CHAPTER VI

DECOMPOSITION OF COMMUTATIVE (ORDERED)
P-SEMIGROUPS INTO ARCHIMEDEAN
COMPONENTS

Tn this chapter, we divide into two sections, and many properties of the
relation “ (7) n ” on a (ordered) I'-semigroup M are provided. We prove that for
commutative {ordered) I'-semigronps, we have the usual relation {N) n is equal
to the relation {7) n. It is shown that if M is commutative, then M is, uniquely,
a (ordered) semilattice of archimedean sub-I'-semigroups of M which mean that

they are decomposable, in a unique way, into their archimedean components.

6.1 Decomposition of Commutative '-Semigroups into Archimedean

Component,

Before the

groups for the m
in what follows.

be found in [13].

Lemma 6.1.3.(
(a) For each x

(b) The set M

s

characterizations of the semilattices of archimedean sub-I'-semi-
ain theorems, we give some auxiliary results which are necessary

We begin by recalling the following two lemmas which proof can

13]) If p € SC(M), then the following statements hold:
€ M, the p-class (z), is a sub-T'-semigroup of M.

p is a commutative T-semigroup with (2),¥(y), = (xyy), for all

rz,ye M andvy€eT.

Lemma 6.1.2.(

lattice congruent

[13]) If M is a T-semigroup, then the relation n is the least semi-

e on M.
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We now cﬁaaracterize the relationship between the relation 1 and the usual
relation n in I“—se}nigroups} and we prove that for commutative I™-semigroups, the

relation 7 coincides with the usual relation n.
%

Proposition 6.i.3. If M is a T-semigroup, then the following statements hold:
t

|
(a) alaforallac M.

(b} Ifa,b,ce M is such that a | b and b ¢, thenalc.

f
|

(d) If M is commutative, and a,b € M is such that a | b, then avc | bye for all

(¢) Ifa,b€ Miis such that a | b, then cya | cyb forallce M and y € T.

cE M andiv€T.

Proof. (a) Cleatly, a | @ for all a € M. Hence the statement (a) holds.

(b) If a,b;c € M issuch that a | band b | ¢, then b = a or b= a~yr for some
zeMandyeTl,andec=borc=bfyforsomeye Mand &Tl. Hb=ayz
and ¢ = bfy, thén ¢ = bFy = ayzfy. Hence a | ¢. In another case, we can prove
that o | c. Therefore the statement {b) holds.

(c) X a,bj€ M is such that o | b, then b=a or b = aazx for some z € M
and o € T. Thus ¢yb = cya or c¢yb = e¢yaax for all ¢ € M and v € I'. Hence
eva | cyb for all ¢ € M and «y € I'. Therefore the statement {c) holds.

(d) If M jis commutative, then by (c), the statement (d) also holds.

Thereforé we complete the proof of the proposition. O

Recall that for z,y € M, we write zuy if and only if z | y or z |

YNV VY- Y ¥y for some m € N and 41,72, -, ¥m €T, and p=pnp™.

The following proposition is easy to verify. -

Proposition 6.1.4. If M is a T-semigroup, then the following statements hold:




(a) 7 is reflexiv
(b) n is symme

(¢) {aya,a) €1

Proposition 6.1.
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®

tric.

forallae M and vy €T

5. If M is a commutative I'-semigroup, then the following state-

ments hold:
(a) Ifa,b &€ M is such that a | b, then for anyn € N and v1,72,... , m €T,
aNaY26 . - - Y0 | brbyeb ... bynbd.
(b) Ifa,be M and B €T, then for anyn € N and 1, 72,-- -, €T,
aB(bnbysb . - b7b) | () (aB8)12(abb) ... (aBb)va(apb).
Proof. (a) Let a,b € M be such that a | bn € N and v1,7%,...,7 € . Then
b=aorb=afrforsomer € M and § €. If b= q, then bybyad.. . by,b =
AaY20 - . . 0¥, Hence ayiayea...ava0 | bybyb... byb I b = afz, then
bnbyzh. .. byb = (afz)y(afz)v2(aBz). .. (aBx)mm(afz) = (anara.. a7}
(zBzBz ... xfx). Hence aviayaa...oma | byabyab. . bysb.
(b) Let a,b € M,n € Nand B,7,7,---,% €. Put B = B = =
B = Puss = B Then (afb)n(afb)1a(aBh) ... (aBby1m(aBb) = (aBibyni(absb)
’Yz(aﬁsb)---(Gﬁn5)’)fn(aﬁn+15) = (aﬁaaﬁza---aﬁna)ﬁ(b‘hb'rzb---b’rnb) = aﬁ(b”fib
b...byb)B(afhafea. .. af,1a). Hence
af(bybyab. .. bmb) | (aBb)y1(aBb)y2(aBb) .. . (aBb)yn(abb).
Therefore the proof is completed. O

