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CHAPTER I

INTRODUCTION

In 1965, the concept of fuzzy subset was introduced by Zadeh [22]. The
theory of fuzzy subsets can be applied in many scientific fields such as computer
science, coding theory, decision theory, and social science. In algebra, Rosenfeld
[18] applied the concept of fuzzy subsets to groupoids and groups. By applying
Rosenfeld’s idea, the concepts of fuzzy ideals, fuzzy bi-ideals, and fuzzy interior
ideals in semigroups were studied by Kuroki [14, 15]. Since that day, the concepts
of fuzzy subsets in semigroups have been studied by many authors. An ordered
semigroup is a semigroup together with a partial order, which is compatible with
the operation. This type of semigroup has been interested by some authors to

—study because every semigroup-can be treated as an ordered-semigroup:

By using “belong to” relation (€) and “quasi-coincident with” relation
(g), Bhakat and Das |1, 2] introduced the concept of (a, 8)-fuzzy subgroup, where
o, B € {€,q,€Vq, €N} and a # €Ag. This concept of (o, 3)-fuzzy subgroups is a
gencralization of fuzzy subgroups. By the same idea, Shabir et. al. [19] introduced
the concepts of (o, 3)-fuzzy bi-ideals in semigroups («, # € {€,q, €Vq, €Aq} and
o # €Aq). The results of (€, €Vvg)-fuzzy bi-ideals were established. Shabir et.
al. [20] also generalized the concept of (€, €Vq)-fuzzy bi-ideals in semigroups to
(e, eVqy)-fuzzy bi-ideals and characterized some types of semigroups. By applying
these ideas, the similar results hold in case of ordered semigroups [4, 11]. In
2012, Khan et. al. [13] introduced (A, #)-fuzzy bi-ideals, where A\, 8 € [0,1] in
ordered semigroups. Some authors prefer to use the term fuzzy bi-ideals with
thresholds (A, 8] instead of (A, 0)-fuzzy bi-ideals. This concept of (A, #)-fuzzy bi-
ideals is a generalized concept of (€, €Vq)-fuzzy bi-ideals (resp. (€, €V )-fuzzy bi-
ideals). The former work showed that the concept of (€, €Vq)-fuzzy bi-ideals (resp.

(€, eVay)-fuzzy bi-ideals) and (0, 0.5)-fuzzy bi-ideals (resp. (0, 15%)-fuzzy bi-ideals)



S

arc the same. The characterization of completely regular ordered semigroups by
their (A, #)-fuzzy bi-ideals was also given. The similar works in cases of fuzzy
interior ideals and fuzzy left ideals can be founded in [3, 5, 10, 12, 19, 20, 21].
Siripitukdet and Ruanon [21] also showed that in regular, completely regular, intra-
regular, and left regular ordered semigroups, the concepts of fuzzy interior ideals

with thresholds (s,#] and fuzzy ideals with thresholds (s, t] coincide.

In this research, two binary operations on a closed interval [0, 1] of real
numbers are defined. By using the binary operations, we introduce the concept of
generalized (s,£)-fuzzy bi-ideals which is a generalization of (s, ¢)-fuzzy bi-ideals
of ordered semigroups. We define a fuzzy subset f;; of an ordered semigroup,
where f is a fuzzy subset and investigate some interesting results. Then we apply
this idea to generalized (s, t)-fuzzy interior ideals and generalized (s, t)-fuzzy left
ideals. The characterization of completely regular, intra-regular, and left regular
ordered semigroups by their generalized (s, t)-fuzzy bi-ideals, generalized (s,t)-
fuzzy interior ideal, and generalized (s,t)-fuzzy left ideals are given. Finally, we
show that in regular, completely regular, intra-regular, and left regular ordered
semigroups. the concepts of generalized (s, t)-fuzzy interior ideals and generalized

(s, t)-fuzzy ideals coincide.

This thesis is organized into 4 chapters. The Chapter I is an introduction
of this research. In Chapter II, we give some definitions, notations, examples, and
basic results which are used in this research. This chapter is divided into two
sections. The first section deals with ordered semigroups and subsemigroups. The
next one is about fuzzy subsemigroups on ordered semigroups. In Chapter 111, we
introduce two binary operations. By using the operations, we generalized some
types of fuzzy subsemigroups on ordered semigroups and investigated some basic
results. The characterizations of some types of ordered semigroups are also given

in this chapter. All main results of this thesis are concluded and listed in Chapter

IV.



CHAPTER 11

PRELIMINARIES

In this chapter, we give some definitions, notations, examples, and basic
results which are used in this research. This chapter is divided into two sections.
The first section deals with ordered semigroups and suhsemigroups. The next one

is about fuzzy subsemigroups on ordered semigroups.

2.1 Basic definitions in ordered semigroups

Definition 2.1.1. ([17]) A binary relation or simply a relation R from a set A

into a set B is a subset of A x B. If A = B, then R is called a relation on A.
Definition 2.1.2. ([17]) A relation R on a set S is called a partial order on S if
it satisfies the following conditions:

(1) (Vz € S)((z,2) € R),

(2) (Vz,y € S)((z,y) € R and (y,x) € R implies x = y),

(3) (Va,y,z € S)Y(z,y) € R and (y, z) € R implies (z,z) € R).

A partial order on a set S is usually denoted by <. We often write x < y
rather than (z,y) € <.

Definition 2.1.3. ([17]) A nonempty set together with a partial order on it is

called partially ordered set.
Definition 2.1.4. ([10]) By an ordered semigroup, we mean a structure (S, -, <)
in which the following conditions are satisfied:

(1) (S,-) is a semigroup,

(2) (S, <) is a partially ordered set,



(3) (Va,b,c € S)(a < bimplies ac < be and ca < ¢b).
For convenience, we write S instead of (5, -, <) when there is no danger of
ambiguity.

For any nonempty subsets A, B of an ordered semigroup .S, denote AB :=

{ab| a € A, b e B}.

Definition 2.1.5. ([4]) A nonempty subset A of an ordered semigroup S is called

a bi-ideal of S if it satisfies:

(W A% &4,
(2) ASAC A,
(3) (Va € S)(¥b € A)(a <bimplies a € A).

Definition 2.1.6. ([10]) A nonempty subset A of an ordered semigroup S is called

an interior ideal of S if it satisfies:

(2)%45U A,

(3) (Va € S)(Vb € A)(a < b implies a € A).
Definition 2.1.7. ([12]) A nonempty subset A of an ordered semigroup .S is called
a left (resp. right) ideal of S if it satisfies:

(1) SAC A (resp. AS C A),

(2) (Va € S)(Vbe A)(a < b implies a € A).

A nonempty subset A of an ordered semigroup S is called an ideal of S if

it is both a left ideal and a right ideal of S.



Definition 2.1.8. ([11]) An ordered semigroup S is called simple if it does not

contain any proper ideal.

Let S be an ordered semigroup. For any nonempty subset A of S, we

denote (A] :=={b€ S| b < aforsome a€ A}. If A = {a}, we write (a] instead of

({a}].

For any element @ of an ordered semigroup S, we denote by I(a) (resp.
L(a), B(a)) the ideal (resp. left ideal, bi-ideal) generated by a. It is well-known

that I(a) = ({a}UaSUSaUSaS], L(a) = ({a}USd], and B(a) = ({a}U{e*}UaSq].

Definition 2.1.9. ([11]) An ordered semigroup S is called regular if for every

a € S there exists & € S such that a < awa.

Definition 2.1.10. ([13]) An ordered semigroup S is called completely regqular if

for every a € S there exists x € S such that a < a®zva?.

Definition 2.1.11. ([10]) An ordered semigroup S is called intra-regular if for

every a € S there exist z,y € S such that a < za?y.

