2: zow, 1 = zawyPridesy. Then poypoop. .. pag,.ap = zoawsJry where

Ty = 7‘15232.

Case 3.3: {(zon

zeews Fry. Then
p)-.. (ponpasp. .
Case 3.4: (zon
Toews 110959, T1
gz —1P) - - - (ponp:
r18985.
Case 4: (zaxf
8181. Then payp
€ p, (xoaw By, 1
zowy fr; € xow
(zaw: O )1 (ze
awsGri I M for s
= zowsFri1025s 1
1) ... (ZowiBry)
1) ... {zawiPr
Case 4.1: zau
T = 1.

Case 4.2: zouy

ro = 118982.

Case 4.3: (zo

01 Br1) B1(zoaw 1) Ba(mawi Bra) . . . (zaws Br1) B, (zown fri) =
P pOsp . . . P, —10)Br(ponposp . . . po, —1p)P2(ponpoeap . . . pory 1
PO, —3D) Prp—1 (PO PORD . . . PO, 1P) = TwSr2 Where 12 = T1.

w1071 Br{maw, Bry) a(zawn Bry) - . . (xoewn Fr1) Br, -1 {zown Bry) =
hen (paypasp . - - par, 1)1 (papaep . - - po, —1p) Ba(peapasp . .. p

vop - - . Py, —1D) Py -1 (PO1POD - Py, ap) = rawefry wherery =

) (zaz fy)os(zazi By) . . - (zaz By)o, 1 (zaz By) = Tow By

Yop .. . POy 1P = Tocwn By where 1y = yb1s1. Next, since {wy, wa)

awsfr) € n Nyt Thus (zowyfry, zowq fry) € m.. Then

o011 1 zaws BriT'M or there exists an integer ky > 2 such that

w1 ) Balwaan Bri) . . . {zaw1 1) Br,—1 (Towy fr1) € sowafriUs

ome 04, Bas - - -, Pry—i € [ Then zow; fry = zowyBry or zaw

or some s3 € M and 8, € T or {zow, Or) S (zaw: Bri)Ba(zow B

Br,—1{zeaw fry) = zowsBry or (zow, fry)fr(waw, fri)B(zaw B

Bhy1{zaw Br1) = row,fridys, for some s, € M and b, T,

nfry = zawsfri. Then pospasp...poy,3p = Tawyfry where

Bry = xawyfri1855s. Then paiposp . .. pay, 1p = Towsfre where

w1 1) By (woaw, Bry) Be(zaws Bry) . . . (zow Br1) Be,—1{zow fry) =




zowsfSry. There
POy —1P) - - - (POID
= 7y.
Case 4.4: (zouhfr)Bi(zaw: fri)fe{zaw fry) . . . (zaw; B71) By {zoun fry) =
zowsBrifese. Then (poyposp.. . potgy 1P P (poarposp - - pQg, 1P Pa(ponpasp . . . p
Oy —1P) - - - (P po
= 110252.

If we conti
k > 2 such that
Since (y1,%2) €
n.. Then zoyf
2 such that {zas
royz frm U zaysf

Putg=2a
Case I: p=gqan

C zayfy U zay,
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fore (parpeeap . - . pag, —10)Bi(papasp . . . pag, 1p)Pa(poapasp . . .

0P - . - POy —1P) g1 {pPOIPC2P - - . po, _1p) = Towsfry where 1

gp...pakl_lp)ﬁkz_l(palpcmp...paki_lp) = zawsyfry where 1y

nue in this way, we have p = zayyfry, or there exists an integer

PNPYID - - - PYe—1P = xayBr, for some AaAoy o, Apmy € TN

Az Brm, Ty frm) € 0. M1, L Thus {20y B7m, 2041 07m) €

r € TOYaOTm U zotpfBr, T M or there exists an integer ¥ >
1 Brm) Y (T Frm)Va(@otn Brm) - - (waan Bra)y,, _, (woy1Bram) €
3P M for some Yy, ¥, .- Yy _, €T

1 BT m.-

d g € raypfraUzayfrn,l’M. Thenp € 2oy frn Yoy frnI'M

By M. Hence (zay:fy. zazi18y) € 7.

Case IT: p = g and ¢%,q7249 - - - q'y;c,_lq € o Brm U zaysfr I M. Then YD YoP

. pfy;,_ip € zaysfrmUzaysfrnI'M C rayfyUzay:Byl' M. Hence (xaysfy, za

z18y) € 1
Case III: pyipy
.. PYk1D € TOY
T1PY) € Ny
Case I'V: pyipy
M. Then (pnp

PYP- - - PYe1DP) Ty
zay:fyl'M. Hei

Similar #«

Y2

ot

oD - . PYk—1P = ¢ and ¢ € Taysfrm U zayefrI'M. Then pyipyop
o

7 U £ Brm I M C zayfy U zoyfyT' M. Hence (xoyeBy, o

2D - PYeo1P = ¢ a0d 019720 - - @Yy _,q € TAY2Pra U w0y frml

D DYDYV (PHPRD - - PVh1P) Vo (PNP V2D - - - PYe1D) - - - (P11
o (Pnpvp . - Preap) € zoyfrm U zayfral M C zaypfy U

nce (zay:By, zaz18y) € 7r-

he proof as above, by (5.1.2), we can prove that (zox; By, Tay:0




y) € 7. Therefor

In another
1. I (:C;,w]) g

2. If (zoxy, zo

3. X (z: 8y, un

Therefore (21, 92)

