CHAPTER Iil
MAIN RESULTS

3.1 Demiclosedness Principle

In this section we prove the demiclosedness principle for mappings of
asymptotically nonexpansive type either in a Banach space with the locally
uniform Opial condition or in a Banach space satisfying Opial’s condition and

whosge norm 1s UKK.

Lemma 3.1.1 Suppose X is a Banach space satisfying the Opial’s condition and
C is nonempty weakly compact convex subset of X and T : C — C is a uniformly
continuous mapping of asymptotically nonexpansive type. Suppose also {z,} is
a sequence in ' converges weakly to z, and for which the sequence {z, — Tz,}
converges strongly to 0. Then {T™xz} converges weakly to z.

Proof. We shall show that 7"z — . For each m € IV, set
Am =To{T'z 14> m} and A=N%_ A,

where €6{1"z : ¢ > m} is the smallest closed convex of {T%z : i = m}. Thus A # 0,

by C is weakly compact, and it is readily seen that
A = Tow,{x)

where wy, (2} = {y € X : T™g —~y for some n; 1 oo}
We must show that {z} = A = Cowy(z). Let yg € A, Tz — 1. Claim 3 = .
Assume that vy 5 z. Define f : X - IR by

fly) = limsup |z, — yl|, v € X.

L300
Clearly f is well-define. By X satisfying Opial’s condition and we have

Tp — 2z and z # Yo,

f(z) = limsup [jz, — &f} < limsup |, — yoll = f(yo).
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Then
Hz) < flyo).
Write R := f(yo)—f{z) > 0. Clearly £ > 0. Since 7T is asymptotically nonexpansive

type,

timsup(sup {772 = Tyl = [lo — ] -y € €)) <0 < &
T 0

for each z € C. Then there exists ng € IV such that
L 7L R
sup{[|T7e =Tl = fle —y| iy € C} < 5

for all n > ng. Since for mg 2 ng, yo € {Tz : 1 > mg + 1} = Amger and Apga
1s also closed convex hull, there exists an integer p > 1 and nonnegative number

thste, o tp with T8 45 = 1 such that

P 1 R
lyo = D4, Hal| < 5.

j=1
It follows that

Flyo) = limsup ||z — wol
= limsup {lz, — S5, 6 T™0 Mg + 8 £ Tty — o]
<limgup (|l — Tie 3T + || Doy 1,772 — yof))
< % +limgup |z, = o 4,770z

= —§ + lim sup | Z?zl iy — }:?:1 LI+, E?ml =1

IA

% - Z"’J?:l t;limsup g — Tt |

< o S ty{lmsup ffon — 70z + 7703, — T3z
< &+ S tyllimgup (1772, — T - |12, - )

+limgup ||z, ~ xlf], llzn —T™Hz,|| — 0, by uniform continuous of 7’
< %"*‘%4"15{{}3&1? |5 — !, ™Mo+ 37 > mg by T type .

= R+ f(z) = f(y) — f(z) + f(z) = f(vo).
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Thus f{y) < f(yo) a contradiction. Then yo = z. Thus A = {z}. Hence

Thy ws . . ]

Theorem 3.1.2 Suppose X is a Banach space satisfying the locally uniform Opial
condition, C' is nonempty weakly compact convex subset of X and 7' : ¢ — C is
uniformly continuous mapping of asymptotically nonexpansive type. Then I — T
is demiclosed at zero.

Proof. We shall show that [ — T is demiclosed at zero. Let (2,) C C with z,, - x
and (z,~T'z,) — 0. By lemma 3.1.1, we have T"z — 2. Let ¢ > 0, by the definition

of asymptotically nonexpansive type,
iiﬂsgp(sup{llT”x =Tyl ~Jlz =yl : y € C}) <0 for each z € C.
it follows that,
limsup {lig}ggp |z~ Tm:):H} = lim sup {lim}%}}p [Tz — T”L(T”“m:c)][}
=limgup {limgup (|72 — T™T™"2))| ~ o = T™"a] + |fz - T mgl) )
<limsup {(lmsup (sup{||T™z — T™u| ~ |lz — u|| : v € C})
+limsup |z —T" ™z}
= limsup (sup{|77s = Tulf — & — ul] - w € O} +Tmsup |lz — Tz)
<limsup (sup{||T™z — T™ul| ~ ||z — ul| s u € C})
+ limsuplimsup (|7 -~ T7z||
< 0+ limsup ||z ~ T z|.

It implies that,

limsup limsup ||T"z — T™z}| < limsup |jz — T"z|.

M=+ o0 n—+o0 T OO
By proposition 2.2.4, we have T™z — x. Since T is uniformly continuous, T(T™z) —

Tz. But Tz — z, implies 7™z — 2. By the uniqueness of limit, T2 =z. DO
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Corollary 3.1.3 [6, 1995, p.933] Suppose X is a Banach space satisfying the
locally uniform Opial condition, C is nonempty weakly compact convex subset of
X and T': € — C is an asymptotically nonexpansive mapping. Then I — T is

demiclosed at zero.

Theorem 3.1.4 Suppose X is a Banach space satisfying Opial’s condition and
whose norm is UK K and C is nonempty weakly compact convex subset of X, and
T:C — Cis a uniformly continuous mapping of asymptotically nonexpansive
type. Then [ — T is demiclosed at zero.

