CHAPTER VII

THE LEAST REGULAR ORDER WITH RESPECT TO

A REG

In this cha

ULAR CONGRUENCE ON ORDERED
T-SEMIGROUPS

.pter, we characterize the concept of regular congruences on or-

dered I'-semigroups, and prove that for an ordered I'-semigroup M, the following

statements hold:

(i) Every ordes

(ii) There exist;

to a regular

(i) The regula:
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Lemma 7.1.1.(
hold:

(a) flz)o={a
(b) flz),=t.

(c) Ifbe f(z)

red semilattice congruence is a regular congruence.

s the least regular order on the [-semigroup M/p with respect

* congruence p on M.

- congruences are not ordered semilattice congruences in general.
Regular Order with respect to a Regular Congruence on
Semigroups

e characterizations of regular congruences on ordered I'-semi-
1ain theorems, we give some auxiliary results which are neces-
yws. We begin by recalling the following two lemmas which proof

[13)].

[13)) If z € M and p € SC(M), then the following statements

€ M |ae(z), orwya € (z), for someu € fx), andy € T'}.

ps then f(b)p - f(x).ﬂ'




(d) p={(z,y)

Lemma 7.1.2.(
hold:

(a) F(z), = {a
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(b} F(z),=T
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flx)p, = f)o}-

[13)) If z € M and p € OSC(M), then the following statements

€ M| ael[(z),) oruya € [(z),) for some u € F(z), and

f—

o

r}.

(¢) Ifb € F(z),, then F(b), C F(z),.

(d) p={(z,9)

| F(z) = F(y)o}-

Similar to the proof of Corollary 5.1.2, we have Lemma 7.1.3.

Lemma 7.1.3.

compatible, then

We now
and answer the
semigroup M/p
M?

Let p; and py be relations on a I'-semigroup M. If py and py are

so are p?* and (py © p2)" for alln € N.

characterize the regular congruences on ordered I-semigroups,
question that does there exist the least regular order on the I-

with respect to a regular congruence p on an ordered I'-semigroup

Theorem 7.1.4. Let p be a semilattice congruence on o I'-semigroup M. Define

an order < on M/p as follows:

(),
Then (M/p; =)

Proof. Let (x
f@), € f@)p

= (y), if and only if f{y), C f(z), foralz,ye M.

is an ordered I'-semigroup.

), = (), and (4), = (&) be such that (2}, < (s}, Then
so fy'), = f(y)p C flz), = f(z"),. Hence (), 2 (¥)p 80




=< is well-defined

v

is reflexive.
Lemma 7.1.1(d},
Let (z), = (y)p
f(z)p G f(ﬂ")p- H
relation. Let ()
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it follows from L

Similarly, (cyz),
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For any p-class (z),, f(z), € flz),. Hence (z), X (2),, s0

et (z), % (v), and (v), < (), Then f(z), = fly),- By

we have (z,7) € p. Hence (z), = (y),, so = is anti-symmetric.

and (), < (2),. Then f(y), © f(z), and f(z), © F(y)p, s0

ence (), < (z),, 80 % is transitive. Therefore < is an equivalence

p = (¥)p,c € M and y € I'. Then fy), € flz),. By Lemma
y € f(z), € flave), and c € f(ayc),. Thus yye € f(zyc),, so
erama 7.1.1(c) that fyyc), C flavye),. Hence (zyc), = (yye),.
< {¢7y),. Therefore M/p is an ordered I'-semigroup. 1

If p is an ordered semilattice congruence on an ordered T'-

en p is a regular congruence on M.

that p € OSC(M). We define the order < on the T'-semigroup
#), if and only if F(y), € F(z), for all z,y € M. By a similar
m 7.1.4 and using Lemma 7.1.2, we get M/p is an ordered I-
<y, theny € F(z),. By Lemma 7.1.2(c), we have F(y), C F(x),.

Therefore (z), = (), 50 @(x) =% @(y). Hence pis a regular congruence on M. []

Immediately from Theorem 7.1.5, we have that OSC(M) € RC(M}, and

the congruence NV is the regular congruence on M.

The next theorem answer that we can find the least regular order on
the T-semigroup M/p with respect to a regular congruence p on an ordered I'-

semigroup M.

Theorem 7.1.6. Let p be a regular congruence on an ordered I'-semigroup M.