Definition 2.1.12. ([11]) An ordered semigroup S is called left reqular if for every

a € S there exists & € 9 such that a < ad®.

2.2 Fuzzy subsets on ordered semigroups

Definition 2.2.1. ([17]) Let A be a nonempty subset of a set X. The characteristic
function of A is a function Cy of X into {0,1} defined by Cy(z) =1 if x € A and
Ca(z)=0if z & A.

Definition 2.2.2. ([17]) A fuzzy subset f of a nonempty set X is a function f

from X into the closed interval [0, 1].

For any a,b € [0, 1], we denote a A b := min{a,b} and a V b = max{a, b}.

Then V and A are binary operations on [0, 1].



Definition 2.2.3. ([11]) A fuzzy subset f of an ordered semigroup S is called a

fuzzy subsemigroup of S if f(xy) > f(x) A f(y) for all 2,y € S.
Definition 2.2.4. ([4]) A fuzzy subset f of an ordered semigroup S is called a
fuzzy bi-ideal of S if it satisfies:

(1) (Va,y € S)(f(zy) = [(=) A [(9)),

(2) (Va,y, = € S)(f(ayz) = F@)AF(2)),

(3) (Va,y € S)(x < yimplies f(z) = f(y))-

Lemma 2.2.5. ([4]) A nonempty subset A of an ordered semagroup S is a bi-ideal

of S if and only if the characteristic function C, is a fuzzy bi-ideal of S.
Definition 2.2.6. ([10]) A fuzzy subset f of an ordered semigroup S is called a
fuzzy interior ideal of S if it satisfies:

(1) (Vz,y € S)(f(zy) = f(x) A f(y)),

(2) (Va,y,z € S)(f(zyz) = f(y)),

(3) (Y, € S)(« <y implies £(z) > [()).

Lemma 2.2.7. ([10]) A nonempty subset A of an ordered semigroup S is an inte-
rior ideal of S if and only if the characteristic function C'y is a fuzzy interior ideal

of 5.
Definition 2.2.8. ([10}) A fuzzy subset f of an ordered semigroup 5 is called a
fuzzy left ideal (resp. fuzzy right ideal) of S if it satisfies:

(1) (Va,y € S)(f(ey) 2 () (vesp. fley) = f(2)),

(2) (Yo,y € S)(z <y implies f(z) = f(y)).

A fuzzy subset f of an ordered semigroup S is called a fuzzy ideal of S if

it is both a fuzzy left ideal and a fuzzy right ideal of S.



Lemma 2.2.9. ([6]) A nonempty subset A of an ordered semigroup S is a left ideal

of S if and only if the characteristic function Cy 1s a fuzzy left ideal of S.

Remark 2.2.10. Every fuzzy ideal of an ordered semigroup is a fuzzy bi-ideal

and a fuzzy interior ideal, but a fuzzy bi-ideal or a fuzzy interior ideal does not

necessarily to be a fuzzy ideal.

Definition 2.2.11. ([13]) Let s.t € [0,1] with s < t. A fuzzy subset f of an

ordered semigroup S is called an (s, {)-fuzzy bi-ideal of S if it satisfies:

(1) (Vat,y € S)(S(ey) Vs = f(@) A F(y) AB),

2) (Vayy, = €9)(feyz) Vs = [(2) A f(z) A D),

(3) (Vz,y € S)(x < yimplies f(z) Vs > f(y) At).

Example 2.2.12. ([13]) Let S = {a,b,c,d,e}. Define a binary operation and a

partial order on S as follows:

i :
1-‘(1 b’c d| e
la (1‘(1 ald (f,‘
'b}u%b a (l:d.
76 1]
lc|a d (:‘a’.uﬂ
- |
ja’iaid aldl|d
<O A S

| etald c‘n’. e

< = {(a,a), (a,¢), (a,d), (a,e), (b,b), (b,d), (b, e), (c,c), (c,e), (d,d), (d,e), (e,e)}.

Let [ be a fuzzy subset of S defined by

’

0.8,
0.7,
0.3,
0.5,

0.6,
\

if © = a,
if z=h,
if 2=¢,
ffr=d,
if x = é&.



Then S is an ordered semigroup and [ is a (0.2,0.4)-fuzzy bi-ideal of S, but not a

fuzzy bi-ideal of S because f(ab) = 0.5 < 0.7 = f(a) A f(b).

Lemma 2.2.13. ([13]) Let s,t € [0.1] with s < t. A nonempty subset A of an
ordered semigroup S is a bi-ideal of S if and only if the characteristic function C,

is an (s, t)-fuzzy bi-ideal of S.
Definition 2.2.14. ([21]) Let s.t € [0, 1] with s < ¢. A fuzzy subset f of an
ordered semigroup S is called an (s, t)-fuzzy interior ideal of S if it satisfies:

(1) (Vo,y € S)(f(xy) Vs = fla) A f(y) At),

(2) (Vz,y,2 € S)(f(zyz) Vs > fly) At),

(3) ¥,y € 5)( < yimplics F()V s > £(y) A B,

Example 2.2.15. Let S = {a,b,e¢,d}. Define a binary operation and a partial

order on S as follows:

A
‘”|b C'dl
e la]al
a (t!(r (:;a!
T '!
b alald @ |
S % |
¢ | a al(r!
P ——] | !
id‘rt! ia'

< = {{(a,a),(a,c),(a,d),(b,b), (c,c), (d,d)}.

Let f be a fuzzy subset of S defined by

[ 07 Yao=g;
0.8, Wfz=0
flz) =<
05, ifz=¢g
04, ifz=d.

Then S is an ordered semigroup and f is a (0.5,0.7)— fuzzy interior ideal of S, but

not a fuzzy interior ideal of S because f(bc) = 0.4 < 0.5 = f(b) A f(c).



Lemma 2.2.16. ([21]) Let s,t € [0,1] with s < t. A nonempty subset A of
an ordered semigroup S is an interior ideal of S if and only if the characteristic

function Cy is a (s,t)-fuzzy interior ideal of S.
Definition 2.2.17. ([3]) Let s,t € [0, 1] with s < f. A fuzzy subset f of an ordered
semigroup S is called an (s, t)-fuzzy left ideal (resp. (s,1)-fuzzy right ideal) of S if
it satisfies:

(1) (Va,y € S)(f(zy) Vs> fly) At (vesp. flay) Vs> f(z) At)),

(2) (Va,y € S)(z < yimplies f(x) Vs> f(y)Al).

A fuzzy subset f of an ordered semigroup S is called an (s, t)-fuzzy ideal

of S if it is both an (s, )-fuzzy left ideal and an (s, t)-fuzzy right ideal of S.



CHAPTER III

MAIN RESULTS

In this chapter, we introduce two binary operations. By using the opera-
tions, we generalized some types of fuzzy subsemigroups on ordered semigroups.
3.1 The binary operations A; and V; on [0, 1]

In this section, two binary operations on [0, 1] are given and some prop-
erties of them are investigated. Through the research, we write a A b and a V b

instead of min{a, b} and max{a, b}, respectively.
For any fuzzy subset f of a nonempty set X and any a,b € [0, 1], denote

a, = {me€Im(f)|0<m<a},

ay = {meIm(f)la <m < 1}.

Define two binary operations Ay and Vy on [0, 1] as follows:

supa Aby, ifaAby#0,

alpb—
aAb, otherwise

and

infa Vb, itaVbs+#0,
aVyb=
a Vb, otherwise.