Proof. We shall show that [ — T is demiclosed at zero. Let {z,} be a sequence
in C with z, — z and (2, ~ T2, } — 0. We must show that Tz = 2. It follows by

lemma 3.1.1, that 7"z — . Let

r=lmsup |7z — z|| and ry, = limsup |T"z — T™z|]
N0 =¥

for all m > 1. By the Opial’s condition of X, we have

7= limsup {[T"z — 2|l < limsup [Tz ~ T™x|| = r,y,.
(R de el Fi=3 OO

Then r < 7, for all m > 1. We now show that lim rn, = r. Let € > 0. By the

definition of asymptotically nonexpansive type,
lim sup(sup{||T"z ~ T"yl| -l -yl :y € €}) <0< =
for each z € C. Then there exists mg € IV such that for each n > myg,
sup{I77 = Tyl = e =y 1y € C} < 5.

Thus for all m > myg, we obtain that

rm = limsup ||T"z — T™z||
= limsup (|T™(T""0) = T|| ~ 17 — o] + [T — )
< limsup ([T™(T""z) - T™al| - [Tz — 4))

+limsup |77 — 2]
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< limsup (5) + limsup || Tz — ]|

=i+
Then for each m > mg, rm < €+ r for all € > 0. Hence lim 7, = 7. Claim that
r = (. Assume that r # 0 = r > 0. Then {T™z} does not contain any strongly
convergent subsequence and, therefore, {T"z} has a subsequence {T™z} such that
sep(T™z) > 0. Set ¢ = fﬂgﬁl. By the definition of UK K, there exists a d§y > 0
such that ||v}| £ 1 — & for any sequence {v,} in By converging weakly to v and

such that sep(v,) = €. Choose 0 < 1 < 1 such that
(L +n)(1—dg) < 1.

Since 5 > 0 and T is an asymptotically nonexpansive type,

Limsup(sup{ |77z ~ T"y|| — |z =yl : v € C}) <0 < zg—
Mp OO

for each © € . Then there exists N} > my such that for all n > N,
T T 7?7"
sup{{[Z7s ~ Tyl ~ llz —yl} :y € C} < -,

For m > N;,'we have
T = limsup || 772 — T
=lmsup (|T™(T" ") ~ T7z| — [T* ™z - zff + | Tz ~ z|))
< lipsup (|T7(T""a) = g — |17 ) + limsup Tz — 2]
< lmgup (%) + limsup [Tz ~ |
=T +r<gr+r=(1+n)r
Then limsgup {[T"z — T™z|| < (1 +n)r. It follows that there exists jo > N; such

that
Tz —T™z|l < (1+7)r

for all j > jo. Let
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Consider, {jy;ll = IHatmall ) gy, — ET79) apg

(1+a)r (m)r 2
sep(y;) = inf LEmreel = weploes) > seliied = o
Then we have, ||yl < 1, y; — W, and sep(y;) = e, it follows from the

definition of UK K that
llx — Tzl
(1+n)r

1— 6.

It implies that
e =T7z|| < 1+l —dg)r <7

for all m > N;. Taking m — oco,we get,
r = limsup ||z — T™z|] < (1+n)(L ~do)r < 7.
=00

This is a contradiction, since {1 +n}(1 — §y) < 1. Therefore, we must have r = 0

and Tz = z by the continuity of 7. 0

Corollary 3.1.5 {6, 1995, p.939] Suppose X is a Banach space satisfying Opial’s
condition and whose norm is UK K and C is nonempty weakly compact convex
subset of X, and 7" : C' — (' is an asymptotically nonexpansive mapping. Then

] — T is demiclosed at zero.
3.2 Fixed point theorems for asymptotically nonexpansive type.

In this section we provide a fixed point theorems for asymptotically
nonexpansive type mappings which connect with Maluta’s eonstant D(X) < 1
for a Banach space; for Banach space with weakly continuous duality map J, as
the same mapping T and we show that the uniform Opial condition implies the
fixed point property for mappings of asymptotically nonexpansive type defined on

weakly compact convex subsets.

Lemma 3.2.1 Suppose that X is a Banach space such that D(X) < 1, that K
is closed bounded convex subset of X, and that T : K — K is an asymptotically
nonexpansive type mapping and weakly asymptotically regular on C. If {T™z} is a

subsequence of {1™x} converges weakly to z € K, then limsup,_, ., ||T™ 2~z = 0.
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Proof. Assume that

limsup [Tz — z|| > 0.
ko0
Take a real number g > 0 small enough so that
0 < ¢ <limsup ||T™z — zl| and (1+¢)D{X) < 1.
k—roo
It then follow from the definition of D(X) that
hmsup [[T™z ~ z|| < D(X)diam({T™=}).
ko0

By the definition of asymptotically nonexpansive type, there exists a natural

number N such that
sup{[|T"z = T"y|| ~ flz ~ y|| : y € C} < ¢*/2,
forall » > N. Clearly we may assume that
Sup{”T”k:‘c.m Tyl = llz —yll : vy € C} < ¢*/2 and ngyy — mg > N,

for all & > 1. However, for any fixed ¢ > 7, noting the fact that 7 +ni—n)y _
z weally as k — oo and the wealdy lower semi-continuity of the norm || - ||, we

have

[T™e = Tzl = | T ~ T (T™ )|
< Sﬁp{llTnfx =Tyl = o -yl iy € C} + [Tz ~ g
< ¢*/2+ Hmsup [|Tm g — Tratin—nilg])
<@*/2+lmsup (T g — T (T7g)|| - |[T™z ~ )
+ limsup {[T™z — zf|

< (1+gq) limsup ||T™z — x|,
We thus obtain
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limsup |17 2| < (1+ DO lipgup [T
which implies that limsup [T™z — z|| =0 since (1 + g)D(X) < 1. 0

Theorem 3.2.2 Suppose that X is a Banach space such that D(X) < 1, that C' is
a nonempty closed bounded convex subset of X, and T : C — C is continuous of
asymptotically nonexpansive type mapping and T is weakly asymptotically regular
on €. Further, suppose that there exists a nonempty closed convex subset K of U

with the following property (w):
z € K implies  wy(z) C K,
where w,,(x) 1s the weak w-limit set of 1" at z; that is, the set
{ye X y=weak — li?nT”"m for some n; T o0},
Then T has a fixed point in K.