Define a relation (< op)/p on M[p as follows:

(S OP)/P = { (m)p: (y)p) ! (z1, h) € (£ op) for some z; € (m)p and y1 € (y)p}-
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If <= {((@)p @)0) | ((8)s (1)) € (€ 0p)/p)™ for some m € N}, then X is the

least reqular order on M/ p with respect to the reqular congruence p on M.

Proof. We shall show that < is an order on M/p.

(i) Reflexive: For any z € M, since z < zpz, we have (z,z) € (< op).
Thus ((z),, (2),) €=

(if) Transitive: Let ({2)p (y),) €= and (), (2),) €=. Then there exist

m,n € N such that ((z),, (¥),) € (($ op)/p)™ and (), (2),) € (S ep)/p)™

Thus there exists a sequence of elements (w: ), (Wa)py - - - (Win—1)ps (k1) py (K2)ps -+ -
(kn-1), € M/p such that ((ws_1),, (w:),) € (< op)/p and ((k;-1)p (Rs)s) € (S
op)/p where i = 1,2,...,m,j = 1,2,...,m(w), = (2)p (Win)p = () = {(ko)p
and (kn), = (), Since () (¥)s) € (S op)/p, we have ((z)p (2),) € ((=
op)/p)™+ 1. Hence ((2), (2),) €2

(iii) Antissymmetric: Let ((2),, (¥),) €= and (), (z),) €. Then there

exist m,n € N such that

()5 ()0} € (< 0p)/p)™ &nd (1) (%)) € ((< 0P)/P)™- (7.1.1)

By (7.1.1), there exist a sequence of elements (w1),, (102) s - -+ s (Winm1)ps (R1) 1 (B2} s

eory(kn.1), € M/p such that

(wik1)p, (wi),) € (< op)/p and ((ki-1)p (Ki)o) € (Sop)fp (712)

where i = 1,2,...,m,j = 1,2,...,n,{wp), = (z), = (kn), and (Wm)p = (Y)p =
(kﬂ)p- By (712), there exist ’UJ{_I = ('w,;_l)p,wg € (wi)p,k;-_l S (kj-l)p and

k; € (k;), such that
(w)_y,wl) € (< op) and (Kj_;, k}) € (< op) (7.1.3)

foralli=1,2,..,mand j =1,2,...,n. By (7.1.3}, there exist wi, k; € M such

that




for all 4 == 1,2,..
order <y on M/p

@ : M — M/p defined by a > (a), is isotone. Consequently, by (7.1.4), we have
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wi_y < wipw} and K;_; < K} pk] (7.1.4)
,m and j = 1,2,...,n. Since p is regular, there exist a regular

such that (M/p; =) is an ordered I-semigroup, and the mapping

foralii=1,2,..

ymand j=1,2,...,n,

P

Hence

Since =<4 is an or
Hence < is an ec
and p are compa
(£ op)/pc€ M
(z',y) € (S op):

op). Since cyz’

r

€ (< op)/p. 8l

compatible. By
fore < is comps
(z,y) € (< op}).

lar order on M

(), (w)p) € ((

('wi—l)p o (wi—I)ﬂ = {w]), = (w)), = (w:),
(7.1.5)
(k wl)p (k —1)p =1 (k”)p — (k’)p (k )p
(w)P (wﬂ)p =1 (wl)p S S S (wm)p £ (y)p
(7.1.6)
(y)p = (ko)p =1 (kl)p <y Za (k)= (),
der on M/p, we have (z), = (¥),-

quivalence relation. We shall show that < is compatible. Since <

tible, then by Lemma 7.1.3, < op is compatible. Let {(z),, (¥),) €

and v € I'. Then there exist 2’ € (z), and ¥ € (y), such that

Since < op is compatible, we have (cya’, cvy'), (z'ye, y'ye) € (<

€ (0),7(z), and vy’ € (€)p7(¥)p, we have ((6)o7(@),, ()o7(¥))

milarly, ((z'),7(6)p (¥)p7(c)p) € (S op)/p. Hence (< op)/p is
Lemma 7.1.3, ({(< op)/p)" is compatible for every n € N. There-

itible, so < is an order on M/p. I z < y, then z < ypy. Thus

Hence ((z),, (¥),) € (< op)/p C=X. Therefore =< is a regu-

/p. Let ((z)p (y),) €=X. Then there exists m € N such that

< op)/p)™. For any regular order X, on M/p with respect to the




regular congrueng

exist zp, 21, .- -

Hence ({z),, (¥)s

to the regular coi

Hence the

We shall

a regular congrus

Example 7.1.1.