(iii} Let (
Thern there exist
(z1,31) € p™ and
(z), = (2),. Ther

(iv) Let {
Then there exist
follows from Cox
(2v%)p, 2172 € (2
and {zvz), = {

(m)p’Y(z)p = (772

I

Y
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e (zaz By, zayfy) € 0. NN, 1

case, we have the following statements:

n N7t then (z1,32) € 7 N7t

w;) € p, N7, then (zazy, Tay,) € 0, N1t

By) € n, N7 Y, then (x:18y, y2By) € 0 N1

€ p,so (), = (z1), = (12), = (y),- Hence = is anti-symmetric.
s ()51 (2) € M/p be such that (2), < (v), and (4), < (2)p
71 € (2)pu1,%2 € (Y)p22 € (2), and m,n € N such that
(42, z2) € p*. Thus T3 p™y1 py2p" 22, s0 (21, 22) € p™* 1. Hence
efore < is transitive.

)os (4), € M/p be such that (), X (y)p,(2), € M/pand y€T.

# € (@) € (¥), and m € N such that (z1,11) € p™ It

ollary 5.1.2 that (zvyzy,zvin), (Tr1yz,2a72) € p7. Since zyzx; €

y2) p, 2y € (27Y), and y172 € (y72),, We have (272), = (zvy),

v2)p. Thus (2),7(2), = (272), = (zvy), = (2),¥(y), and
), < (¥72), = (¥),7(2),. Hence < is compatible, so (M /p; <) is

an ordered I'-semigroup.

This com

Immediaf

Corollary 5.1.
T-semigroups of

ordered I'-semig

Lemma 5.1.8.

statements are €

pletes the proof.

ely from Theorems 5.1.5 and 5.1.6, we have Corollary 5.1.7.

7. If o T-semigroup M is a band of weokly r-archimedean sub-

M, then there exists a congruence p on M such that M/p is an

roup.

Let T be a left ideal of a T-semigroup M. Then the following

quivalent:




(a) T is a weak

(b)y Tisanr-a

(c) For any a,t

Proof. By Lemn

that {a) implies
of M, and let a
so (a,b) € 7. 1

balbagb . bam“,]

fb=oaorb=

or byb = aczyb
qu b(},’zb .y bOﬁm_
avb € al'T" or be

Therefore T is a

Combinin

n r-archimedean sub-I-semigroup of M.
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ly r-archimedean sub-T'-semigroup of M.
rchimedean sub-I'-semigroup of M.

y€ T,(a,b) € g Nt

ha 5.1.4, (b) imzz;iies (¢) and (c) implies (a). Now, we shall prove
b). Suppose that T is a weakly r-archimedean sub-I-semigroup
b € T. It follows from Lemma 5.1.4 that (a,b) € 5 N7y Y
Mus b € o U al'’M or there exists an integer m > 2 such that
b e aUal'M for some aq,a,...,0,_ 1 € [. For any v € T,
aaz for some £ € M and o € T, then byb = avb € afT

< aDT since T is a left ideal of M. If baybaob ... bom_1b = a or

'b = aaz for some x € M and o € T', then bagbanb. . . bam 1 byb =

v1beesb . . bo,—1byb = aczyb € al'T since T is a left ideal of M.

3

g Theorem 5.1.5 and Lemma 5.1.8, we obtain Corollary 5.1.9.

Corollary 5.1.9. Let M be a T'-semigroup. Then following statements are equiv-

alent:
(a} M is a ban
(b) M is a ban

(c) M satisfies

(@, aya),

d of weakly r-archimedean left ideals of M.
d of r-archimedean left ideals of M.

the condition for all a,z,y € M and a,B,v€ T,

()

zaa, zaava), (afy, avafy), (zeafy, zaayefy) € n, N0z




5.2 Bands of W

We now gi
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eakly r-Archimedean Ordered I'-Semigroups

ve some characterizations of weakly r-archimedean sub-l'-semi-

groups of an ordered I-semigroup M that are given by the relation #, N 77}

on M and some

bands of weakly

characterizations of bands of r-archimedean sub-I'-semigroups,

r-archimedean sub-T'-semigroups and regular bands of weakly

r-archimedean sub-T-semigroups of ordered I'-semigroups.