Proof. Let $ be a free Ultrafilter on the set of positive integer{ maximal element
of the family of all proper filters on the set of positive integer). We then define a
mapping S on K by

S{z) =w - liénT”:J:, z € K.
Since K is weakly compact, S(z) is well define for all = € K. By the definition

of asymptotically nonexpansive type, we obtain S is nonexpansive mapping on K.

Hence, S has a fixed point = € K, that is,
w— 1is1;n L= (3.2.1)

This yields a subsequence {T™z} of {T™z} converge weakly to z. Now we show
that z is a fixed point of T. Since T' is weakly asymptotically regular at z, it
follows that for all integers m > 0, w — lim Tritmg = x, By lemma 3.2.1, we
have tim sup |T7+™z — zf] = 0 for all m > 0. Let ¢ > 0, by the definition of

asymptotically nonexpansive type, there exists N € IV such that

sup{||T"z — Ty — lle —yll -y € C} <,
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forall n > N. For n > N, it implies that

|e — Tzl < limsup ||z — T™*"g|| + limsup ||T™* "z — T"z||
< limsup (sup{||T"u— Tzl - lu—~z| : u € C})-+limsup || Tz —
< E.
Then T"z — . Hence Tx = & by continuity of T 0

As a direct consequence of Theorem 3.2.2 we have the following:

Corollary 3.2.3 [10, 1994, p.1353] Let C and X be as in Theorem 3.2.2 and let
T : C — C be an asymptotically nonexpansive mappings. Suppose there exists a
nonempty bounded closed convex subset of K of C with the property(w). Then T

has a fixed point in KA.

Proof. This follows since an asymptotically nonexpansive mapping is of

asymptotically nonexpansive type. ]

Corollary 3.2.4 Let X be a Banach space such that D(X) < 1, let C be a bounded
closed convex subset of X, and suppose T': C -+ C is a continuous mappings of

asymptotically nonexpansive type. Then T has a fixed point.

Corollary 3.2.5 Suppose that X is a Banach space which is uniformly convex in
every direction and for which D(X) < 1 and that C is a closed bounded convex
subset of X. Then, it 7' : € - (' is a continuous mappings of asymptotically

nonexpansive type, 7' has a fixed point.
Proof. Using the same argument presented in the proof of Theorem 5 in [10]. O

Theorem 3.2.6 Suppose X is a Banach space with a weakly continuous duality
map J,, C is a weakly compact convex subset of X, and T : € — C, is an
asymptotically nonexpansive type. Further, suppose that there exists a nonempty

closed convex subset K of C' with the following property (w):

z € K implies wy(z) C K
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where wy, () is the weak w — limit set of T at z; that is, the set
{y € K :y = weak — limT™z for some n; T oo}
K3
Then T has a fixed point in K.

Proof. For each z € C, define the functional r, by
ray) = limsup |17z ~ ]

Then by lemma 2.1.20(ii), when z lies in K, r, is a constant over y € K and this

constant is independent of z € K; that is
limsup |7z —y|| =71 forall z,y € K.
Nl

Now fixed z € K and {T™z} be a subsequence of {T™z} converging weakly to
some y that is in K by property (w) and such that 7' = lim [|[T™z — y|| exists.
Since J,, is the Géateaux derivative of the convex function @(|jz|}), it follow by {12]
that

B+ 9l) = Bzl + [ <y dul +) > d
for all z,y € X. For any integer n,m > 1, we have

o(||T"z ~ T™a|f) = S{|(T"z ~ y) + (y = T"2)]))

= o(|T7z =yl + f5 < (y—=T"2), J,((T"z —y) +t(y —T™"z)) > dt.
Substituting n; for n and let ¢ go to infinity, we get

lim $(|T™z ~ Tmal]) = B() + f§ < (y = T™a), Jy(tly - T™)) > dt
= 2"y + Iy - Tmello(tly — Tz ])ds

= &(r') + &(|ly — T"z|)}.
It follow that,
O(r') + ®(r) = limsup(lim (||T™z — T™z{]})

<limsup @(limsup (|77 —T™z}))

<limsup ®(limsup (sup{||T™z ~ T™ul| ~ ||z — ul| : v € C})
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+limsup |lz — T""™"g]))

< lmsup @(limsup (sup{liT™z — T™u|| — ||z — u|| : u € C})
Flimgup flo - 7))

< limsup ®(limsup [lz — T"z()

< limsup @(r) = &(r).
Which implies that &(r') = 0. Hence r' = 0, i.e. {T72} strongly converges to
y. This proves that, for each z € K, the strong w -limit set w(z) = {ye X
y — strong — lim 7™z for some n; 1 co} of T at z is nonempty. It is clearly
closed. We further claim that w(z) is norm-compact. In fact, given any sequence
{u;} in w(z). It is easy to construct a subsequence {T™iz} of {T™z} such that
T = ;|| < 3} for all j > 1. Repeating the argument above, we get a
subsequence {7z} of {T™ 1} converging strongly to some 7 € w(z). Hence,
uj — z strongly indicating the norm-compactness of w(z). Now by lemma 2.1.20,