Proposition 6.

ments hold:

1.6. If M is a commutative I"~-semigroup, then the following state-




(a) n ts transil
(b) n is left con
(c) n is right ¢

(d) (avh,bya) ¢

Proof. (a) Let a
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npatible.
ompatible.

= p for alla,be M and vy € T'.

.b,c € M be such that (a,b) € 7 and (b,¢) € 7. Since {(a,b) € 9,

we have
a | bor al] byibyeb. .. bynb for some m € N and m,72,. .., ¥m €1,
and
blaorblabfiaba...afa for somen € Nand 8y, 5,...,6, €.
Since (b, c) € 7, we have
bicorb|careaze. .. .coye for somet € N and @;,09,...,4 €1,
and
e|borclbhbAzb...bApbior some h € Nand Ay, Ag,..., A €T

Agsume that ¢ |

bA1bARb . .. DARD.

byibyab

By Proposition
prove that ¢ | &
In another case,

(b) Let a

byibyab. . . bynb, b | afiafsa. .. afua,b | corcone. .. copc and e |

Since M is commutative and using Proposition 6.1.5(a), we have
bbb L dnd el .yl where = caqeone. . cage.

6.1.3(b), we have a | dndyd .. .dymd. In a similar way, we
Ma'dqa’ ... a'dpa’ where @ = afiafa. .. af,a. Hence (a,c) € 7.
we can prove that (a,¢) € n. Therefore n is transitive.

' b,c € M and v € I" be such that {a,b) € . Then




albora

and

blaorb
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byibyab . .. bymb for some m € N and 71,7, ..., € I,

abrafsa ... afna for somen € Nand By,05.,...,. 8 €.

Assume that a | byibyeb. .. bynband b | afiafsa. .. af,a. By Proposition 6.1.3(c),

we have cya | ey(
6.1.5(b), we have

cy(by

By Proposition 6

In a similar way,

Hence (cya, cyb)
77 is left compatil
{c) Since
{d) Since
forall a,be M 3

Hence we

Immediat

Theorem 6.1.7.

congruence on M.

Lemma 6.1.8.

n{a) C n(b).

by bryab .. by, B). Since M is commutative and using Proposition

1o .. bab) | (evb)n(evbralend) .- (cvb)vm(er)

:1.3(b), we have

eva | (eyb)mlerb)ra(crd) . . . (cvb)tmierd).

we prove that

evb | (eva)Brleva)Balera) - .- (cya)Baleya).

< 7. In another case, we can prove that {cya, cyb) € 1. Therefore
Hle.

M is commutative, it follows from (b).

M is commutative and using Proposition 6.1.4{a), (avb, bya) €

ind v €T

have the proposition.

ely from Propositions 6.1.4 and 6.1.6, we have Theorem 6.1.7.

If M is a commutative I"-semigroup, then 1 is a semilatlice

If M is a T-semigroup, and a,b € M is such that a | b, then
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Proof. Assumeithat a,b € M is such that a | b. Then b = a or b = ayz for
some z € M and v € I. Since b € n(b), we have a € n(b) or ayzx € n(b). Hence
a € n{b), so n(a)C n(b). 0

Theorem 6.1.9! If M is a commutative I'-semigroup, then n = n.
Proof. Let a.b € M be such that (a,b) € n. Then
albora|bybyb... byyb for somem €N and v, 72, ..., ¥m €T,
and
b|aorbabiabea...aba for some k € Nand 1,0, ..., 0 €T
Assume that a | byibyab. .. bynb and b | afiafa. .. afra. Then

byibyab. . bymb = a or bynbyeb. .. by,b = aax for some 2 € M and ¢ € I.