Lemma 5.2.1.

r-archimedean if

Proof. Suppose

(aT'M] or there exists an integer m > 2 such that bajbasb...bam_1b € {alT'M]
for some @y, &3,

2 such that af¢

A sub-T-semigroup T of an ordered I'-semigroup M is weakly

and only if (a,b) € 5, N7 for all a,be T.

that T is weakly r-archimedean, and let a,b € T. Then b €

.., me1 € T, and a € (B'M] or there exists an integer n >

15aa ... afp_ya € (BUM] for some By, B2, ., Fn1 € I Thus

b € (aUalM] or bagbagb...bapm_3b € (aUal'M], and a € (bU IM] or
abraBa ... afn-10 € (bU M) Hence {a,b) € 7, and (b,e) € 7, so {a,b) €
077

Conversely, let a,b € T. By hypothesis, (a,b) € 7 N7, so (a,b) € .
Thus b € (aUal' M] or there exists an integer m > 2 such that baybasgh . . . boyy,—1b €
(a U aT'M] for some a;,,...,0m—1 € . Hence, let v € ' Ifbe (aU
aT'M], then bybl€ (aUalM|IM C (aI'M]. If bonbash. .. bapm1b € (aU al'M],
then boybash.. . bom.1byb € (a U aTM|TM C (an]. Therefore T is weakly

r-archimedean. 0

As a consequence of this result, we obtain Theorem 5.2.2.

Theorem 5.2.2. An ordered T-semigroup M is a band of weakly r-archimedean

sub-T-semigroups of M if and only if it satisfies the condition for all a,z,y € M

and o, B,y €T,




(a,ava), (2

Proof. Assume
of M. Then ther

of M containing

M. let a2,y &

we have (a, ava),
exist bl, bg, bg, b4
(b3),, weafly, zoa

archimedean, it f
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aa, zaaya), (aBy, avafy), (zaafy, seayefy) € T N7

that M is a band of weakly r-archimedean sub-T'-semigroups

e exists a band congruence p on M such that the p-class (z),

z is a weakly r-archimedean sub-T-semigroup of M for all z €

M and o,8,v € I Since p is a band congruence on M,

(zaa, zaaya), (aBy, ayafy), (zaafy, zaayafy) € p. Then there

= M such that a,ava € (by),, Taa, zaaya € (b),, aBy,avaBy €
vaBy € (b)), Since (b1)p, (b2)y (bs), and (bs), are weakly r-

ollows from Lemma 5.2.1 that

(a, aya), (raa, zoaya), (aBy, avafy), (zaafy, zaayaBy) € 7, O

Conversel;

(i) Clearly

(ii) Let a,

{a U al'M] or the
beyy bagl

and ¢ € (hU BTN
cfich;

Thus b < a or b
or bagbash. .. bo

e<borc<b

cBiefac. .. cfBny

}

f

v, assume that M satisfies the condition ().

,, (a,a) € 7 for alla € M.

b,c € M be such that (a,b) € # and (bc) € %. Then b €

re exists an integer m > 2 such that

... bam1b € (a U al’M] for some a3, @3, ..., 0m-1 €T,
} or there exists an integer n > 2 such that
¢...cfp_y1c € (bUBTM] for some f, By .., Bn1 €T

< aas, for some s; € M and a € T or bagbagb. .. bom—1b < a

_1b < aas; for some 5; € M and oy, 00,...,am1 € T, and
Bs, for some s, € M and § € T or ¢fhicfc...cfpac < b or

¢ < bfs, for some s, € M and 3, 5s,...,Ba-1 €L

Now, suppose that baibasbh...bam—1b < aasy and cficfac...clric <

bf3s,. Let p = cf

3,¢Bac. . . ¢fn_1c. By hypothesis, (b8ss, babfss2) € 7, N7, ! and so




(ba1bBsq, bfsy) €

teger my > 2 such

ba1bBsoI"M] for s
babBsa I M| or py
Bsa U banbBs:T' M
6 € I or pnpy;
for some &3 € M
CAMCAC. . CAp_10

Case 1: pyipv2p
(ba1 bﬁSg(Sl 83,

where 7y = 0520
I such that che

Case 2: mliJVzp
(ba1 b)@

where 7; = bffss
such that chjchs

Case 3: » < boy

(ba; bﬁszél 83

>

where r; = bf3524

that chichac. . . 4

Case 4: p < bay

(balbﬁ

where 7y = bfsy

that cA1chge. .. ¢

A

C

]
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.. Thus bBsy € (baibBss U babB3s;'M| or there exists an in-
that (b8s2)v1(b8s2)v2(bFs2) - .. (b382)Vm;-1(bBs2) € (baybBsy U
BIE V1,72, - - - » Yy —1 € L. Since p < bfsg,p < bfsy € (baibfs2U
NPY2D - - PYma—1P < DBsay1bB52728852 . . . bB82Ym, 18852 € (bayd
). Thus p < baybfss or p < baybfsadyss for some s3 € M and