Example 3.1.1. Let X = {a,b,¢,d} and let f be a fuzzy subset of X defined as

follows:
»

0.8, ifz=a,

0.7, ifx=6
f(@) = 4
0.4, 'if T =g,

0.2, ife=d.
\
We can see that 0.5, = {0.2,0.4} and 0.7, = {0.7,0.8}. Then 0.6 A; 0.5 =
sup0.5; = 0.4 and 0.7V, 0.1 = inf 0.7, = 0.7,
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The following propositions are obtained and will often be used in the next

section.
Proposition 3.1.2. Let f be a fuzzy subset of a nonempty set X and a,b, ¢ € [0, 1].
The following statements hold:
(1) aApb="bAga,
(2) aVyb=bV;a,
(3) angb<aAbd,
(4) aVsb>aVb,
(5) anfb=aAbifabcln(f),
(6) aVyb=aVbifabeIm(f),
(7)) anpb<anfecifb<e,
(8) avVrb<aVyecifb<ec,
£9) ek WAJefa > ¢,
(10) aAfc=bAjeifanbAc=c,
(11) aVye<bVycifas<e,

(12) aVye=bVscifaVbVe=c.

Proof. (1)-(8) are straightforward from the definitions of Ay and V.

(9) Assume that @ > ¢. If ¢ > b, then a Ay ¢ > ¢ Ajc > b Ajc. Now,

suppose that ¢ < b. We will consider the following cases:

Case 1: ¢; = 0. Then aAc; = 0 = bAc¢;. This means that a Ay ¢ =

aNc=bAc=0bAysc
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Case 2: ¢; # 0. Then a Ay ¢ =supa A ¢ =supey =supbAc, =bAsec
Thus (9) holds.

(10) Suppose that a AbA ¢ = c¢. Then a > ¢ and b > e. By applying (9),

aNfc=0bAgec.

(11) Assume that @ < ¢. If ¢ < b, then a Ve < cVye < bVye Now,

suppose that ¢ > b. We will consider the following cases:

Case 1: g@¥= B. Then aVep = B = bV c;. This means that a Vyc =

aVe=bVe=bVyse
Case 2: ¢y #0. Then aVyc=infaVep =infey =infdb Ve, =bVye
Thus (11) holds.

(12) Suppose that aV bV ¢ =c. Then a < ¢ and b < ¢. By applying (11),
aVie=0bVye. O
Proposition 3.1.3. Let [ be a fuzzy subset of a nonempty subset X and a,b € [0, 1]
such that a,; and by are nonempty. Then the following statements hold:

(1) a; Cb; if a< b,

() a; ~sway

(3) aAyb=aAssupby =supa; Apsupb,.

Proof. (1) Obvious.

(2) Since sup a 5 < a,we have supa g C a;. On the other hand, let m € a £

Then m < supa f This implies that m € supa £y Thus a; € supa o

(3) Note that a > sup ay and b > sup Qf. Then a Ay b > a Ay Slll)bf >
supa; Agsupb,. On the other hand, we have supa, Ay supb, > supa Ab; As

supa/\bf:supsupa/\bff=supa/\bf=a./\f b. O



13

Proposition 3.1.4. Let [ be a fuzzy subset of a nonempty subset X and a,b € [0, 1]

such that @y and by are nonempty. Then the following statements hold:

(2) ay = illfﬁff,

(3) aVib=aV,infb; =infa,; V,infb,.

Proof. (1) Obvious.

(2) Since a < infay, we have inf ay C @yp. On the other hand, let m € @;y.

Then m > inf @y. This implies that m € infay,. Thusay Cinfay,.

(3) Note that @ < infa; and b < infB_,r. Then a Vs b < a Vy infgf <

I

inf @, VfinfEJr. On the other hand, we have inf @V finf Bf <infaVbsVysinfaV by

2

infinfa V by, = inf aVb;=aVb.
Proposition 3.1.5. Let f be o fuzzy subset of a nonempty set X and a,b, c € [0,1].
The following statements hold:

(1) anp(bAfb) =aAgb,

(2) aVp(bV,by=aV,b,

(3) (anpbd)Afc=ahs(bAfe),

4) (aVib)Vie=aVys(bVyc).
Proof. (1) and (2) are straightforward from Proposition 3.1.3 and 3.1.4, respec-
tively. To show that (3) is true, we may assume that a < bAc. Ifa = @, then
(a Agb) Apc=a=aAN;(bAsc). Suppose that e, # §. By Proposition 3.1.3, we

have b, and ¢; are nonempty. We can verify that (a Afb) Ajc=a; = aAs (bAgc).

Thus (3) holds. By using a similar reasoning, (4) is true. O
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3.2  Generalized (s,t)-fuzzy bi-ideals in ordered semigroups

In this section, we introduced a generalized (s, t)-fuzzy bi-ideal of an or-
dered semigroup and investigate some interesting properties. From now on, let

s,t €[0,1] with s < ¢.

Definition 3.2.1. A fuzzy subset f of an ordered semigroup S is called a gener-
alized (s,t)-fuzzy bi-ideal of S if it satisfies:

(1) (Vo,y € SY(fley) Vs > f(x) As F) Asd),

(2) (Va,y, 2 € S)(f(ayz) Vis = fla) Ar f(2)Ag L),

(3) (Vz,y € S)(x <y implies f(z)Vys> fly) Ast).

Every (s, t)-fuzzy bi-ideal of an ordered semigroup S is a generalized (s, t)-

fuzzy bi-ideal of S, but the converse is not true.

Example 3.2.2. Let S = {a,b,c,d,e}. Define a binary operation and a partial

order on § as follows:

w T
1 alblcldl|e
liiiil I

ia;(tid!a d}d.
}b‘a b |a (/Jd.

d1a d|a)did
\ | T |
e?u d!c‘d e

< ={(a,a),(a,c), (a,d),(a,e), (b,b),(b,d),(b,e),(cc)(ce),(dd),(de),(ee)}.

Let f be a fuzzy subset of S defined by
038, ifs=4,
0%, ifz=145,

fla) = |

3, #F—=¢ 0tE =d,

| 0.6, ifx=e.
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Then S is an ordered semigroup and f is a generalized (0.2,0.4)-fuzzy bi-ideal of

S, but not a (0.2,0.4)-fuzzy bi-ideal because f(d) vV 0.2 =0.3 < 0.4= f(e) A0.1.

The following theorem shows the relation between a nonempty subset of

an ordered semigroup and its characteristic function.

Theorem 3.2.3. A nonempty subset A of an ordered semigroup S is a bi-ideal of
S if and only if the characteristic function Cy is a generalized (s, t)-fuzzy bi-ideal

af 5.

Proof. Assume that A is a bi-ideal of an ordered semigroup S. By Lemma 2.2.13,
Cj is an (s, t)-fuzzy bi-ideal of S. Thus Cj, is a generalized (s, t)-fuzzy bi-ideal of
S. Conversely, suppose that €, is a generalized (s,1)-fuzzy bi-ideal of S. Since
Im(C4) C {0,1}, we have C'y(z) Ag, t = Ca(z) At and Ca(x) Ve, 5= Ca(z) Vs

~for all z € S. Thus C'y is also an (s, t)-fuzzy bi-ideal of S. By Lemma 2.2.13, A is

a bi-ideal of S. O

For any fuzzy subset f of an ordered semigroup S and any p € [0, 1], we
define a subset UL(f; p) of S as [ollows:

UHFDyr=1TeS )V stapA) ty

Lemma 3.2.4. Let f be a fuzzy subset of an ordered semigroup S. The following

statements are equivalent:

(1) (Va,y € S)(f(zy) Vys > () Ap fy) Ap 1),

(2) (vp € (s,t)(Va,y € Ui(fip))(wy € U (f3p)-

Proof. Assume that (1) holds. Let p € (s,t] and z,y € UL(f;p). Without loss of

generality, we may assume that f(z) < f(y). Consider the following cases:
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Case 1: f(x) = s. Then f(xy) Vys = f(x) Af fly) Apt = f(@) Aft =

(f(R)Ves)Apt = (pAst) Ast =pAst. Thus zy € UL f;p).
Case 2: f(x) < s. Then f(zy)Vys > f(x)Vys = pAst. Thus ay € UL(f;p).