Since b € n(b), we have by bysb...bymb € n(b). This implies that a € n(b) or
aax € n(b). Hence a € n(b), so n(a) € n(b). Since b | afrafha-..afka, by
symmetry, we get n(b) C n(a). Therefore n(a) = n(b), so (a,b) € n. In another
case, we can prove that (a,b) € n. Hence 7 € n. On the other hand, by Theorem

6.1.7 and Lemma 6.1.2, we have n C n. Therefore n = n.

Therefore we complete the proof of the theorem. O

Proposition 6.,1.10. For a I'-semigroup M, §Né~* Cn.

Proof. Let a,b € M be such that {a,b) € §N§~1. Then (a,b) € §,s0b | a. By
Lemma 6.1.8, n{b) C n{a). Since (a,b) € 571, (h,a) € 5. By symmetry, we have
n{a) G n{b). Thus n(a) = n(b), so (a,b) € n. Therefore §N§~1 C n. 0

Proposition 6,1.11. If M is a T-semigroup and a,b € M, then the following

statements are equivalent:




(a) a|boral|bybyb.. by.b for somem & N and 11,72, --

(b) b= afy for
neNyel
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»¥m €T

somey € M and B € 1" or bBibBab. . . bfub = afn1y for some
M and ﬁi:ﬁ?) s :ﬁn)ﬁ'n-i-l € I

Proof. Ifa|b, then b= a or b= ayz for some z € M and y € I". Thus byb = ayb

or byb = ayayb.

Assume that a |

byibyab. . by,

Put7m+1=ﬁ- T

byabyab ...

Hence there exis

bﬁnb 3 a’ﬁn+1y- f

Conversel

bB31bob ... b3k
Then o | bGb0

that o ‘ b"hb’ﬁb.

Using th
semigroups are,
they are decomp

is unique.

Proposition 6

is an archimede

Proof. Let z &

n-class (z), is 3

Then (a,b) € 7.

Hence there exist y € M and fh, §2 € T such that bbb = afry.

byrbrysb. .. bymb for some m € N and 7,72, .-+, Tm € I". Then
b= aor by bysb. . bygb= afz for some z € M and S eT.
hen

bYor DY 10 = @Yme1b OF byibyob . BYmbtms1b = afZYm1b.

tn e N,y e M and ,81,,82, W - ,ﬁmﬁn_*.]_ e T such that bﬁlbﬁgb ..

T'herefore (a) implies (b).

v, if b = afy for some y € M and B € I', then a | b. Assume that

= @fp41y for some n € N,y € M and S, 02, ., Bas Par € T
b...bB3.b. Hence there exist m € N and 71,72,...,%m € I such
.. brymb. Therefore (b) implies (a). O

e relation 7 defined above, we prove that the commutative I'-
uniquely, semilattices of archimedean sub-I'-semigroups. That is,

osable into archimedean sub-T'-semigroups, and the decomposition

1.12. If M is a commutative I'-semigroup, then the n-class (z),

an sub-T-semigroup of M for allz € M.

M. Since n € SC(M) and using Lemma 6.1.1(a), we have the

, sub-T-semigroup of M. Let a,b € M be such that a,b € (z),.

Thus
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a|boralbnbypb. . bybforsometeNand 7,72, % el
and

blaorblababa... aba for some h € N and 5y, 5,...,00 €T

Since a | bor a | byibyab. .. byb, it follows from Proposition 6.1.11 that there exist
veNseMand og,00,...,0, €I such that borboab .. bo,b = a8, Simi-
larly, there exist v € Nyk € M and Ay, Ao, -+ A, € I'such that adiadea. .. ala =
bApi1k. Thus bohbash. . . baybQuyib = A0y 15Cus1 D = by 115C,418, 50 botyy1s |
boeyboesh . . . bogboi,11b. Then b | bag4rs. Hence (bovyi18,0) € 1, s0 bayp1s €
(), = (2}, Thus basbash.. bobo1b = a0y 1ba, 15 where u+ 1 € N and
bety115 € (z),, that is a l(s), boeabasb. .. ba, bo, 1 1b.