T has a fixed point and complete the proof. 0

Let C' be nonempty weakly compact convex subset of 3 Banach space X
and let T : & - C' be a mapping of asymptotically nonexpansive type. Denote
by & the family of all closed convex nonempty subset K of C with the following
property (w);

r€ K implies wy(z) C K

where wy(z)} = {y € X : y = lim T™z weakly for some n; 1 oo} is the weak w-set
of T at z. Let & be ordered by inclusion. Then one easily sees that Zorn’s lemma

can be used to obtain a minimal element X in &,

Corollary 3.2.7 Suppose X is a Banach space with a weakly continuous duality
map Jy,, C is a weakly compact convex subset of X, and T : ¢ -+ C, is an

asymptotically nonexpansive type. Then 7" has a fixed point in C.
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Corollary 3.2.8 [10, 1994, p.1350] Suppose X is a Banach space with a weakly
continuous duality map J,, € is a weakly compact convex subset of X, and 7' :
C — C, is an asymptotically nonexpansive. Further, suppose that there exists a

nonempty closed convex subset K of C with the following property (w):
z € K implies wy(z) C K
where wy,(z) is the weak w — limnit set of T at z; that is, the set
{y € K :y = weak ~ ii}'nT”f:n for some n; T oo}.

Then 1" has a fixed point in K.

Lemma 3.2.9 Let C be a nonempty weakly compact convex subset of a Banach
space X satisfying Opial’s condition and let T be a mapping of asymptotically

nonexpansive type on C. Let {z,} be a sequence in C which satisfies the following

condition
w — lignmen =2z, for all m > 0.
Then lim by, = inf{b,, :m >0},  where b, = limsup ||[T7%, — 2.

Proof. Let ¢ > 0, and let b = inf{b,, : m > 1}. Then b+ £ is not lower bound,
there exist natural number my such that b,, — b < ¢/2. By the definition of

asymptotically nonexpansive type, there exists a natural number N, such that

sUP{|IT™ (zmo} = Ty = |izmo — 4ll v € C} < €/3,V n > Ny.

Using Opial’s condition, we have for 7 > N,
bmg+s = limsup [Tz, — 2044
< limsup [|T™04 g, — T2, ||
< limgnp (1770 = Ty | = [T — 2+ [T, — 22 )

< limgup (ITHT™2,) = Tz, | = {T™ = 2 )
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+ Ii{ﬂ;ﬁyp [T, — Zm |

< (€/3) +Hmgup 7™, ~ 2| < (/2) + by
This implies that |b,, - bl < ¢, for all m > N, for chosen N = Ny + my.

Therefore lim_ b,, = inf{b,, : m > 0}. O

Theorem 3.2.10 Suppose that X is a Banach space satisfying the uniform Opial
condition, C' is a nonempty weakly compact convex subset of X sand T O = C
is continuous of asymptotically nonexpansive type mapping. Then T has a fixed

point.

Proof. Let K,p, and p be as in lemma 2.1.20. Let 5 € K and le {Tmig}
be a weakly convergence subsequence of {T™z}. Passing to subsequence and using
diagonal method, we may assume that {77 T2} converge weakly for every m > 0,
say w — Hm Tz, = z.. Let b, = }iﬁiup 17 g — 2.0 By lemma 3.2.9,
{bm} converge to b = inf{by, : m > 0} > 0. We note by lemma 2.1.20,(7), that

zm € K for each m > 0. By weak lower semi-continuity of the norm implies

Ve = 2 || < limmsup |12, — T 2 < p,
Jro0

for all m,m’ > 0. Hence diam{{z, :m > 0}) < p. We claim that:
(#) for any € > 0 there exist y € K, m' > 0 and N > 0 such that
1Ty ~ 2, Il <€ whenever n > N.

To prove our claim, we distinguish two cases.

Case 1. im b, = 0. For any € > 0, there is m' > 0 such thus if m > m,

M=o

then b, < ¢/3. By the definition of asymptotically nonexpansive type, there exists

my > m such that
sup{[[T7+ g — Thyl| — |74 s | cu e K < ¢f3,

for all & > mq. Thus for k > my,
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12 = T2 | S HSUP (124 — T +oal| + limsup 7754 g - Tz,

S by Hmsup (7547 g — Ty || = |T 07 5 — 2 )
+Ii§g§oup Tt ™ gz — 2 ]

b te/34br <e
If we choose y = 2, and N =m/, then (x ) holds in this case.
Case II. lim_ b, = b > 0. It follows by the uniform Opial property of X that for
any € > 0 there is 6 > 0 and an integer V > 1 such that for all integer m > N and
z€ X,
limsup [T — z|| < b+ 8= ||z — zn]| < e (3.2.2)
jbeo

We may assume that V is chosen so large that for allm > N,

by < b-+§/2.
By the definition of asymptotically nonexpansive type, there exists an integer
mg > N such that

sup{{|T"z — T ull - flz —u| :u e C} < §/2,

for all m > my. So if k& > my, then

limsup [ 775470 +5g Tz, | < limgup ([T 70Ha — T8z || ~ {17707 — 2 )

F Rl ]
+lim sup [T g — 20l
L8 2 ok byt

If we choose m' = mg and y = 2, then for any j > N, we have

Tiy -z 1. .|| < € by (3.2.2). This proves (* ).
m kg
Finally, we can show that p = 0, we distinguish two cases.