< bOdl bﬁa’gﬁ; 83

D DYy ~1P < bogbBss of pyipYep . - PYma—1P
>

[ and 6§, € I. Hence there exists an integer k > n such that
& (ba;bBsy U barbBs,I'M| for some Ap, Ao, ..., A1 €T

e DYy 1P < bo1bBs20153. Similar to the case as above, since

50150526061?”1) = (ba;bﬁszéis;;, balbagbOc’}bﬁSzé;Sg) e ﬁ,— N f],._l

, 33, there exists an integer &y > nmy > nand A, Az, ..., Agy-1 €

2C. .. CAk1_1C & (balbagba;ﬁ U ba’lbagbﬂ’;?"ler.

oo PYmy-1P < baybBs,. Similar to the case as above, since

594 balbagbalrl) = (balbﬁé}g, bO!]bO!QbOi}bﬁSg) SRSl ﬁ:l

there exists an integer by > nmy > n and Ay, A, ..., A1 €T
v CAgy 1€ € (baybagbanry U bonbagbay i I'M].

bfBs,0,55. Similar to the case as above, since
ba;bagbalri) = (balbﬁ826133, balbagbtl’zbﬂ825183) & 7. 1N 'F],,._l

183, there exists an integer k; > n and Ay, Az, ..., Ap—1 € I such
)\kl_;c c (balba2ba17’1 U ba;lbazbangPM].

bfsy. Similar to the case as above, since

s0, boybagboryTy) = (b bfsa, baybanbabBss) € 7. N7

, there exists an integer k; > n and Ay, Ag,..., Ay, -1 € ' such

L‘A,tu —1c € (balbazb&1T1 U balbagbalrll"M].




o2

If we continue in this way, there exist r,_2 € M, an integer k,_3 > n and

Al: }‘2} D) )\km..z-i

€ I such that

ehchac. .. CAhy,_,—1¢ € {bogbonb. .. bomaborm.o U

Hence

ba'l bO.’zb ... bam__lba;'rm_gf’M].

cAicHac. .. CAka‘z_lc = (balbagb o bogm by T U

Therefore (a,c¢) €
(i), 7, N7 is an
(iii) Let

bagboab . . . b 1b0 ol M

I

(aces; 00T m—s U acesyoy 7o "M]

N

(aT'M]

N

(e Ual'M].

fi,. In another case, we can show that (a,c) € %,. By (i} and

equivalence relation on M.

p = {{a,p) | (a,b), (zaa,zab), (aBy, bBy), (xeafy, zabfy) € 7, N7

for all z,y € M and o, B € '}

Since 7, N7, is an equivalence relation on M, it follows from Lemma 5.1.3 that

p is the largest congruence on M contained in 7, N . By condition (x), pis a

band congruence on M.

(iv) For any z € M, let a,b € (z),. Then (a,b) € p, 50 (a,b) € % nat.

Since p is a band

congruence on M, (z), is a sub-I-semigroup of M. It follows

from Lemma 5.2.1 that (), is a weakly r-archimedean sub-I-semigroup of M.

Therefore M is 4 band of weakly r-archimedean sub-T-semigroups of M.

Hence the proof is completed.




Theorem 5.2.3.

p = {(a?b
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Let

)| (a,b), (za, zab), (aBy, bBy), (zeaby, zabBy) € 7- N7

forallz,y € M and o, €T}

be a congruence o

M.

Proof. Let < be

== {((2),, (),

We firstly show t

that (), = {(v),

(xl'r‘yl) € ($ op
Thus (), < (¥
{i) For an

(z)p % (@)ps 50 3

pe

n an ordered I'-semigroup M. Then p is a regular congruence on

a relation on M/p defined as following:

| (z1,21) € (L op)™ for some z; € (2),,4: € (y), and m € N}.

hat < is well-defined. Let (z), = (z), and (v), = (v'), be such

Then there exist z; € (z),,41 € (¥), and m € N such that
m g0z, € {z), and y; € (y), such that (z1,41) € (< op)™.

Hence =< is well-defined.

y (z), € M/p, we have (r,z) € (< op) because £ < zpz. Hence

is reflexive.

(ii) Let (z),, (¥), € M/p be such that (z), = (y), and (y), 2 (2),- Then

there exist x1, 4

€ (2)p 1. ¥2 € (y), and m,n € N such that (z1,11) € (S o)™

and (ys,22) € (€ op)®. Thus there exist wy, wa, ... W1, Way Wy v v oy Wy_y € M

such that

and

Thus there exist

o < zpwy < zopuwn <. K zipw; <o S ZmPUs

(‘T'lrwl)’ (?.U}_, w?)a LET) (wm-“17 yl) € (_<._ OP),

(y2?w;): (w'l,w;), 0y (w’ —17 3;2) & (g DP)

r r !
21, 22y -+ s Zms By 23y - -+ 2 € M such that




and

Since (z3,u1) € p
€ g, N7t for all

letz,y e
By) € 7 O 7
zowy Syl M| or t
(zaz fy) ... (zoz
ey €01
Mand 6 € T' g
zaw; fy or (roaz
ydys; for some sg