In a similar way, we can prove that there exist n € N,z € (z), and

Bi,B, ..., B such that afiafsa ... afa = bfBn 12z Hence b (@), afhafz0a .. .aba.

Therefore (z),, is an archimedean sub-T'-semigroup of M. O

Immediately from Theorem 6.1.7 and Proposition 6.1.12, we have Theorem

6.1.13.
Theorem 6.1.13. If M is a commutative D-semigroup, then M is a semilattice

of archimedean sub-I'-semigroups of M.

Proposition 6.1.14. If M is a commutative I'-semigroup, and p is a semilattice
congruence on M such that the p-class (z), is an archimedean sub-T'-semigroup of

M for all z € M, then p == 1.

Proof. Let a,b€ M be such that (a,b) € p. Then, since a,b € (b), and (b), is

archimedean, we get

alg,bora l(b)p byrbyab. .. by,b for some m € Nand 1,v2,---,%m € T,




and
b t(b)p aorh

Hence a | bora

(a,b) €, 50 p &
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l

), aBrafea. .. afqa for some n € N and B, Ba,.--.Bn €L

| bybyeb. .. bymb, and b | a or b | afhafea... afpa. Therefore
7. By Lemma 6.1.2 and Theorem 6.1.9, we have 7 is the least

semilattice congrience on M. Hence  C p, so 7= p.

Hence the

proof is completed. O

The following theorem is the main result of this section which is immediate

from Theorem 6.

Theorem 6.1.1

semilattice of ar

6.2 Decomposi

Archimede

Before th

IMsemigroups fo

1.7 and Propositions 6.1.12 and 6.1.14.

5. If M is a commutative T-semigroup, then M 45, uniquely, a

himedean sub-I'-semigroups of M.

tion of Commutative Ordered I'-Semigroups into

an Components

> characterizations of the ordered semilattices of archimedean sub-

¢ the main theorems, we give some auxiliary results which are

necessary in what follows. We begin by recalling the following lemma, which

proof can be fou

Lemma 6.2.1.

nd in [13].

[13]) If M is an ordered T-semigroup, then the relation N is the

least ordered semilattice congruence on M.

The first

purpose of this section is to characterize the relationship between

the relation 7 and the usual relation A in ordered I'-semigroups, and we prove

that for commut

relation NV.

Our firsy

ative ordered [-semigroups, the relation 77 coincides with the usual

aim is to give some basic propositions for the main theorems.




Proposition 6.2
hold:

(a) a | a foral
(b) Ifa,b,ce A
(c}) Ifa,be M

(d) If M 1is com
c€ M and

Proof. (a) Clear

(b} I a,b
some ¢ € M and
b < ayr and ¢ <

can prove that a

(c) If a,b
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2. If M is an ordered I'-semigroup, then the following statements

la e M.

[ is such that a || b and bl ¢, thena || c.

is such that a || b, then cya || cyb for allc € M and y € T
wmutative, and a,b € M is such that a || b, then aryc || bye for all
vyel.

ly, a || a for all « € M. Hence the statement (a) holds.

ce Missuch that ¢ § band b || ¢, then b < a or b < ayz for

lvel andc<borc<bfyforsomey € Mand f T If

b3y, then ¢ < bBy < ayzfBy. Hence a || c. In another case, we
| ¢. Therefore the statement (b) holds.

& M is such that a || b, then b < a or b < aax for some £ € M

and @ € . Thus cyb < ¢va or cyb € eyaaz for all c € M and v € T'. Hence

eya || eyb for all
(d) M

Recall th

¢ € M and v € T. Therefore the statement (c} holds.

is commutative, then by (c), the statement (d) also holds. O

at for 2,y € M, we write zfy if and only if z || y or z ||

YNy Y2y Y ¥y for some m € N and ¥1,72, ..., Ym € T, and fj = BN

Proposition 6.

hold:
(2) 7 is reflex
{(b) i is symm

(¢) Ifa,be M

2.3. If M is an ordered T-semigroup, then the following statements

e,

etric.

{ is such that a < b, then (a,avyb) € 7j for all y € 1.