Conversely, assume that (2) is true. Let z,y € 5. Without loss of gener-

ality, we may assume that f(2) < f(y). Consider the following cases:
Case 1: f(z) <s. We have f(ay) Vss > s> f(x) > f(x) Af f(y) Agt.

Case 2: t < f(z). Then f(y) Ayt = f(x) Ayt =1t Ay t. This implies that
z,y € Ul(f;t). By the assumption, zy € UL(f;t). Thus f(zy) Vs > tApt =
f@) Apt=f(@) A fy) Art.

Case'3: si< f(x) <t Since fly)Mps = F(x) Vs o= flz) =if(z) Ast, we

have z,y € UL(f; f(x)). By the assumption, xy € UL(f; f(z)). Thus f(zy) Vys >

Fx) At = f(x) Ay Fly) As t. 0

Lemma 3.2.5. Let [ be a fuzzy subset of an ordered semigroup S. The following

statements are equivalent:
(1) (Va,y, 2z € SIS (zyz) Vi 5= f(x)Nr f(2) Apit),
(2) (Ype (s, th(Vx,z € UI(f;))(Vy € S)ayz € U([;p)).-
Proof. Assume that (1) holds. Let p € (s,t] and z,y,z € S with z, z € U(f;p).

Without loss of generality, we may assume that f(z) < f(z). Consider the following

cases:

Case 1: f(x) = s. Then f(zyz) Vys = f(x) Ay f(z) Apt = f(x) Apt =
(f(@)Vys)Apt = (pAst) Apt=pAst. Thus zyz € Ul(Sf;p).

Case 2: f(z) < s. Then f(zyz)Vys > f(x) Vys > pAst. Thus zyz €
Us(f;p).
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Converscly, assume that (2) is true. Let z,y,2 € S. Without loss of

generality, we may assume that f(x) < f(z). Consider the following cases:
Case 1: f(z) < s. We have f(ayz) Vys > s> f(x) > f(z) Af f(2) Ast.

Case 2: t < f(z). Then f(z) Ayt = f(x) Ayt =t Ay L. This implies that
x,z € Ul(f;t). By the assumption, xyz € UL(f;t). Thus f(axyz) Vys 2 t At =
[(@) Agt = f(z) As () AsL.

Case 3: s < f(x) <'t. Since f(z) Vs s > fZ)V, s = f(z) = f(x) As i, we
have z, z € UL(f; f(2)). By the assumption, xyz € UL(f; f(x)). Thus f(zyz)Vys >

flz) Apt = fa) Ap f(z) Ayt O
Lemma 3.2.6. Let f be a fuzzy subset of an ordered semigroup S. The following
statements are equivalent:

(1) (Va,y € S)(v <y implies [(x) Vys > [(y) Aft),

(2) (Vp € (syt))(Vz € S)(Vy € UL(f; p))(= <y amplies x € U f; p)).
Proof. Assume that (1) holds. Let p € (s,t] and z,y € S with y € UY(f;p) and
z < y. Consider the following cases:

Case 1: f(y) > s. Then f(2) Vrs > fly) Apt = (f(y) Vys) At =

(pAst)Apt=pAst. Thus z € UL([;p).
Case 2: f(y) < s. Then f(z)Vys > f(y)Vys > pAst. Thus a2 € UL S; p).

Conversely, assume that (2) is true. Let z,y € S with z < y. Consider

the following cases:
Case 1: f(y) <s. We have f(z)Vys> s> f(y) > f(y) Ast.

Case 2: t < f(y). Then f(y) Ayt =t Aypt. This implies that y € U{(f;1).

By the assumption, @ € UX(f;t). Thus f(z) Vys >t Ast = f(y) Ast.
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Case 3: s < f(y) < t. Since f(y) Vys = fly) = f(y) Ast, we have y €
UL(f; f(y)). By the assumption, z € UX(f: f(y)). Thus f(x) Vys > f(y) Agt. [

The following theorem is derived from Lemma 3.2.4 - 3.2.6. This theorem

shows a relation between a generalized (s, ¢)-fuzzy bi-ideal of an ordered semigroup

and the subset UL(f;p).

Theorem 3.2.7. A fuzzy subset f of an ordered semigroup S is a generalized (s,t)-
fuzzy bi-ideal of S if and only if each nonempty subset UL(f;p) is a bi-ideal of S,

where p € (s,t].
Definition 3.2.8. Let f be a fuzzy subset of an ordered semigroup S. We define

a fuzzy subset f5, of S by fs,(x) = (f(2) Ve s)Astlor all x € S.

— The following lemma is straightforward from Definition 3.2.8.

Lemma 3.2.9. Let A be a subset of an ordered semigroup S. Then

t, ifveA;

s, ifad A

(Ca)si(z) =

Lemma 3.2.10. Let f be a fuzzy subset of an ordered semigroup S and T,y € S.
If f(xy) Vs = f(x) Ap fly) Apt, then [foay) > for(@) A foul(y).

Proof. Suppose that f(zy) Vs s > f(x) Ar f(y) Ast. Without loss of generality,
we may assume that f(x) < f(y). Then fsi(z) < foi(y). Consider the following

cases:

Case 1: f(x) < s. Then f(xy) Vfys > f(z) Vs s. This implies that

fsalwy) = (Fey) Vys) Apt = (F(2) Vi s) Apt = faal®) = Forle) A fury)-

Case2: s < f(x). By the assumption, we have f;,(xy) = (f(zy)V s)Apt >

(f@)np F)Ast) At = fle) At = (f()Vis)Apt = fou(x) = fa(@) A fsuly). O
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Lemma 3.2.11. Let [ be a fuzzy subset of an ordered semigroup S and x,y,z € S.

If f(xyz) Vi s = f(x) As f(2) Apt, then fsi(zyz) > foa(2) A foa(2).

Proof. Suppose that f(xyz) Vys > f(x) Ay f(2) Apt. Without loss of generality,
we may assume that f(x) < f(z). Then fi () < foi(z). Consider the following

cases:

Case 1: f(x) < s. Then f(axyz) Vfs > f(x) Vfs. This implies that
Fi(zyz) = (f(zyz) Lo®LirT > LTINS T=Tlz) = fsi(2) A fou(2).

Case 2: s < f(x). By the assumption, we have f;(zyz) = (f(zyz) V¢

sy Apt = (flx) Ay f(2) Apt) Apt = fle) Apt = (f(@) Vys) Ayt = foulz) =
Foe(x) AL (). O

Lemma 3.2.12. Let [ be a fuzzy subset of an ordered semigroup S and x,y € S

with ® <y. If [(x) Vg s Z[(y) N L, then [ (%) = [5.:(y)-

Proof. Suppose that f(z) Vys > f(y) Ay t. Consider the following cases:

Case 1: f(y) < s. Then f(z)Vys > f(y) Vgs. This implies that f,,(z) =
(flx) Ves)nrt = (F(y) Vi s) Apt= fsu(y):

Case 2: s < f(y). By the assumption, we have f,,(z) = (f(x)V;$)Ast >

(F)Nrt)Apt=F) Art=(f(y) Vs s)Apt= fs:(y). O

The following theorem is derived from Lemma 3.2.10 - 3.2.12.

Theorem 3.2.13. If f is a generalized (s, ()-fuzzy bi-ideal of an ordered semigroup

S, then fo, is a fuzzy bi-ideal of S.

Theorem 3.2.14. Let A be a nonempty subset of an ordered semigroup S. Then

A is a bi-ideal of S if and only if (Ca)sy is a fuzzy bi-ideal of S.