Case I. There is Ny > 0 such that diam(@{z, : m > No}) = p < p. By (),
there are y € K,m', N € IN such that [Ty — 7, /|| < (p — p')/2, for all
n > N. So if n > max{N, Ny}, then
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e}

lewe =Tyl < Nl2wo = Zgom |+ l2pae = T9I < (0 4 ) /2. ©
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Case 1I. diam (¢6{z,, : m > N}) = pforall N € JN. Since X satisfies the uniform
Opial condition and hence the Opial’s condition and C is weakly compact, C has

normal structure. Hence, there exists z; € €0{znm 1 m € IN}, such that

P = 8Up e |20 — 2mll < diam(@{z, - m € IVY) = p.
By (1), there are y € K,m , N € IV such that Ny =2, |l < (0—~p)/2 whenever
n 2> N.Soifn > N, then

2o ~ Tl < flz0 = 2oy | + Nz — Tyl < (0 0)/2.

This prove p = 0. Hence lim ||T"¢ — z|| = 0. Therefore Tz = £ by continuity of
I O

Corollary 3.2.11 [6, 1995, p.942] Suppose that X is a Banach space satisfying
the uniform Opial condition, C is a nonempty weakly compact convex subset of
X,and T : ¢ = C T is an asymptotically nonexpansive mapping. Then T has a
fixed point.

3.3 Strong convergence and weak convergence.

In this section we investigate the asymptotic behavior of the iterates {T™x}
for a mappings of asymptotically nonexpansive type. And we show the strong
convergence of sequence of fixed points for an asymptotically nonexpansive

mapping in a Banach space with a uniformly Gateaux differentiable norm.

Theorem 3.3.1 Suppose X is a Banach space satisfying the uniform Opial
condition, C is nonempty weakly compact convex subset of X-and 7' : ¢ = C
is an asymptotically nonexpansive type. Then given an z € C, {T"z} converges
weakly to a fixed point of T'if and only if T is weakly asymptotically regular at z.
Proof. Let z € C,

=>) Suppose that {T"z} converges weakly to a fixed point of 7.
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Then Tz — y, for some y € F(T).

To show that T is weakly asymptotically regular at z. We must show that
(I — T™z) — 0.
Let f € X*. By T"z — y, f(T"z) — f(y), implies that

Tz —y) = f(T"z) = fly) = 0.

Consider

F(Tg — T) = f(Tz ~y +y — T™g)
= f(T"g —y) — f(T™ 'z —y)

50~ 0= f(0).
We have for any f € X* f(T"z —T"z) - f(0) = (T"z ~ Tz} =0,
Hence T is weakly asymptotically regular at z.
<) Suppose that 7' is weakly asymptotically regular at x. Then (T7x—T" ) — 0.

To show that {T™z} converges weakly to a fixed point of 7. We must show that

wy(z) € F{TY).

Let y € wy(z). Then we have a subsequence {T™z} of {Tx} such that Tz — y.
For all integers m > 0,

(Tmig — Tri¥™y) = (Trig — Tty + Tt — Tty 4 Tty
B Tyt 1) g Ly H I i )
= (Thig — Tl g) + (Tritiy — Th42g) 4 .
+(Tﬁj+(m'—1)x — R

= 04+0+..+0=0.
Thus (T™g — T+ ™g) - 0. Since Tz — y,

Trig — (TMg =T "g) -y —0=y.

Then 77ty — y. Set by, = lifﬁi}lp [Tt ™y — ylf.
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By the definition of Opial’s condition, we have

lim sup | T+ — y|| < limsup |77+ g — Ty
j-roc Jroo

for all m,k > 0. Let € > 0, and b := inf{b,, : m > 0}. Then b + 5 is not lower
bound of {b,, : m > 0} there exists mg € IN such that by < b+ 5. Since T'is an

asymptotically nonexpansive type,

lim sup(sup{|[T"z ~ T"y[| = lz — il :y € C}) < 0 <
—0G

o

for each 2 € C. Then there exists NV; € IV such that for all n > Ny,
. €
sup{[[T"z - Tyl ~ e~ gl : y € C} < 5

This implies that, for all integer k > Ny,

= ligggoup | Tmitmotky gl
< limsup |77+ Moty — Thyl]
=limsup ([T*(T"Hm0g) = Thyl| ~ [T+ Mg — yjj 4 || T +mog — yl))
s limsup ([TH(TF™0z) = Thy|| — | T7%5% 70z — yif) + limsup [|775 oz — |
< g +limsup | Tty — yif
= £ by,
Hence lim b, = inf{b,, : m > 0}. For all m > N;, we note that for each fixed
yedl
17y = y]} = limsup 7™y — y||
= limsup [Ty — T7597g 4 T2y — )
< limsup [[T™y — T2 7gl| + limsup [[77%+7z — g
=limsup ([[T™y — T™(T™* )| - Jly — Tz || + ||y — T+ mal))
+limsup [T — g

< limgup |77y —T(T%+) |~ ly—T"* )+ limsup ly—T"s+ma]
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+limsup [[T7%+*7z — |

< "26" “+ bm + b?m
Then || T™y — yll < §+ bm + bom, ¥V m = Ny
fb=0, b, — 0, and by, — 0 = |[|[T™y —y|| — 0, as m — oco. Hence Ty = y by
continuity of T" for some N > 1. Then y € F(T}. Suppose now b > 0. For m > Nj,
let
S _ (M= y)
j b '
Then, zgm) — 0 and ﬁﬂ‘,},i“p Hz§m)i| == 1. By the definition of Opial’s modulus rx

of X, liminf can be replace by limsup, that is for each ¢ > 0
rx{(c) = inf{limsup iz, + 2| — 1 : {|z]| = ¢, &, — 0, limsup{|z,[| = 1}.
00 T~ CQ

We obtain that,

lim sup Hzﬁ-zm} + 2zl =12 rx(c).