Proof. {(a) If a €
(a,a) € 7. Hence
(b) 1t is of
(c) Let a,

ayb || aya. Clearl

Proposition 6.2

ing statements h

(a) Ifa,be M

(b) fabeM

afs

Proof. (a) Let
b<aorb<af
ay107720 . aYn
byabysb .. byb
(zBzfz...zfx)

{b} Let g
Br = Pas1 = B.
(afBsb) ... (aB:b)
. byab)Bahaf

v, a || ayb. Hence (a,avb) € 7.

<
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- M, then it follows from Proposition 6.2.2(a) that a || a. Thus
7j is reflexive.

HVIOUS.

b€ M and v € I' be such that a < b. Then aya < avb, s0
O

4. If M is a commutative ordered I'-semigroup, then the follow-

old:

is such that a || b, then for anyn € N and y1,72,..., W €L,

AYV10Y20 .. . a¥nl f} bYabyeb .. ByRb .

and B €T, then for enyn € N and v,7%2,-- -, 1w €T,

bibysb ... bvab) || (afb)n(aBb)y2(ab) - - (afb)va{afh).

a,b € M be such that a || b,n € N and n,7,.--,% €I Then

z for some z € M and 3 € I'. If b < a, then bybyb...bynb <
Hence ayiapa...avna || bubyb...byb. If b < afz, then
(afz)n(afa)p(afz) ... (afz)m(afz) = (a110720. .. aVma)f

Hence aviayaa...avsa || bnbywb. .. bbb

e Mn€Nand 8,v,%, -, €. Put fy = Ba = ...

Then (afb)7(aBb)72(afb) .- (@B8)7a(aBt) = (afb)m (afeb)re

Yrn(00ns1b) = (aﬁlaﬂga...aﬁna)ﬁ(b’nbfyzb-‘.b’ynb) = af(byibyzb

ba...af,_1a). Hence

aB(bybyeb. .. byeb) || (aBbyy1(aBb)y2(aBh). .. (afb)1n{affb).

Therefor

e the proof is completed.
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Proposition 6.2.5. If M is a commutative ordered I'-semigroup, then the follow-

ing statements hald:
(a) 7 is transitive.
(b) 7 is left compatible.
{(c) 7 is right compatible.
(d) (ayb,bya) €7 foralla,b€ M andy€T.
Proof. (a) Let a,b,c € M be such that (a, b) € 7 and (b,¢) € 7. Since (a,b) € 7,
we have
a || bor alll byibyeb. .. byyb for some m € Nand m,7%2,...,%m € T,
and
b|laorb aBiaba...abna for somen € N and 3,02, .. B e TN
Since (b, ¢) € 7, we have
bllcord| cogeasc. .. caye for some t € Nand oy, 02,..., 4 €T,
and

cllbore| bAibAgb. .. bAgb for some h € N and My, Ao, ..., Ap €T

Assume that o || byibyb...bymbd,b || afiabaa...aBna,b || cagcosc. .. couc and
e || PAibAgh.. . bAsb. Since M is commutative and using Proposition 6.2.4(a), we

have
byrbyabl . byb | el ... dymd where ¢ = coyconce. . . caye.

By Proposition 6.2.2(b), we have




In a similar way,

c|

Hence (a,c) € 7

transitive.
(b) Let a,
allbora
and
bllaord

Assume that a
6.2.2(c}, we hav

Proposition 6.2.4

ey (b

In a similar way,

Hence (cva, cvb)
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all dncred ... drnc.
we prove that
a M’ Aad’ ... d' A a’ where o = afafa. .. af,a.

In another case, we can prove that (a,c) € 7. Therefore 7j is

b,c € M and «v € T be such that (a,b) € 7. Then
| byibrysd. .. bymb for some m € N and 71,72, .., ¥m €T,
| aBiaBaa . .. aBpa for some n € N and B, 0s,...,0, € [

| byiby2b. .. bymb and b || efiafaa. .. af,a.
e cya || eybynbmb. .. bynb. Since M is commutative and using

(D), we have

By Proposition

nbyeb. .. bynb) || (cvb)vi(evb)ya(cyb) ... {Qb)vm(cvb)-
By Proposition 6.2.2(b}, we have

eva ff (evb)ralevblralerd) . . - (10 rm(crb).
we prove that

evb || (eva)Buleya)a(cra) - . . (eva)Ba(cya).

€ 7. In another case, we can prove that (cya, cyb) € 7. Therefore

71 is left compatible.