Case 1: zaz [0y

zoewn Jry where 1

Thus (zowsfr,

there exists an

(mazyfr1)Br, 15

. Then zazefBry
T or (zazfr)f
or {zazefr1)(s
for some $3 € M
Case 1.1: zaz
zowsfry. Thus
Case 1.2: zaz
zawefBr10282. T

Case 1.3: (za

| )
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(%)

we have (21, 1), (waz, soany), (218y, wify), (zan By, wowi By)

rz,ye€ M and o, 3 €T

M and o, 8 € T, and p = zax:By. Suppose that (zaz By, Tow
Then {zow; Py, zaznfy) € - Thus zanfy € (zoawfy U
here exists an integer k; > 2 such that (zavz PyYon{zoz By)oy
1By)on, 1{zazPBy) € (zawfy U zow SyI'M | for some ay, e,
hen zaz By < zow Py or a:dzl,@y < zowPydy sy for some 5y €
v (woez fy)on (zazn fy)aa(zanfy) - . . (zazfy)ow 1 (zazn By) <

By)aa(zaz fy)as(zanfy) . . . (vaznfy)oy 1 (zenfy) < zowf
€ M and 6, €T.

| < zounfy. Since 1y < 2z, p £ zanfy < zeeun By, Thus p <
r1 = y. Next, since (23, w2) € p, (xazfiry, Towsfr1) € 7 N L
wazfr) € B Then zazfr; € (zowyfr U rawsfri I'M] or
integer ky > 2 such that (zazfri)fi(zazfri)fzazpbri). ..
vazeOry) € (zowyfry U zoawsBr T M| for some By, fa, . -, Brp—1 €
| < zowsfry ox Tazefri < rawn[r1d;s, for some 83 € M and é, €
31(xaz2ﬁr1)ﬁg(maz2ﬁr1)..‘(xazzﬁrl)ﬁkwl(zazgﬁrl) < zowefr:
coze 1) Be(zazefry) - . . (zazefr1)Br,—1(zazefr1) < zOwaPridesy

and 6, € T,

81 < zownfry. Since w1 < 2z, p < mawifry < zoazmPry <
p < zowsfry where 1o = 71.
Ar1 < roawsfri6ys,. Since wy < 2y, p < zownfry < Tazfry <

hus p < xawySry where ry = 110282,

2871) B Tz fri) Bolzazefri) - .. (wazeB71) Bry—1 (2o fr1) < TOX




wefry. Since wy 5

pBipBap - - - POk,

Thus pfipfs .- 0

Case 1.4: (zoz;

’w'Qﬁ'J"l 62 8a. Since

pBipBop - - PR~

Thus pBipfep- - -

Case 2: zaz[}
Thus p < zowy
e gt T
zowsfr I M} or

(zaezefiri) .. . {(z

...,ﬁk2_1 Tl

C

95

:‘: 22,

p < (zawfri)b(zow fri)Ba(zaw fri) - . - (zowi fr1)B -1
(zawn fry)
< (zazfr)Pilzazefry)fo(vazpry) . . (zazefr1)Be,-1
(wazpbr)
< zowyfr.

k1P < zowafry where vy = 1.
Br1)Bi(wazsfr) Bo(zazsfiry) . . (xazefir) i1 (zazfr) < To

o

Wy S 27,

£ (mowfry) By (zaw Bri)fa(zawsfr) .. . (ewr 1) Pro-1
(mawr fry)
< (zazfr)Bi(zeznfri)fy(sazpry) .. (zoznfr)Bu-
(zazsfry)
< zowyfrids;.

PBr,_1p < Tawsfrs where 1y = 710282

y < zowQydis,. Since 7y < 21, p < zanfy < rounfydis:.
Br, where ry = y6,5;. Since (22,ws) € p, (zozefry, TowsBry)
hus (Qﬁa’LUQﬁTl,.’IIQZgﬁTi) € #,. Then zaznfr, € (zawsfri U
there exists an integer ko > 2 such that (zazefr) 0 (zazfri)Bs
v22871 ) Bra—1(Tazefr1) € (TowyfriUzawsfril'M ] for some B, 2,

Then zazfr; < xowyfr; or Tazfr; < tawyfridysy for some

5o € M and 8, € T or (zazfr)fi(zazfr)falzaznir). .. (zaezeO71)Prg-1 (g

,87‘1) S iL'OI’LUgﬁT
T;) S maw2,67'15;
Case 2.1: zoz

zoawsfri. Thus

. OF (:vaZ2ﬁr1)ﬁ1(mazzﬁrl)ﬁz(za22ﬁr1)...(:r:azgﬁn)ﬁkzm;(zazgﬁ
s, for some 59 € M and é € 1.
2O < zowsfry. Since wy < 2, p < zowfry < Tamfr;

p < zawefr; where rg = 73,
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Case 2.2: zaz0r < sawsfridys,. Since wi < 2o, p < zowfry < Taznfn <
TawsPri6s5,. Thus p < zowsfrs where 7o = 11825,.
Case 2.3: (zaz8ry)f (zazfr)B(zaznfr). . (vazfr;)fi,i(zaznbr) < zo

weBry. Since un < 22,

PBPBp .. Pp-ip < (mowi Br1)fr(zaws Br1)Ba(zowsfry) .. . (zawifr1) B
(wow, frs)

< (z02fr1) By (Tozsfra) Ba(zazfry) . . (202r1)Biy-1
(wazofrr)

< zows 7.