By Example 3.5

N

T

Since b < ¢ and

observe here tha

?Zﬂ

if
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e p on M, by using & similar proof in (iii), we know that there

. € M such that

() = (20)p 26 (21} 2o - = (Zm)p = (¥)p-

€=,. Therefore < is the least regular order on M /p with respect

ngruence p on M.

proof of the theorem is completed. {J

sive an example of an ordered I'-semigroup M with there exists

nee on M which is not an ordered semilattice congruence.

Let I' = {y} and M = {a, b, ¢, d} be an ordered I'-semigroup with

Ty = {

b ifz,y € {a,b},

¢ otherwise

= {(aa a)} (b? b), (61 C): (ds d): (ba C)a (ba d’): (c1 d)}

[13], we have (M; <) is an ordered I'-semigroup and

M x M,

{(a': a’)z (b, b)1 (C, C)’ (da d): (a‘: b)a (b: a): (C, d)a (d: C)}

bye = ¢, we get (b, byc) = (b,c) & n. Hence n ¢ OSC(M). We

it M/n = {{a)n, (c)n}. Define a relation = on M/n as follows:

<= {((@)n, (@)n), ((In, (©)n)s (@)ns (€)n) }-

We can easily show that (M/n; <) is an ordered I-semigroup. We note that

b<c implies (B), = (a)n =% (C)n,

b<d implies (b), = (a)r = (ch

(D),

c<d implies (C)n = (chn = (d)n-




Thereforenisar

By Theore

Theorem 7.1.7.

Proof. Assume
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sgular congruence on M. Hence OSC{M) # RC(M).
s 7.1.3 and 7.1.4, we obtain Theorems 7.1.7 and 7.1.8.
If pe SC(M), then (M/[f(p); X') is an ordered I'-semigroup.

that p € SC{M). Then, by Theorem 7.1.4, (M/p; =) is an

ordered T-semigroup. Now, define a mapping by f (@) 7 f(y), = Flavy), for all

z,y € M and v €

T. Let f(z), = f(z), and f{y), = f(y'),, and v € T. Then, by

Lemma 7.1.1(d), we have (z,z') € p and (y,%) € p. Thus (zvy,z'vy') € p. Hence

(33'}"9);? = (WI'Yy’)p

For any z,y,2z € M and ¢, 8 € T,

f(m)paf(y)p)ﬁf(z)p i

, 50 f(zyy), = f(&'vy"), Therefore the mapping is well-defined.

fzay),B81(2),
F((zoy)B2),
flzalyBz)),
f(@)pf(yBz)e

F ()£ (),81(2),)-

Therefore M/ f(p) is a T-semigroup. We define an order =<’ on M /f(p) by flz), X

f(@), if and only if (z), =X (y), for all 2,y € M. We can easily show that

(M/ f{p); <} is an ordered I'-semigroup.

O

Theorem 7.1.8. If p € OSC{M), then (M/F(p); X') is an ordered I'-semigroup.

Moreover, if ¢ < vy, then F(z), =" F(y),.

Proof. Assume that p € OSC(M). Then, by Theorem 7.1.5, (M/p; %) is an

ordered I-semigroup, and there exists a mapping ¢ : M - M/p such that ¢

is isotone. Define & mapping and an order <’ on M/F(p) by F(z),vF(y), =

F(zyy),, and F(z), %' F(y), if and only if (z), X (y),forallz,y € Mandy el

By a similar proof of Theorem 7.1.7 and Lemma 7.1.2, we get (M/F(p); %) is
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an ordered D-semigroup. If z < y, then o(z) = ply). Hence (z), = {(¢)p, 50

F(z), =<' F(y)p

0

By Theorems 7.1.7 and 7.1.8, we can easily prove Corollaries 7.1.9 and

7.1.10.

Corollary 7.1.9. If p € SC(M), then M[p= M/f(p).

Corollary 7.1.10. If p € OSC(M), then M/p= M/F(p). Moreover, if £ < Y,

then F(x), < F(y),

In comparison our above results with results of ordered semigroups, we see

that A is the regular congruence on M which is an analogous result of ordered

semigroups.