j—ro0

It implies that

lim sup ]|z§2m) + 2| 2 1+ rx{c)
00

for each z € X with ||z]] > ¢. Taking z = w=T"8) i, follows that

b2m
(I3 M gmy) 4 (y=TTY)
b2m me

lim sup |[z§-2m} + 1zl = lim sup
jr00 GO

= g limsup [T+ — Ty

= g limsup (JT™(1™77z) = T™yl| = [Tz — o
H|T "z — yli)

< sk (igup (JT7(T7 ™) = Tmy| - |77+ ~ )

+limsup [|77"z - y]|)
i-r00
< (5 o+ ba)-
It follows by the definition of Opial’s modulus that,

x (Wiy "Tmy“) +1< = (5+bm).

bom borm
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It implies that

s TTE
- (rx (W”y ; y“) + 1) < % .
2m

Taking the limit as m — co we get,

1i o A
b (’f’x ( msup [y yli) + 1) <S4

b 2
limsup |ly — T™y|| €
= (TX ( b + 1) < '2‘5 +1
limsup |ly —T™ €
w}(( | yn) \Py

Since ryx is nondecreasing and continuous,
limsup {ly — T™y|| = 0
M-y

Which in turn implies Ty = y by the continnity of 7% for some N > 1. Thus we
have verified w,,(x) € F(T). The complete of proof, we have to show that w,,(z)

is a singleton. This can be achieved by using the fact lim_||7"z — y|| = 0 exist for

every y € wy(z) and by a standard argument involving Opial’s condition. 0

Corollary 3.3.2 [6, 1995, p.940] Suppose X is a Banach space satisfying the uni-
form Opial condition, C is nonempty weakly compact convex subset of X and
T: C — C is an asymptotically nonexpansive mapping. Then given an z € C,
{T™z} converges weakly to a fixed point of T if and only if T' is weakly asymptot-

ically regular at z.

Theorem 3.3.3 Suppose X is a Banach space with a weakly continuous duality
map J,, ¢ is a weakly compact convex subset of X, and 1 : ¢ — (), is an
asymptotically nonexpansive type. Then if T is weakly asymptotically regular at

z € C, then {T"z} converges weakly to a fixed point of 7.

Proof. First observe that for any p € F(T), the lim ||T™z — p|| exists. In fact, for
all integers n,m > 1, we have

| Tz — p|| < limsup ||T™""z — p||

2300
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= limsup (|T™(T™z) — Tp|| - |T™z — p|| + [T™z — pl})
< limsup (sup{[T™u — T"p|| ~ {lu - p|| : v € C})
+limsup [Tz ~ p|

< limsup |7z — p|| = [[T™z — p||.

It follows that for all integers m > 1,
lim sup |77z — p|| = limsup [|[T™""z — pl| < |17z — pil.
n—rCco n—00

This implies that limsup [Tz ~ pfl < limint [|T™z - p|l. Hence lim |77z — pl|
exists. To show that {77z} converges weakly to a fixed point of T, it suffices to
show that

wy(z) C F(T). (%)
As a matter of fact if (**) is proven and if py = w—lim T™z and ps = w —lim T™z

belong to wy(z) and p; # po, then Opial’s condition of X, it implies that

lim | T%z — pof} = lim || 7™ — p1]]

< Jim {|T™ % — po|
= lim [[T™z - pa|
< lim 7%z - pif}

= lim {77z = pil,
a contradiction. Hence w,,(z) must be a singleton set. This implies that 1"z — y,

where {y} = wy(z).

We now show that wy,(z) C F(1'). Let y = w — lim 1™ be an arbitrary
element of wy(z). By weakly asymptotically regular of T at z, we have for all
integer m > 0,

w—Hm T "y =y,
i

Let 7, = limsup ||T%*™z — y|| and r = inf{r,, : m > 0}. Claim that li;_7n = 7.
j—teo

Let ¢ > 0, by the definition of asymptotically nonexpansive type, there exists
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N; € IN such that,

€

sup{[77z ~ Ty = lo =y : y € C} < §

for all n > Nj. Since r < 7 - £, there exists mgy € IV such that r < Tme < T+ 2.
Then for all 1 > N; and by Opial’s condition of X, we have
Tmo+t = limsup |[T%Fm0Hg gl < Yimsup [[Trtmotly - Tty
Feron F-reo
= limsup (|77 #mo¥g — Tly| — ||y — y|| 4 {|Trtmor — )
< limsup (sup{[|T*u ~ T'y|| ~ {lu - y|| : w € C})
+limsup [[T7F™oz — y
J—reo
< limsup () -+limsup |[|[T%+m0g — y|
J s o6 F—reo
= 2+ Ty
It follows that im_ 7., = r exists. Now for all integers m, 7 > 0, we have

AT — yi) = ST+ — (T™) + (T = i)
= ([T 42 — Ty

+ fy < (T —y), J (T2 g — Ty + 4Ty ~ ) > di.
‘Taking the limit superior as j approaches the infinity, we get
Q(rom) = lim sup B(|| T2y — Tmylp)
+Jp < Ty~ ), Jp(ly — T™y) + t(T™y ~ y)) > dt
= limsup @(||T"*2me — Ty[l) — 3 7™y = yllo(t|T™y — y|)dt
~timsup @[T — Ty) - B(|Ty — o)
< limsup S{(||T™ (T ™"z) — Tyl — |77z ~ y])
+limsup [Tz — yff) - (||T™y — yl})
<limsup @ (limsup (sup{[|7™u — T™y|| — |lu— y|| : w € C}) + 7.0

Fmroo

—O([[T™y - yll)
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< limsup $(0+ ) — S(IT™y — yl)) = B(r) ~ BTy - ).
It implies that,
SUT™y — yll) < {rm) — Blram)-

It follow that
STy = y|)) € P{rm) — B(rom) — 0, as m — co.