Thus pFipFep - .. PPr,—1p < Towsfry where vy = 7.
Case 2.4: (zazyfr)Bi(zazfr)f(zazfr) ... (zazfri)f,(raznfn) < zo

wafr1628. Since wy < 23,

PB1PO2p - . . DPr1p S (zow: Bri)fi(zaw: Br)falzowyBry) . . . (zow: Bry ) e, -1
(zaw, Bry)

(reazefBr: ) B (zozs Bri ) Balzazfry) . . . (zazef11) Pry—1

A

(razfry)

< zowsfridess.

Thus pA1pBap . . PPk, —1p < Tawefrs where ry = 710252.

Case 3: (zaz 8y o {zozBy)os(zazfy) . .. (zazpy)oy, 1 (xanfy) < zowPy.
Since z; < 21, AL PP . . - POy 1P < (T021 fy) o (Taz fy)as(zanfy) . . . (zazfy)
o, —1{raz By} < zownPy. Thus paypasp. .. pay,—1p < zowfry where rp = y.
Next, since (23, ur) € p, (xazefir:, zowsfry) € G N7 . Thus (zowsfry, xazyfr:)
€ 7. Then zazfr; € (zawyfry U zaw.fr ' M] or there exists an infeger ks > 2
such that (2a2,0r )01 (zazefr)Be(zazfry) . . . ($a2:071) eyt (Tozfry) € (zow,

Bry U zawqBriI"M] for some fy, Ba, - -, Pr,—1 € . Then zazfr; < zowfr; or
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Tozeffr; < zawsffridyse for some s, € M and §; € T' or (zazefry)Bi{zaz.fri)fe

(zazefry) ... (@ 22371 ) Br, -1 (Tazafry) < zoawpfry or (zazefr1)Pr{zozfry)Balx
azfry) ... (zazpr)f-1(zozfr)) < oawsfridss; for some s; € M and &, €T
Case 3.1: zaznfr, < zawyfri. Since wy < zz, poapoop .. . Pl 1P < zow; By
< zozefr; < zowsfry. Thus poipagp. . . poag,1p < Tawyfry where rp = 71

Case 3.2: zazifir; < zowsfridsss. Since wy < za, ponposp...pog P <
o, Br, < wazeBry < tawyfridess. Thus payposp. .. pog,—1p < zowsyOry where
Ty = r10282.

Case 3.3: (zaz,0r)fi(zozsfr)fe(zazfr) . (zazefri)f,1(zazpfr) < zo

wefAry. Since wy < 29,
(peapoap . | po, —1p)Bi(parpasp . . - par, -1p)Pa(ponponp. . . pok 1P} - -
(porpoeap. | - POy -1P) By -1 (P31 PP - . . PO, —1P)
< (zoown 1) Bi{zow fri) Bo(zow Bra) . - (o Bry ) Br,—1 (zoaw Bry)
< (zazfr)6(zazfr)fe(razfri) .. (sazfri)f, 1(zazfr)
< zowsfri.
Therefore (poypasp. . . par, 1P} (poapasp . . . pag, 1p)Pe(papasp e POy —1D) - ..
(paspoesp . . . Py D)k -1 (PO PO . . - POy —1P) < TOW,ry Where ry =Ty
Case 3.4: (zamnlr)fi{razfr)f(zazlfr:) ... (zazfr)Be,-1(zeznfr) < za
w2ﬁ'r1|§282- Since un S Z9,
(poypoap .. . pag, —1p)Br{poupasp . . - por, —1P)Ba{parpanp . - - pa, ~1P} -
(porpasp ... . POy —10) Brep—1 (P12 - - . POk, 1D)
< (zeoawy By ) fi{zaw, Bri)Be(zaw Bry) - .. (zow, Br1) Br, —1 (xown fry)

(zazafr)fi(zazefry)fe(zazfr) . . . (zazefri)Bi,— (woezofry)

IA

< zowefIridsss.