Proof. Assume that A is a bi-ideal of S. By Theorem 3.2.3 and 3.2.13, (C),, is

a fuzzy bi-ideal of S. Conversely, suppose that (Cy)s, is a fuzzy bi-ideal of S. For
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any v € S, we have (Ca)s(2) = t if and only if Cy(x) = 1. Then C, is a fuzzy
bi-ideal of S and also a generalized (s, t)-fuzzy bi-ideal of S. By Theorem 3.2.3, A

is a bi-ideal of S. 1

Theorem 3.2.15. An ordered semigroup S is completely reqular if and only if each

generalized (s,t)-fuzzy bi-ideal [ of S, we have f,+(a) = [5+(a?) for alla € S.

Proof. Suppose that S is a completely regular ordered semigroup. Let f be a
generalized (s, t)-fuzzy bi-ideal of S and @ € S. Since S is completely regular,
there exists + € S such that ¢ < a®za®. Note that f,; is a fuzzy bi-ideal of S
by theorem 3.2.13. This implies that fy,(a®) > fiu(a) A fse(a) = fii(a). On the
other hand, we have [,;(a) > [.:(a?za®) > f.i(a®) A foi(a?) = [.i(a?). Thus
fs(@) = fsi(a?). Conversely, suppose that each generalized (s, t)-fuzzy bi-ideal f

of S, we have f (a) = fs(a®) for all a € S. Let @ € S. We will consider B(a?),

which is a bi-ideal of S generated by a®. By Theorem 3.2.3, Cp(a?) is a generalized
(s, t)-fuzzy bi-ideal of S. By the assumption, (Cpa2))si(a) = (Cpaz))se(@®) = t.

This means that @ € B(a?). Thena < b forsome b € a’UatUa?Sa®. If b = a?, then

2 2

a < a? =aa € d?a® = aad® < d*ad®. Similarly, we have a < at = aad® < ataa® =

a?aa? if b= a*. In case b € a?Sa?, there exists @ € S such that @ < a®za®. Hence

S is completely regular. 0
3.3 Generalized (s,t)-fuzzy interior ideals in ordered semigroups
Definition 3.3.1. A fuzzy subsct f of an ordered semigroup S is called a gener-
alized (s,t)-fuzzy interior ideal of S if it satisfies:

(1) (Va,y € )(f(ay) Ve s = [@) Ay F() AsD),

(2) (Vo,y.z € S)(f(xy2) Vi s = f(y) Art),

(3) (Va,y € S)(x <y implies f(x)Vys> f(y) Ast).
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Every (s, t)-fuzzy interior ideal of an ordered semigroup S is a generalized
(s, t)-fuzzy interior ideal of S, but the converse is not true.

Example 3.3.2. Let S = {a,b,¢,d}. Define a binary operation and a partial order

on S as follows:

albleld

(blalald|a
i

Fesla e

|
1(1 a (Ja

< = {(a,a),(a,c), (a,d),(b,b), (c,c), (d,d)}.

Let f be a fuzzy subset of S defined by

(
6 it=;
O if %50,
Fa) =
02, | if\e = ¢f
0, if & =4.

Then S is an ordered semigroup and f is a generalized (0.1, 0.5)-fuzzy interior ideal
of S, but not a (0.1,0.5)-fuzzy interior ideal because f(be) VvV 0.1 = f(d) v 0.1 =
0.1 < 0.2 = f(MAJEXD U5.

The following theorem shows the relation between a nonempty subset of

an ordered semigroup and its characteristic function.

Theorem 3.3.3. A nonempty subset A of an ordered semigroup S is an interior
ideal of S if and only if the characteristic function Cy is a generalized (s, t)-fuzzy

interior ideal of S.

Proof. Assume that A is an interior ideal of an ordered semigroup S. By Lemma
2.2.16, C'y is a (s,t)-fuzzy interior ideal of S. Thus C4 is a generalized (s,t)-

fuzzy interior ideal of S. Conversely, suppose that C'y is a generalized (s, t)-fuzzy
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interior ideal of S. Since Im(C,y) C {0, 1}, we have Cu(z) A, t = Ca(x) At and
Ca(x) Ve, s =Ca(r)Vsforall € §. Thus Cy is also a (s, t)-fuzzy interior ideal

of 5. By Lemma 2.2.16, A is an interior ideal of S. O

Lemma 3.3.4. Let [ be a fuzzy subset of an ordered semigroup S. The following

statements are equivalent:

(1) (Ve g, = € S)(f(ey2) Vi s = FH) Ast),

(2) (Vp € (s,t])(Vy € ULS;p))(Va,z € S)ayz € UL(f;p)).
Proof. Assume that (1) holds. Let p € (s,t] and z,y,z € § with y € UL(f;p).
Consider the following cases:

Case 1: f(y) = s. Then f(zyz) Vys > f(y) At = (f(y) Vys)Ast >

(pAst) At =pAst. Thus zyz € UXf; p).

Case 2: f(y) < s. Then f(zyz) Vys > f(y) Vys > pAst. Thus zyz €
Us(fsp)-

Converscly, assume that (2) is true. Let 2, y, 2 € S. Consider the following

cases:
Case 1: f(y) < s. We have f(ayz)V;s > s> f(y) = f(y) Ast.

Case 2: t < f(y). Then f(y) Ast =t Ast. This implies that y € UL(f; t).

By the assumption, xyz € UL(f;t). Thus f(ayz) Vys >t At = f(y) Ast.

Case 3: s < f(y) < t. Since f(y) Vys = f(y) = fly) Ast, we have
y € ULf; f(y)). By the assumption, xyz € UL(f; f(y)). Thus f(xyz) Vys >

f() Ast. 0

The following theorem is derived from Lemma 3.2.4, 3.2.6, and 3.3.4. This
theorem shows a relation between a generalized (s,t)-fuzzy interior ideal of an

ordered semigroup and the subset U!(f;p).
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Theorem 3.3.5. A fuzzy subset f of an ordered semigroup S is a generalized (s, t)-
fuzzy interior ideal of S if and only if each nonempty subset UL(f;p) is an interior

ideal of S, where p € (s,t].

Lemma 3.3.6. Let f be a fuzzy subset of an ordered semigroup S and x,y,z € S.

If f(zyz) Vis > fly) Apt, then fs(zyz) > foi(y).

Proof. Suppose that f(xyz) Vys > f(y) Ast. Consider the following cases:

Case 1: f(y) < s. Then f(xyz) Vys > f(y) Vfs. This implies that

Fsa(wyz) = (f(eyz) Ve s) Ap L2 (Fy) Vi s) Apt = fsuy).

Case 2: s < f(y). By the assumption, we have fs:(vyz) = (f(zyz) Vy

YNt Z (f(y) Apt) Apt=(f(y) Vys) At = fauly) a

= The following theorem-is derived-from Lemma 3.2.10, 3.2:12; and-3:3:6:

Theorem 3.3.7. If f is a generalized (s,t)-fuzzy interior ideal of an ordered semi-

group S, then fs, 1s a fuzzy interior ideal of S.

Theorem 3.3.8. Let A be a nonempty subset of an ordered semigroup S. Then A

is an interior ideal of S if and only if (Ca)sy is a fuzzy interior ideal of S.

Proof. Assume that A is an interior ideal of S. By Theorem 3.3.3 and Theorem
3.3.7, (Ca)s, is a fuzzy interior ideal of S. Conversely, suppose that (Cy),, is
a fuzzy interior ideal of S. Ior any x € S, we have (Cy)s,(z) = t if and only if

‘4(2) = 1. Then C} is a fuzzy interior ideal of S and also a generalized (s, t)-fuzzy

interior ideal of S. By Theorem 3.3.3, A is an interior ideal of S. O
Theorem 3.3.9. An ordered semigroup S is intra-regular if and only if for each

generalized (s, t)-fuzzy interior ideal f of S, we have fs4(a) = fsi(a®) for alla € S.