This implies that 7™y - y strongly and, hence Ty = y by continuity of TV for
some N > 1. Hence wy(2) C F(T). 0

Corollary 3.3.4 [10, 1994, p.1350] Suppose X is a Banach space with a weakly
continuous duality map J,, C'is a weakly compact convex subset of X, and 7" : C —
C, is an asymptotically nonexpansive mapping. Then if T is weakly asymptotically

regular at z € C, then {T™x} converges weakly to a fixed point of T'.

Suppose now C is a weakly compact convex subset of a Banach space X
and T : C — C is an asymptotically nonexpansive completely continuous mapping
(we may always asumme k, > 1 for all n > 1). For any n > 1, we take ¢, =
min{l — (kn — 1)%,1 — 2}, Fix a u in C and define for each integers n > 1 the

contraction S, : € — C by

¢ Ui
iy g Ingmy 3.1
Suf) = (1= Z)ut 2T (3.3.1)

Then the Banach Contraction Principle yields a unique point z, € C that is fixed

by S5, that is, we have

bn tn
Tp = (1 — %:)u +- %;T”acn. (3.3.2)

Theorem 3.3.5 Suppose that X is a reflexive Banach space with weakly
continuous duality map and uniformly Gateaux differentiable norm. Suppose in
addition T are weakly asymptotically regular. Then {z,} converge strongly to a
fixed point of 7.

Proof. Suppose that the sequence {z,} defined by (3.3.2). From corollary 3.2.7,
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the fixed point set #(7") of T is nonempty. We now shows that {z,} converge
strongly to a fixed point of T'..
Now let 11 be a Banach limit and define f : C — [0, c0) by

f(2) = pullzy — 2| for every 2z € C.

Then, since the function f on C is convex and continuous, f(z) — co as ||z|| — oo,
and X is reflexive it follows from (13, p. 79] that there exists u € C with
f(u) = inf f(z). Define the set

M= {veC: fv) = inf f(2)}.

Then M is a nonempty, closed and convex. We further claim that M has the
property (w). If zisin M and y = w — lign IT™iz belong to the weak w-limit set
wy(z) of T at z. By Theorem 3.3.3, we have {T"z} weak converge to fixed point of
T, that is y € F(T). Since T is completely continuous, {T™z} strong convergence

to y. It implies that
Fy) = tinlizn = yll < pinljzn = Tyl 4 pall Tz, ~ T2l 4 pa T2 — g
< Enpinllzn ~ 2l = ko f(2) = inf £ (2)

< Fy).
Then f(y) = Inf f(#) and hence y € M. This show that y belongs to M and hence
M satisfies the property (w). It follows from corollary 3.2.7, that T has a fixed
point zg € M. Next, to show that (z,) converges strongly to a fixed point of 7. We
note that, for any w € F(T),

(Zn — T2y, J@g — w)) = {2y ~ w0, J (&, — w)) + (w — Tz, J (2, — w))
2 |z~ wl* - [lw — Ty |||z, — w]]
> = (kn = Dz — w|?

> —(ky — 1)d?




34

where d = diam C. Since z,, is a fixed point of Sy, it follows that

kn"“tn

mn—¥T”mnﬂ . (1 — zn)
and from last inequality above,we get
(B — uy J{@0 — W) < S$nd?, (3.3.3)

where s, = t(”}cwi%i—l}l -y () as m -~ 00. So, putting w = z,, we have

{zn — U, J(a:n — IS spd”. (3.3.4)

On the other hand, since zg is the minimizer of the function fon C, by [14, Lemma

3], we have

nlz = 29, J (T = 7)) <0

for all z € C. In particular, we have
(e — 20, J (Zn — 20)} £ 0. (3.3.5)
Combing (3:3.4) and (3.3.5), we get
5 = 70, (3 = 20)) = fnlfen = 20l < 0.

Therefore, there is a subsequence {z,, } of {z,} which converges strongly to z. To
show that {z,} converges strongly to a fixed point of T let {2n,} and {zm;} be
subsequences of {z,} such that z,, — z and 2,; = Z'. Thus i, ||Zn; — zl? €0
and hence there is a subsequence {;r;nj,} of {z,,} which converges strongly to a
fixed point of 7. Hence z € F(T'). Similarly, we have z € F(T). It follows from
(3.3.3) that

(z—u,J(z—2)) <0

and

(z —u, J (7 —2)) <0
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Adding these two inequalities yields
(z—~2J(z=2")) = ||z~ 2|* = 0.

So we have z = 2’. Therefore {@,} converges strongly to a fixed point of T". [

Theorem 3.3.6 Suppose that X is Banach space with a uniformly Gateaux
differentiable norm such that D{X) < 1, that C is a closed bounded convex subset
of X, and that T : € — C is an asymptotically nonexpansive mapping. Then, a
mapping S, on C given by (3.3.1) has a unique fixed point z, in C. Further, if T'
is weakly asymptotically regular and completely continuous, then {z,} define by

(3.3.2) converges strongly to a fixed point of 7',

Proof. It follows by the Banach Contraction Principle that S, has a unique fixed

point z, in C, that is we have

tn tn n
e = (1=t 2T, (3.3.6)

foralln > 1. Applying Zorn’s lemma we can get a subset K of C which is minimal
with respect to being nonempty, closed, convex, and satisfying the property (w).
From corollary 3.2.3, the fixed point set F(T) of T is nonempty. We now shows
that {z,} converges strongly to a fixed point of 7. Now let p be a Banach limit
and define f: K — [0,00) by -

f{z) = ppllzn — 2| forevery z € K.