Therefore (ponposp . . . pax, 1901 (parpaap . . . oy, 1p)Pe(ponposp . . . pog, 1P} - - -

(poupasp . . . pag, .1P)Br—1(Poapaap . . . Pz, 1p) < Tawsfry where ra = 116282,




Case 4: (zaznf

6;81. Since Ty S

(zoz Py) o, -1 {z¢

where 7, = yd151

{zawyfr1, ez

exists an integer /

Bry—1{zxzefiry) €

zozeiry < zow

T or (zazfr)f

or (.’EOZZQﬁT]_ ))81 (.’B

for some s, € M
Case 4.1: zaz
< zozgfiry < o
Case 4.2: zoz
Toun Ary < Taz
7o == 710252.
Case 4.3: (zoz

wyfry. Since un

(porposp .
(ponpaap .
< {zaw

< (zoazaf

<

Tows

Therefore (paspe

(poapesp. .. pay
Case 4.4: (zoz

,
£
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)ou (zez By)es(zanfy) . . . (zazfy)on 1 (roznfy) < zowfy
21, POAPaap. . Pag 1P < (zaz Pyl (zaxnfy)az(zaz By) ...
vz 8y) < zow Pfydis;. Hence paupasp...pak,-1p < zawfry
Next, since (g, wa) € p, (zazefr1, zawsfry) € A N7 1. Thus
) € G- Then sazfry € (zawyfry U zowsfril M| or there
b, > 2 such that (zazfri)Bi{xazfr)f(zazfry) . .. (zaznfr)
(o fry U zawsBriI'M] for some 51,52, ..., Oy € 1. Theii
Bry or zazefry < zawsfridsss for some s, € M and & €
(Zozofry)Fa(zazefr1) . o (22 fi11) fry—1(T220rm1) £ TOwefn
avzy By ) fo(mazofiry) . . (zazfr) Bry—1 (xozfry) < zawyfribes,
and §, € T,

Br; < zowsfry. Since w; < 2o, PaIPED . . . POk, 1P < T
o371, Thus panpaap. . . pag,—1p S row,Pry where ra = r1.

2311 < zawefridesy. Since wy £ z3, poapasp.. . PoE-1P <

Bry < zowsfri028y. Thus paypasp. .. pag, —1p < zawsfiry where

o011 Br{mazefri)Balzazfry) . . . (zazefr:) P (zanfn) < zo

...<... 22y

. POtk 101 (Porapensp . . . Pl 1p) Palpazpasp . . . po, 1) - - -

. Pty —10) By —1{papasp . . . po, —1p)

31 ) Br (zawn Br1) B (zowy Bry ) . . . (zow: Bry) B, -1 (zoaw: Bri)

1)1 (zazefr) Be(ozafry) . . . (azefr1) fr,-1(Tazfry)

7 -

Ko . . -paki—-lp)ﬂl (Palpazp- . -?Ofkl—lp)ﬁz (Palpa’zp .. -pakl—lp) <o

w1p)ﬁk2~1(Pﬂ-’1pa2P- . -P&klwlp) < zowyfiry where 1o = 7.

215?"1)/91 (fv"azzﬁﬁ)ﬁz (2?052213?” 1) ey (xﬂfzzﬁ’f 1)5@—1 ($04Z2ﬂ7" 1) < za




‘wg,@’f‘; 52 8a. Since
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Wi g Z3y

(popasp . . par,—19)Pr(peapeap . . . pan, -1p)Be(parpasp . . . pok, 1) - -
(paypaap . i POy —10) Bk -1 (PO PO2P - . . PO, 1D)
< (zow fry) B (wow Bri) fo(mown Bry) - - - (zaw; fri) B, -1 (zaw fry)

< {zazf

<

Therefore (popo

(poapceap . . - oy,
If we cont

k > 2 such that

Since (y1,v2) € ¢

7. Then zoy B

Towe 31

r)Bi(zazfr)Ba(zazfr) . . . (zazafiry)Br,-1(Toz: Bri)

1 5232 .

2P - . . Pty 10)P1(peapoap . . PO, 1P)Pa(peipasp . . . POy D) - -+
D) Bry1(paipagp . . . pok, -1p) < Tauw, e where rp = 110282

inue in this way, we have p < zoySrm, or there exists an integer
PUPTD - - PYe1P S xoy fr, for some Ay, Ag, ..., A € TN
), (2t Brom, Toafrm) € T N 171 Thus (zowefrm, 2oy frm) €

rm € (Tayefrm U zayfr,I"M] or there exists an integer K >

2 such that (zowyfrm)v:(zay Brm Wolzomn Bra) - - (zam ﬁrm)'y;, _(zayfrm) €

(2o rm U zays Br T M] for some v;,75,.--,7,_, €T

Put ¢ = za41 87 m.-

Case I: p < ¢ and ¢ € (zayefrm U zaysfr,TM]. Then p < g € (zoysfrm U
coiyeBrm T M| C (zayfy U zay: Syl M. Hence (zay,By, xaz15y) € fr.
Case Il: p < ¢ and qu;q'y;q...q'y;,_iq € (waysfrm U zayfrmIM]. Then
PHPYP - - DYy P S ONaHT - Ty 19 € (Taypfrm U zaypfrnTM] C (zay:fy
Uzaye Byl M|. Hence (zay:fy, zaz1By) € 7.

Case III: pyipyep. .. Pve_1? < q and ¢ € (zaysfrm U zoyfr,TM]. Then
PP - PYe-1P < g € (Zayafrm U zoysfralM] C (zaysfy U zayfylM].
Hence (zaysPy, razPy) € 7.