Proof. Suppose that S is a intra-regular ordered semigroup. Let f be a generalized

(s,t)-fuzzy interior ideal of S and a € S. Since S is intra-regular, there exist
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2.y € S such that a < za?y. Note that f,, is a fuzzy interior ideal of S by theorem
3.3.7. This implies that f;,(a?) > foi(a) A for(a) = foi(a). On the other hand, we
have f,(a) > foi(@ay) > fsi(@®). Thus fsi(a) = fs:(a?). Conversely, suppose
that each generalized (s, t)-fuzzy interior ideal f of S, we have f;,(a) = f5.(a?) for
alla € S. Let a € S. We will consider I(a?), which is an ideal of S generated by
a®. By Theorem 3.3.3, Cj,2) is a generalized (s, t)-fuzzy interior ideal of S. By the
assumption, (Cy2))si(a) = (Crzy)se(a?) = t. This means that a € I(a®). Then
a < bfor some b € a?Ua’SUSa?USa?S. Ifb = a?, then a < a® = aa < d®a® = ad®a.
Similarly, we have @ < ze® = 2aa < x(xa?)a = 2%aa for some z € S if b € Sa?. In
case b € a5, there exists y € S such that a < aa®y?. It b € Sa®S, then a < zaly

for some &,y € S. Hence S is intra-regular. O

Theorem 3.3.10. Let S be an ordered semigroup. Then S is simple if and only
if for each generalized (s, t)-fuzzy interior ideal f of S, we have fs; is a constant

function.

Proof. Assume that S is simple. Let f be a generalized (s, t)-fuzzy bi-ideal of S
and v,y € S. Note that (SyS] is an ideal of S. By the assumption, (SyS] = S.
There exists a,b € S such that » < ayb. By Proposition 3.3.7, fs, is an interior
ideal of S. Then f;.(z) > fsi(ayb) > f.:(y). By a similar reasoning, we can verify
that fs.(y) = fselz). Thus fs is constant. Conversely, suppose that for each
generalized (s, t)-fuzzy interior ideal f of S, we have f,, is a constant function.
Let A be an ideal of S. Then A is also an interior ideal of S. By Theorem 3.3.3, Cj4
is a generalized (s, t)-fuzzy interior ideal of S. Since A is not empty, there exists
a € S such that (Cy)s.(a) = t. By the assumption, (Cy)s, () =t for all @ € S.

This implies that @ € A for all x € S. Thus A = 5. Hence S is simple. Ol

3.4 Generalized (s,t)-fuzzy ideals in ordered semigroups

Definition 3.4.1. A fuzzy subset f of an ordered semigroup S is called a gen-

eralized (s.t)-fuzzy left ideal (resp. generalized (s,t)-fuzzy right ideal) of S if it



satisfies:

(1) (Va,y € S)(f(xy) Vys = f(y) Apt [resp. flay) Vis = fx) Apt]),
(2) (Va,y € S)(x <y implies f(x) Vys > f(y) Art).
A fuzzy subset f of an ordered semigroup S is called a generalized (s,t)-fuzzy ideal

of S if it is both a generalized (s, t)-fuzzy left ideal and a generalized (s, t)-fuzzy

right ideal of S.
Every (s, t)-fuzzy ideal of an ordered semigroup S is a generalized (s,t)-
fuzzy ideal of S, but the converse is not true.

Example 3.4.2. Let S = {a,b,¢,d}. Define a binary operation and a partial order

on S as follows:

-‘a ble

< ={(a, a),(a,D), (a,c), (b, D), (b,c), (¢, c) }.

Let f be a fuzzy subset of S defined by

0.3, if z=me,
fl@)=1¢ 04, ifz=0,
08, ifz=e

Then S is an ordered semigroup and f is a generalized (0.4, 0.7)-fuzzy ideal of S, but

not a (0.4, 0.7)-fuzzy ideal because f(ca)V0.4= f(a)V0.4 =04 < 0.7 = f(c)A0.7.

The following theorem shows the relation between a nonempty subset of

an ordered semigroup and its characteristic function.
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Theorem 3.4.3. A nonempty subset A of an ordered semigroup S is an left ideal
of S if and only if the characteristic function Cy is a generalized (s,t)-fuzzy left

ideal of S.

Proof. Assume that A is a left ideal of an ordered semigroup S. By Lemma 2.2.9,
C'y is a fuzzy left ideal of S. Thus C, is a generalized (s,t)-fuzzy left ideal of
S. Conversely, suppose that C is a generalized (s, t)-fuzzy left ideal of S. Since
Im(C,) C {0,1}, we have Cy(z) Ac, t = Cylz) At and Cy(x) Vo, s = Cu(z) Vs
for all z € S. Let @,y € S. By the assumption, C4(xy) Vs > Ca(z) A Caly) At.
We can verify that C'x(zy) > Ca(z) A Ca(y). By the similar reasoning, we have
Ca(x) Vs> Cyuly) Atif x <yand y € A Then C, is a fuzzy left ideal of S. By

Lemma 2.2.9, A is a left ideal of S. ' )

Lemma 3.4.4. Let f be a fuzzy subset of an ordered semigroup S. The following

statements are equivalent:

(1) (Va,y,z € S)(f(xy) Vys = fy) As ),

(2) (Yp € (s,8))(Vy € U(f;p)) (Vo € S)(ayz € UL(/; p))-
Proof. Assume that (1) holds. Let p € (s, and @,y € S with y € U f;p).
Consider the following cases:

Case 1: f(y) = s. Then f(zy) Vys = f(y) Art = (f(y) Vss)Agt 2

(pAst) Ast =pAst. Thus ay € UL f;p).
Case 2: f(y) <s. Then f(xy)Vys > [(y)Vys > pAst. Thus zy € UL([;p).

Conversely, assume that (2) is true. Let 2,y € S. Consider the following

cases:

Case 1: f(y) <s. We have f(zy) Vis > s> f(y) = fy) Ast.
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Case 2: t < f(y). Then f(y) Agt =t Ast. This implics that y € UL(f;¢).

By the assumption, 2y € U!(f;t). Thus f(xy) Vss >t Apt = f(y) Ast.

Case 3: s < f(y) < t. Since f(y) Vys = f(y) = f(y) Ast, we have y €
UL(f; f(y)). By the assumption, zy € UL(f; f(y)). Thus f(zy)Vss = f(y)Ast. O

The following theorem is derived from Lemma 3.2.6, and 3.4.4. This the-
orem shows a relation between a generalized (s, t)-fuzzy left ideal of an ordered

semigroup and the subset U(f; p).

Theorem 3.4.5. A fuzzy subset f of an ordered semigroup S is a generalized (s, t)-
fuzzy left ideal of S if and only if each nonempty subset UL f;p) is a left ideal of

S, where p € (s, 1].

Lemma 3.4.6. Let [ be a fuzzy subset of an ordered semigroup S and x,y € S.

If-f(wy) Vs = f(y) As tthenfo(wy) > fo(y)-

Proof. Suppose that f(zy) Vys > f(y) A;t. Consider the following cases:
Case 1: f(y) < s. Then f(xy) Vys = f(y) Vs s. This implies that
Foa(zy) = (flay) vy ) At = (f(y) Vi s) Art = Fuiy)-

Case2: s < f(y). By the assumption, we have fs(zy) = (f(xy)Vys)Ast >

(Fy) Apt) Apt = (fy) Vrs)nst = foa(y). O

The following theorem is derived from Lemma 3.2.12, and 3.4.6.

Theorem 3.4.7. If f is a generalized (s, t)-fuzzy left ideal of an ordered semigroup

S, then fs is a fuzzy left ideal of S.