Then, since the function f on K is convex and continuous, f(z) — oo as ||z} — oo,
and X is reflexive it follows from [13, p.79] that there exists u € K with
f(u) = inf,cx f(2). Define the set

M={veK: f()=inff(z)}.

Then M is a nonempty, closed and convex. We further claim that M has the

property (w). We must show that {7™z} weak converges to fixed point of T. Let
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Y € wylz) then y = w —lim; T™z. It follows by the weakly asymptotically regular
and completely continuous of T, that Ty == y. Hence wy,(z) C F(T). For any
n € IN, we have lim ||T"y—y|| = 0. By lemma 2.1.20(3), we have p = 0. It implies
that 7"z — y and hence {T™z} converges weakly to fixed point of T'. In fact, if x

is in M, then from ||z, — T"xz,|| — 0 as n — oo, we have
F@) = pnllzn = yll £ polltn — T2l + pal| T 20 — T2 + pol| T2 — y||
< knpinllzn — 2| = ko f(2) = infLex f{2)

< fy)
This show that y belongs to M and hence M satisfies the property (w). It follows
from corollary 3.2.3, that T has a fixed point 2y € M. Next, to show that (z,)

converges strongly to a fixed point of 7. We note that, for any w € F(T'),
(T — TPy, J (2, — w)) = (&g — w, J{zy — w)) + (W -T2, J(2, —w))
> |z, = wi? = Jw — Tz, |2, — w]

> ~(kp — 1)fizn ~ w”2

> ~(kn - 1)d?
where d = diam K. Since x, is a fixed point of S,, it follows that
Ty — T2y, == o ; i (w—2,) (3.3.7)
n
and from last inequality above,we get
(Zn — u, J(2n — w)) < 8,07, (3.3.8)

to(kp—1

where s, = ey 0 as n — oo. So, putting w = 2,, we have

(2 —u, J(Zn — 7)) < 8pd° (3.3.9)

On the other hand, since zp is the minimizer of the function f on K, by {14, Lemma

3], we have

Pz = 20, J(Zp — 2)) < O
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for all z € K. In particular, we have

p,n(u — Zg, J(CEn - ZG» < 0. (3310)
Combining (3.3.9) and (3.3.10), we get
Hn(Tn — 2oy J (T = 20)) = pinlin — ZOHZ < 0.

Therefore, there is a subsequence {x,,} of {w,} which converges strongly to 2. To
show that {z,} converges strongly to a fixed point of 7' let {zn;} and {zn,} be
subsequences of {z,} such that Tn; = 2 and Zr,, — 2. Thus ;Lnj“:cnj —l* <0
and hence there is a subsequence {xnj,} of {z,,} which converges strongly to a
fixed point of T". Hence z € F(T'). Similarly, we have 2 & F(T). 1t follows from
(3.3.8) that

{z—~u,J(z=2")) <0

and

(7' —u, J(z—2)) < 0.

Adding these two inequalities yields
(=2, J(z-2) =z~ 2| = 0.

S0 we have z = 2. Therefore {x,} converges strongly to a fixed point of T. 0

Theorem 3.8.7 Let X be a Banach space satisfying Opial’s condition and whose
norm is UKK. Let C be weakly compact convex subset of X and let
T :C — C be a uniformly continuous of asymptotically nonexpansive type and
which is asymptotically regular at the point # € €. Then the iterates {T"z}
converges weakly to a fixed point of 7.

Proof. We shall show that {T"z} converge weakly to a fixed point of 7.

Let z, :=T"z forn=1,2,3,... . Since T is asymptotically regular,

lim (T2 ~ T""'2) =0, VzeC

nN—rcoH
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Then (z, — T™z,) = (T"z — T™(T"z)) = (T"z — T™"z) — 0.
Thus (z, — T™z,) - 0 |

Since {z, } is a sequence in weakly compact C, there exist subsequence{z,, }
of {z,} such that z,, = y € C, the set w,(z) # @, by Theorem 3.1.4, we have
wy(z) € F(T). To show that for each y € w,(z) the lim ||T"z — y| exists. Let
Y € wy(z) and any m € IN we have y € F(T),

limsup [{T"z — y|| = limsup [Tz — y|
= limsup [|T™"z — Ty, by y € F(T).
< limgup (IT™(T72) — Tyl - 1 T™2 — y|)
+lmsup {77z — y|
< limsup (sup{||7"u — T"y|| ~ ju — y|| : u € C})
+limgup [[T7z -y
< Tz -yl
Thus limsup |7z ~ yl| < liminf [[772 — y|

Hence lim {|T"z — y|| exists.

Claim that wy(z) is singleton set. Let py,pe € wy(z) and py 5 py, there
exists subsequence {I™z} and {T™z} of {I™z} such that T"z — p;, Tz — p,
then

lim 17"z — po|| = im 7™z — py ||

< lim {T™z — pa}|, by Opial’s condition

= lim [IT™ 2 — py]

i-yoo
<lim [T%z — pil|, by Opial’s condition

= lim ||T"z — p,||

L= 00
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Then lim {|T"z — p1|| < lim {|T™z — p1|| a contradiction.

Az OQ

Since every subsequence {I™z} of {T™z} converges weakly to a fixed
point of T and lim [[T™z - y|| exists. Hence {T"z} is weakly convergence to a

fixed point of T'. [

Corollary 3.3.8 Let X be a Banach space satisfying Opial’s condition and whose
norm is UK K. Let C be weakly compact convex subset of X andlet 7 :C = ¢
be an asymptotically nonexpansive mapping such that 7V continuous for some
N Z 1 and which is asymptotically regular at the point z € C. Then the iterates

{T™z} converges weakly to a fixed point of 7.