(¢} Since
(d) Since
foralla,be M

and v € I'.

M is commutative, it follows from (b).
M is commutative and using Proposition 6.2.3(a}, (avyb,bya) € 7
i




Immediate

Theorem 6.2.6.

76

ly from Propositions 6.2.3 and 6.2.5, we have Theorem 6.2.6.

If M is a commutative ordered I'-semigroup, then 7} is an ordered

semilattice congruence on M.

Lemma 6.2.7. If M is an ordered I'-semigroup, and a,b € M is such that a || b,

then N{a) C N(b).

Proof. Assume that a,b € M is such that a || b. Then & < a or b < avz for some

z € Mandy €

I'. Since b € N(b), we have a € N(b} or ayz € N(b). Hence

a € N(b), so N(a) C N{b). J

Theorem 6.2.8;

If M is a commutative ordered T'-semigroup, then 7} = N.

Proof. Let a,b € M be such that (¢,b) € . Then

allbora

and

|| &y1by2b . . . bymb for some m € N and 7,72, .., ¥m € r,

bl aor bl afiafaa.-.af,a for some n € N and 51, Fs,.. ., Bn €T

Assume that o ||

byibyab. .. bymb and b || aBiafaa. . . afna. Then

byibyab ... bymb < @ or bybyab. .. bymb < acx forsomez e M and e €1

Since b € N(b)
or acz € N(b).

we have byibyab ... by,b € N(b). This implies that a € N(b)
Hence a € N{(b), so N(a) € N(b). Since b || aprafea...afra,

by symmetry, we get N{b) C N{a). Therefore N(a) = N(b), so (a,b) € N. In

another case, we

can prove that (a,b) € N. Hence 7] C N. On the other hand, by

Theorem 6.2.6 and Lemma 6.2.1, we have N C 7. Therefore 7j = N |

We define

a relation & on an ordered D-semigroup M as follows:




Proposition 6.2

é is pseudoorder (

Proof. Let a,b €

so <C 4. Let ol

c || b. By Propost
v € I' be such th
have byc | aye al

§ is a psendoorde

Proposition 6.%

Proof. Let a,b ¢
Lemma 6.2.7, N
N{a) € N{b). T1

Proposition 6.

following statem

|

(a) allbora

(b) b < afy fo
n €N,y €

Proof. Ifa |l b,
or byb < ayzyb.

Assume that a |

byibyzh. .. b

hus N(a) = N(b), so (a,b) € N. Therefore SNGTTCN.

77

8= {(=v)lyl =}

9. If M is a commutative ordered I'-semigroup, then the relation

n M.

M be such that (a,b) €<. Then a < b, s0b || a. Thus (a,b) € 4,
, ¢ € M be such that (a,b) € § and (b,c) € 4. Then b || a and
tion 6.2.2(b), we have ¢ || a. Thus (a,¢) € 4. Let a,b,c € M and
at (a,b) € 5. Then b || a. By Proposition 6.2.2(c) and (d), we
wd evb || cya. Thus (aye,bye) € § and (eya, cvb) € 8. Therefore

T on M. Ll

).10. For an ordered I*-semigroup M, 6 N6~ C N,

- M be such that (a,b) € 6N &~ Then (a,b) € 8,s0b| a. By

b) C N(a). Since (a,b) € 877, (b,a) € 5. By symmetry, we have
O

2.11. If M is an ordered I-semigroup and a,b € M, then the

ents are equivalent:

byibyob .. bynb for somem € N and 11,72, .., Ym €L

rsomey € M and B €T or bG1b3sb. .. bB.b < afniy for some
M and By, B, - -

- :ﬂm ﬁn-}-l = F

hen b < a or b < ayz for some z € M and v € T'. Thus byd < avb
Hence there exist y € M and f1, f» € T such that b5;b < afy.
byibyab. . . bymb for some m € N and 71,72, .-, € I Then

vmb < @ or by byeb. .. bymb < afz for some z € M and S e I




Put Yme1 = 5. Tl
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nen

byibgh - BfnbYms1b < @Yme1b OF byabyab. . BYmbYmarh < afrymirb.