Theorem 3.4.8. Let A be a nonempty subsel of an ordered semigroup S. Then A

is a left ideal of S if and only if (C'a)sy 1s a fuzzy left ideal of S.

Proof. Assume that A is a left ideal of S. By Theorem 3.4.3 and Theorem 3.4.7,

(Ca)sy s a fuzzy left ideal of S. Conversely, suppose that (Cy)s, is a fuzzy left
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ideal of S. For any x € S, we have (Cy)s,(x) =t if and only if C4(x) = 1. Then
Cy is a fuzzy left ideal of S and also a generalized (s, t)-fuzzy left ideal of S. By

Theorem 3.4.3, A is a left ideal of S. O

Theorem 3.4.9. An ordered semigroup S is left reqular if and only if cach gener-

alized (s,t)-fuzzy left ideal f of S, we have fsi(a) = f(a®) for alla € S.

Proof. Suppose that S is a left regular ordered semigroup. Let f be a generalized
(s,t)-fuzzy left ideal of S and @ € S. Since S is left regular, there exists z € S
such that @ < za®. Note that f,, is a fuzzy left ideal of S by theorem 3.4.7.
This implics that f,,(a*) > fsi(a) A fse(a) = fsi(a). On the other hand, we have

fsi(a) = foi(xa®) = f.+(a®). Thus f,(a) = f.+(a®). Conversely, suppose that each

generalized (s, ¢)-fuzzy left ideal f of S, we have f,;(a) = f;((a?) for all @ € S.

Let a € S. We will consider L(a*), which is a left ideal of S gencrated by a2
By Theorem 3.4.3, Cp,2) is a generalized (s,t)-fuzzy interior ideal of S. By the
assumption, (Ca2))se(@) = (Cpz))se(a?) = ¢. This means that a € L(a?). Then
a < b for some b € a® U Sa? If b= a?, then a < a® = aa < ae®. Similarly, we have

a < za® for some x € S if b € Sa?. Hence S is left-regular. a
Proposition 3.4.10. Every generalized (s,t)-fuzzy ideal of an ordered semigroup
S is generalized (s,t)-fuzzy interior ideal of S.
Proof. Let f be a generalized (s, t)-fuzzy ideal of S and x,y,z € S. Consider the
following cases:

Case 1: f(xy) < s. Then f(xyz) Vs > f(ay) Vys > f(y) At

Case 2: f(xy) > s. Then f(xyz)Vys > flay) Ast = (flay) Vys)Apt =

(f(zy) Apb) Apt = flay) Apt.
Thus f is a generalized (s, t)-fuzzy interior ideal of S O

Example 3.4.11. Let S = {a,b,c,d}. Define a binary operation and a partial
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order on S as follows:

blalald]|a

cla|ja|la)a

dlalalala

< = {(a, a), (a,c),(a,d), (b,b),(c,e), (d,d)}.

Let f be a fuzzy subset of S defined by

0.9, ifz=a,
©2- ==
fla) =
EH The = ¢,
SEp— 04 ift=d. :

Then S is an ordered semigroup and [ is a generalized (0.3, 0.7)-fuzzy interior ideal
of S, but not a generalized (0.3,0.7)-fuzzy ideal because f(bec)V,0.3 = f(d)V;0.3 =
0.4 < 0.6 = f(c) Ay 0.7,

Theorem 3.4.12. If S is a reqular ordered semigroup, then the concepls of gen-

eralized (s,t)-fuzzy interior ideal and a generalized (s, t)-fuzzy ideal of S coincide.

Proof. Assume that an ordered semigroup S is regular. By Proposition 3.4.10,
it is remaining to show that every generalized (s,¢)-fuzzy interior ideal of S is
generalized (s, )-fuzzy ideal of S. Let f be a generalized (s, t)-fuzzy interior ideal
of S and 2,y € S. By hypothesis, there exists @ € S such that x < zax. Then

ry < xaxy. Consider the following cases:
Case 1: f(xaxy) < s. Then f(xy) Vys > f(xazy) Vs s > f(x) Agt.

Case 2! f(zaxy) > s. Then f(xy)Vys > f(zaxzy) Ast = (f(zazy)Vys) Ay

t= (f2) Apt) Apt = flz) Ast.
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Thus f is a generalized (s,#)-fuzzy right ideal of S. By using a similar
reasoning, we can verify that [ is a generalized (s, t)-fuzzy left ideal of 5. Thus f

is a generalized (s, t)-fuzzy ideal of S. O

Corollary 3.4.13. If S is a completely reqular ordered semigroup, then the con-
cepts of generalized (s, t)-fuzzy interior ideal and a generalized (s, t)-fuzzy ideal of

S coincide.

Theorem 3.4.14. If S is a intra-reqular ordered semigroup, then the concepts
of generalized (s,t)-Juzzy interior ideal and a generalized (s,t)-fuzzy ideal of S

coincide.

Proof. Assume that an ordered semigroup S is intra-regular. By Proposition
3.4.10, it is remaining to show that every generalized (s, t)-fuzzy interior ideal of
S-is-generalized (s, t)-fuzzy ideal of S. Let—f be a generalized (s;t)-fuzzy-interior
ideal of S and z,y € S. By hypothesis, there exists a,b € S such that z < az?b.

Then xy < az?by. Consider the following cases:
Case 1: f(aa®by) < s. Then f(xy) Vs> flaa®by) Vs > f(z) Ast.

Case 2: f(az®by) > s. Then f(xy) Vs > f(az®by) Ast = (f(ax?by) V;

sY At > (f(2)N; OV Agt= fz)Af T

Thus f is a generalized (s, t)-fuzzy right ideal of S. By using a similar
reasoning, we can verify that [ is a generalized (s, t)-fuzzy left ideal of S. Thus f

is a generalized (s, t)-fuzzy ideal of S. O

Theorem 3.4.15. If S is a left reqular ordered semigroup, then the concepts of
generalized (s, 1t)-fuzzy interior ideal and a generalized (s,t)-fuzzy ideal of S coin-

cide.

Proof. Assume that an ordered semigroup S is left regular. By Proposition 3.4.10,

it is remaining to show that cvery generalized (s, ¢)-fuzzy interior ideal of S is
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generalized (s, t)-fuzzy ideal of S. Let f be a generalized (s, ¢)-fuzzy interior ideal
of S and xz,y € S. By hypothesis, there exists @ € S such that + < ax?. Then

a2y < ax®y. Consider the following cases:
Case 1: f(az?y) < s. Then f(zy) Vi s > f(az®y) Vi s > flx) Ast.

Case2: f(aa?y) > 5. Then f(wy)Vys > far®y)Ast = (f(ax®y)Vys)Apt >
(f(@)Apt) Apt= f(z) Aft.

Thus [ is a generalized (s, t)-fuzzy right ideal of S. By using a similar
reasoning, we can verify that f is a generalized (s, t)-fuzzy left ideal of S. Thus f

is a generalized (s, t)-fuzzy ideal of S. 0



CHAPTER IV

CONCLUSIONS

In this chapter, we list all main results of this thesis below.
1. Let f be a fuzzy subset of a nonempty set X and a,b,¢ € [0,1]. The following
statements hold:
(1) anpb="0bAsaq,
(2) aVyb=0bVya,
(3) ansb<a~nb,
(4) aVyb>aVvhb,
(5) angb=aAnbif a,b e Im(f),
(6) aVyb=aVbifa,becIn(f),
(7) angb<anscifb<e,
(8) avrb<aVycith<c,
(9) anfe>bAreifa>g,
(10) aAfe=bAscifaAbAc=c,
(11) aVye<bVycifa<e,
(12) aVye=bVycifavVbVe=c.

2. Let f be a fuzzy subsct of a nonempty subset X and a,b € [0, 1] such that a;

and b, are nonempty. Then the following statements hold:

(1) Qr C bf ita <b,
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2) ay = sup @ ;
(2) Gy 1 %
(3) aAfb=aAssupby =supa; Apsupby.