Case IV: pyipyep. .. pYe-1P < g and gy q72q - - - 97,4 € (Towefrm U zayzfry,T
M]. Then (pyprap- - - PYe—10)Vi(PHDYD - - - PYe—1P)VaPNPY2P - - - PYVe1P) - - - (P71

PYVaP- - PVR—1P)Ty_ (PRprep - Pre-1P) < qNaYad - - - $Yy 10 € (ayefraUzayf




ol M| C (zoyef
Similar to
€ 7. Therefore {

In another
1. If (z;,wl) =
2. If (zaz, za

3. If (z:8y,un

Therefore
syminetric.

(iii) Let (
Then there exist
(z1, 1) € (S op
(z1,22) € (S op
(z), = (2)p. The

(iv) Let {
Then there exist
It follows from (
zyx € (272)py
(z7y), and (zvz
(@)o1(2), = (2
an ordered I'-sen

(v) Let =

Hence (2}, < (y

Immediat
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y U 2o Byl M). Hence (zoyefy, z0z18y) € 7.
the proof as above, by (sx), we can prove that (zox: By, zayaSy)
oz By, Toyafy) € i N

case, we have the following statements:
A, N 77, then (21,92) € 7- N7
wy) € 7, N 7Y, then (zazy, zoye) € 7 N7,

By) € 7, N7, then (z:18y, y0y) € 7, N7 L

(z1), = (v2)p = (¥),- Hence < is anti-

(3)1,3]2) & g, 80 (:5).0

2 W) (2), € M/p be such that (5}, = (4), and (g), < (2,
11 € () Y12 € W22 € (2), and m,n € N such that
™ and (ys,22) € (< op). Thus 21(< op)ppy(< 0p)2e, so
m o po (< op)*. Since pop C p, (z1,22) € (< op)™ ™. Hence
refore < is transitive.
), (1), € M/p be such that (z), = (y),,(2), € M/pand y€T.
z; € (x),, 1 € (), and m € N such that (z;,11) € (L op)™.
Sorollary 5.1.2 that (zyzy, 2911 ), (z172, 1172} € (< op)™. Since
17z € (272)p, 2791 € (279), and 172 € (y72)p, We have (277), 2
» 2 (¥72),. Thus (2),7(2), = (272), = (27y), = (2),7(y), and
e = (¥712), = (1),7(2),- Hence < is compatible, so (M/p; <) is
nigroup.
.y € M be such that z < y. Then z < ypy, so (z,y) € (< op).

2 80 o(z) = o(y). Therefore p is a regular congruence on M.

O

This completes the proof.

ely from Theorems 5.2.2 and 5.2.3, we have Corollary 5.2.4.




Corollary 5.2.4
sub-I'-semigroups

sub-I'-semigroups

Lemma 5.2.5.

semigroup of M.
(a) T is a weak
(b) T is anr-a

(¢) For eny a,

that (a) implies
of M, and let a,
(a,b) € 7. Thi
babash . . . bov,—
#fb<aorbdb <
negative. Hence
baybash . .. by,
negative. Hence

(aI'T]. Therefor
Combinir

Corollary 5.2.

statements are 6
(a) M is a ban

(b) M is a ban

- T' is an r-archimedean sub-I'-semigroup of M.
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An ordered T-semigroup M is o band of weakly r-archimedean
of M if and only if it is a regular band of weakly r-archimedean

of M.

Let M be a negative ordered T'-semigroup, and T be a sub-T"-

Then the following statements are equivalent:
ly r-archimedean sub-T'-semigroup of M.
rehimedean sub-I'-semigroup of M.

b€ T,(a,b) € Fr N7

Proof. By Lemma 5.2.1, (b) implies (¢} and (¢) implies (a). Now, we shali prove
b). Suppose that T is a weakly r-archimedean sub-T-semigroup
b e T. It follows from Lemma 5.2.1 that (a,b) € 7 N7, 1, so
1s b € (aU al'M| or there exists an integer m > 2 such that
b € (aUal' M| for some @1,03,...,@p_y € I'. Forany vy €T,

acex for some z € M and o € T, then aax < a since M is

b < a,s0byb < avyb € al'T C (ol T} If baybash. .. bay-1b < a or

b < gz for some ¢ € M and o € T', then aaz < a since M is

baybash . . . boy,_1b < a, 80 barbagb . .. botp_1byh < ayb € oI'T C
0

\g Theorem 5.2.2 and Lemma 5.2.5, we obtain Corollary 5.2.6.

6. Let M be a negative ordered I'-semigroup. Then the following

quivalent:

d of weakly r-archimedean sub-I’-semigroups of M.

d of r-archimedean sub-T'-semigroups of M.
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(¢) M satisfies the condition for all a,z,y € M and o, B,vel,

(a,ava), (zoa, zaaya), (afy, avafy), (zaafy, raayefy) € 7 N1 1 (%)