Hence there exist

Therefore (a) im]

Conversel

neN,ye Mand B1,02,--5n Bri1 € I" such that

bBibab . . bBub < afunry.

blies (b).
v, if b < afy for some y € M and f € T, then a || b. Assume that

bﬁibﬁbeﬁnb fg a’ﬁn-}«ly for some n € N:y e M and 51:[32}-- ‘1ﬁm ﬁnﬁ-l €I

Then o || bf:ib5

that

Therefore (b) im

Using the
T-semigroups are

That is, they ar

composition is U

Proposition 6

class (z)5 is an

Proof. Let z &
f-class (z); is a

Then (a,b) € 7.

a || b o

and

b

iplies (a).

...b3,b. Hence there exist m € N and Y1,72, - -, Ym € I such

a il byibyed. . bymb.

O

relation 7j defined above, we prove that the commutative ordered

. uniquely, ordered semilattices of archimedean sub-I'-semigroups.

e decomposable into archimedean sub-I'-semigroups, and the de-

nique.

12.12. If M is a commutative ordered I'-semigroup, then the 7-

archimedean sub-T'-semigroup of M for allz € M.

M. Since 7 € SC(M) and using Lemma 6.1.1(a), we have the
sub-T-semigroup of M. Let a,b € M be such that a,b € ()5
Thus

all byibysb. .. bybd for some t € N and y,7%2,. .-, €L,




bllaorh]

Sincea || bora || &
v € N,s € M and
larly, there exist ¢
bAyi1k. Thus boy
baybesh . .. bogboy
(b)5 = (z)5. Thus
and boy.qs € (

we can prove th

afhalsa.. . .af.a

an archimedean ¢

Immediaty

6.2.13.
Theorem 6.2.1

ordered semilatti

Proposition 6.
ordered semilatli

sub-I-semigroup

Proof. Let a,b

archimedean, we
a g, bora
and

b [l(b)p a or E

ub-T'-semigroup of M.
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aBraben . .. afpa for some h € Nand 51, 0z,....Bn €T

y1bryab . .. by.b, it follows from Proposition 6.2.11 that there exist
|y, @2, . .., 0 € I such that bagbagb. .. bayd < ayuiss. Simni-
€ N,k € M and Ay, dg, ..., Ay € I such that adiarza. e <

bargh . . . bobon,11b < 004150 1b = bay S0 a, 80 boyas f

1b. Clearly, b || bay1s. Hence (bay115,b) € #, s0 bawas €

we have boybaoh . . . bor,bon,1b < @ty q1bon s where u+1 € N

r)s, that is a ||, beabash.. boyboy,sb. In a similar way,

at there exist n € N,z € (z); and G, [s,...,B, such that

< bBa412. Hence b ||y, afiafe...aB.a. Therefore ()5 is

€]

oly from Theorem 6.2.6 and Proposition 6.2.12, we have Theorem

3. If M is a commutative ordered T'-semigroup, then M is an

ce of archimedean sub-T'-semigroups of M.

2.14. If M is a commutative ordered T'-semigroup, and p is an

ce congruence on M such that the p-class (), is an archimedean

of M for allz € M, then p=17.

€ M be such that {(a,b) € p. Then, since a,b € (b}, and (b), is

get

@y, byibyaeb. .. bymb for some m € Nand y,72,- -5 ¥m € T,

@, abrafaa. .. afna for somen € Nand 81,82,...,8. € L.
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Hence
allboral byubyb... bymb,
and

bllaorblafiabea... abaa.

Therefore (a,b) € 7, s0 p G 7. By Lemma 6.2.1 and Theorem 6.2.8, we have 7] is

the least ordered semilattice congruence on M. Hence 77 C p, so 1] = p. O

Immediately from Theorem 6.2.6 and Propositions 6.2.12 and 6.2.14, we
have Theorem 6.2.15.

Theorem 6.2.15. If M is o commutative ordered I'-semigroup, then M is,

uniquely, an ordered semilattice of archimedean sub-I'-semigroups of M.

In comparison our above results with results of ordered semigroups, we
see that for commutative ordered I-semigroups, we have the usual relation A is
equal to the relation 7, and every commutative ordered I' -semigroup is, uniquely,
ordered semilattice of archimedean sub-T-semigroups which is an analogous result

of ordered semigroups.