3. Let f be a fuzzy subset of a nonempty subset X and a,b € [0, 1] such that ay

and Ef are nonempty. Then the following statements hold:

(1) a; C by if b < a,
(2) ay = infﬁff,
(3) aVyb=-aV;infbs=1infa; v infb;.

4. Let [ be a fuzzy subset of a nonempty set X and a,b, ¢ € {0,1]. The following

statements hold:

(1) aAf (bApb)=aAsb,

(2) aVe(bVyb) =aVyb,

(3) (@Apb) Ape=aAns(bAjec),

(4) (aVpbd)Vse=aV(bVye).
5. A nonempty subset A of an ordered semigroup .S is a bi-ideal of S if and only
if the characteristic function C'4 is a generalized (s, t)-fuzzy bi-ideal of S.

6. Let f be a fuzzy subset of an ordered semigroup S. The following statements

are equivalent:

(1) (Va,y € S)(f(xy) Vs > f(@) Ap F(y) Ap ),

(2) (¥p € (s, ) (Va,y € U(f;p)(2y € Us([f:p))-

7. Let f be a fuzzy subset of an ordered semigroup S. The following statements

are equivalent:
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(1) (Ya,y.z € S)(f(xyz) Vrs > f(a) Ay f(z) Art),

(2) (vp € (s, t])(Va, 2 € Ug(f;p))(Vy € S)(ayz € U(f;p)).
8. Let f be a fuzzy subset of an ordered semigroup S. The following statements
are equivalent:

(1) (Va,y € S)(x <y implies f(x) Vys > f(y) Ast),

(2) (p € (s,t)) (Vo € S)(Vy € ULS; p))(= <y implies @ € UL(f;p)).
9. A fuzzy subset f of an ordered semigroup S is a generalized (s, t)-fuzzy bi-ideal
of S if and only if each nonempty subset U(f; p) is a bi-ideal of S, where p € (s, t].

10. Let A be a subset of an ordered semigroup S. Then
I ' t, ifx e A,
(Cla)selz) =
3 if &£ ¢ 14.

S

11. Let f be a [uzzy subset of an ordered semigroup S and 2,y € S. It f(ay)Vy s >

F(@) Ap F(y) A ts then fo(zy) = fou(x) A fou(y).

12. Let f be a fuzzy subset of an ordered semigroup S and z,y.z € §. If

flzyz) Vi s 20f (@) Nef(z) Aptsthen [, (zyz) > faalz) A fi(2).

13. Let f be a fuzzy subset of an ordered semigroup S and 2,y € S with x < 3.

If f(x)Vps > fy) A t, then fo(x) > for(y).

14. If [ is a generalized (s, t)-fuzzy bi-ideal of an ordered semigroup S, then f;,

is a fuzzy bi-ideal of S.

15. Let A be a nonempty subset of an ordered semigroup S. Then A is a bi-ideal

of S if and only if (Cx)s; is a fuzzy bi-ideal of S.

16. An ordered semigroup S is completely regular if and only if each generalized

(s,t)-fuzzy bi-ideal f of S, we have fs;(a) = fs:(a?) for alla € S.
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17. A nonempty subset A of an ordered semigroup S is an interior ideal of S if
and only if the characteristic function Cy is a generalized (s, t)-fuzzy interior ideal

of S.

18. Let [ be a fuzzy subset of an ordered semigroup S. The [ollowing statements

are equivalent:

(1) (Vx,y,2z € S)(f(xyz) Vis = f(y) Art),
(2) (Vp € (s, th(Vy € U(fip)) (Yo, 2 € S)(zyz € U; ([ p))-
19. A fuzzy subset f of an ordered semigroup S is a generalized (s, ¢)-fuzzy interior

ideal of S if and only if each nonempty subset U!(f;p) is an interior ideal of S,

where p € (s, ).

20 Let f be-a fuzzy subset-of an-ordered semigroup S—-and-a,;y;z €-S—If

flayz) Vis = fly) Ast, then foi(zyz) = fou(y):

21. If [ is a generalized (s,#)-fuzzy interior ideal of an ordered semigroup S, then

fsa is a fuzzy interior ideal of S.

22. Let A be a nonempty subset of an ordered semigroup S. Then A is an interior

ideal of S if and only if (Cy). is a fuzzy interior ideal of 5.

23. An ordered semigroup S is intra-regular if and only if each generalized (s, {)-

fuzzy interior ideal f of S, we have f:(a) = fs:(a?®) for all a € S.

24. Let S be an ordered semigroup. Then S is simple if and only if for each

eneralized (s, t)-fuzzy interior ideal [ of S, we have f;; is a constant function.
g ) ) ;

25. A nonempty subset A of an ordered semigroup S is an left ideal of S if and

only if the characteristic function Cy is a generalized (s, t)-fuzzy left ideal of 5.

26. Let f be a fuzzy subset of an ordered semigroup S. The following statements

are equivalent:
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(1) (Va,y,2 € S)(f(zy) Vis 2 fy) Ast),
(2) (¥p € (s,1)(Vy € UL([;p))(V € S)(ayz € UA[; p))-
27. A fuzzy subset f of an ordered semigroup S is a generalized (s, t)-fuzzy left

ideal of S if and only if each nonempty subset U!(f;p) is a left ideal of S, where

p € (s,t].

28. Let f be a fuzzy subset of an ordered semigroup S and z,y € S. If f(zy)Vys >

S () Apt, then fo(zy) = [si(y)-

29. If f is a generalized (s, t)-fuzzy left ideal of an ordered semigroup S, then f,;

is a fuzzy left ideal of S.

30. Let A be a nonempty subset of an ordered semigroup S. Then A is a left ideal

of-S if and-only if (G); is a fuzzy left ideal of S.

31. An ordered semigroup S is left regular if and only if each generalized (s, t)-

fuzzy left ideal f of S, we have f(a) = f,(a®) for all e € S.

32. Every generalized (s, t)-fuzzy ideal of an ordered semigroup S is generalized
y & ) A g

(s, t)-fuzzy interior ideal of 5.

33. If S is a regular ordered semigroup, then the concepts of generalized (s, t)-fuzzy

interior ideal and a generalized (s, t)-fuzzy ideal of S coincide.

34. If S is a completely regular ordered semigroup, then the concepts of generalized

(s, t)-fuzzy interior ideal and a generalized (s, t)-fuzzy ideal of S coincide.

35. If S is a intra-rcgular ordered semigroup, then the concepts of gencralized
g P, g

(s, t)-fuzzy interior ideal and a generalized (s, ¢)-fuzzy ideal of .S coincide.

36. If S is a left regular ordered semigroup, then the concepts of generalized (s, t)-

fuzzy interior ideal and a generalized (s, t)-fuzzy ideal of S coincide.
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Let o € {bi-ideal, interior ideal,idcal}. The following diagram shows re-
lationships of fuzzy bi-ideal (vesp. fuzzy interior ideal, fuzzy ideal), (s, t)-fuzzy
bi-ideal (resp. (s,t)-fuzzy interior ideal, (s,t)-fuzzy ideal) and generalized (s,t)-
fuzzy bi-ideal (vesp. generalized (s,t)-fuzzy interior ideal, generalized (s, t)-fuzzsy

ideal) on an ordered semigroup.

7 fuzzy x
.:*"‘{-v ““"».
. - - o

o ey
el 3
P

o .,

L } e v -%:*':v-\
Generalized
l (0, 1)-fuzzy x 1 { (s, t)-fuzzy x J ‘ (0, 1)-fuzzy x ]
h'4

Generalized
- (s, t)-fuzzy x

-

= - if-i.. then

<> : if and only if
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