CHAPTER VI

CONCLUSION

A. General criteria and criteria involving characters

1. Let S and T be nonempty subsets of F, with the same number of

elements, s, and S(z) = [],cs(z — ). For P(z) € F [z} and k € N, put
(P(2))* = Be(@)S(x) + Ax(z),

where B(z) and Ap(x) := @y 42° L+ @u_0p 7 2+ - - + a1 47 + ag i € Fo[z]. Let
El ¥ ¥ L) q

V=YV (j=0,1,...,s-1)
bes

and

T(z) = 529 + 27 H a1, Vioy + g1 Voot -+ ap,1 Vo)
+ 27 (@ 12V + Gs_22Viio + - -+ aga Vi) + -
| x(as~h1,q’m2v:5—1 % as~2,q—2V9—-2 3 - - i aﬂ,q——?‘[ﬁ)
+ (@s1,g-1 Vit F Q5291 Vo + o0k 09,q-1V0 — 8.
Then P(z) is an (S, T)QPP if and only if
ged (T(a), 2z = 1)) = [ (= - w),

aEF AT

where the empty product is taken to be 1.

2. Let S and T' be nonempty multiplicative (or additive) abelian subgroups
of Fy, and f(z) € F,[z] sending S onto T. Then f(z) is an (S, T)QPP if and only
if |

> " x(fle)) =0

cES
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for each nontrivial character x of S.

3. Let ¢ be odd, a € F,, H a nonempty multiplicative subgroup of F,\ {0}
of even order d, and S = H U {0}.

() Ifa—1¢€ H=_5\{0} and ng(a® — 1) = 1, then f(z) = 2172 4 az is
an (S, f(S))QPP.

(i) a+leSanda-1¢ H = S\ {0}, then f(z) = M2 4 gz is an
(S, f(S))QPP if and only if ng(a® — 1) =1.

B. Criteria for special forms of QPP’s

1. Let S be an additive subgroup of For, T' C Fyr with 0 € T' C Fyr and
1S} = |T| = s. Let

L(z) = iaixqi € Fy-|z]

\ =0
be a linearized polynomial sending S into T. Then L{z) is an (S,7)QPP if and

only if L(x} has exactly one root, namely 0, in S.

2. Let S be an additive subgroup of ¥,-, 0 € T C F,-, |S| = |T]. Assume
that SF, C S and set d := dimy, S, r = kd (k € N). Let o, 51,...,B4-1 € S be

linearly independent over F, and put
=i+ BT + B ek B (i=0,1,2,...,d 1)
Let L : S — T be a linearized polynomial of the form

r—1
L{z) = E a;x? € Fplz], with a, = a; whenever ¢ = i (mod d).
=0

(i) Assume that op, oy,..., 04y are linearly independent over F,. Then

L{Bo), L{By), . . ., I{B4_1) are linearly independent over F, if and only if det A #£ 0,
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where

2 d—1
/ag ay . aj o, -+ af \
2 d—1

¢ g q

ar Gy Gy - Gy

A=

v'd a—1

g g
\%d-1 @g_, a5 3 Tt Gy /

(i) ¥ oag,0n,...,04.1 are linearly dependent over F,, then L{G),

L(31), . .-, L{B4-1) are linearly dependent over F,, and L(z) is not an (S, T)QPP.

3. Let S C Fyp, |S| = s, o a primitive element in Fyr, {ag, 01,...,0,_1}
a basis of Fy» over I, and g € F- \ {0}. If

r—1
f@) =3 p* (Ofo ol 40" ay e+ a(’””qkar_1) a? € Fylsl,
k=0

then f(z) is an (S, £(S))QPP.

4. Let S be a nonempty additive subgroup of F;r and U = ¥, — §@-9),
i> j >0, where SU¢~9) = {g~¢, g g g \ {0}}. Then f(z) = 2% — aa? is an
(S, F(S))QPP for alla € U \ {0}.

5. Let d be a divisor of ¢ — 1. Assume that S is a cyclic multiplicative
subgroup of ¥} with |S| = &1, Then f(z) = 2™ is an (S, S)QPP if and only if

ged (m, %«1) = 1.

6. Let 0 € S C Fy and let f(z) = 2* —aa’, where i > j > 1 and a € F,\ {0}.

(i) I a € %7 := {ai~F;a € S}, then f(z) is not an (S, £(S))QPP.

(ii) f(z) is an (S, £(S))QPP if and only if a ¢ {g:_:myz €S,y z} =
S,

(iii) Let e = ged(4, §), i’ = i/e, ' = j/e. If S is closed undermultiplication,
then f(z) is an (S, £(5))QPP if and only if ged(e,¢ — 1) = 1 and h(z) = z¥ — az’
is an (S, h(S))QPP.
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C. Number of QPP’s of fixed degrees
Let § = {a™,a,..., 0"} CF, where F} = (@) and

(1 ot (ait)? .- (ail)s—l\

1 az'z (a,iz)? . (aiz).Bwl

\1 s (ais)z (a'ia)s—lj

For a € I, let 5, denote the system of equations, in 21, 2s,. .., 7,

Cranz +Cognza + -+ +Co 118, = @,

Ciapoxt + Cogpozo +- -+ Cs g0, = 0,

Crs%1 + Cosa+or 4 Coos =0

where C; ; = (—1)7% det(M;;) is the (i, j)-cofactor of W and M;; is its (4, §)-minor.
Then
Nsz(d)= > B,

aeF;

where E, denotes the number of solutions (zy,23,...,z,) € T* of S, with z; # z;

for ¢ +£ j.






