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CHAPTER I
EXECUTIVE SUMMARY

Let X be aset and T : X — X a mapping. The solutions we seek are
represented by points invariant under T. These ave the points satisfying

. z =Tz (1)

Such points are said to be fixed under T' or fixed points of 7", The set of all
solutions of (1} is called the fixed point set of T and denoted by Fix T If the
mapping T" does not have a fixed point we often say that T is fixed point free

Mundamentai to thestudyof Ficed Paint Theory is the atterpt to identify
conditions which may be imposed on the set X and/or the mapping 7' that will
assure Fix T" # @, Usually it is more efficient to study a family 7 of napping
satisfying some commeon conditions rather than an individual mapping. If all
the mapping T € 7 have fixed poinis, then we say that X has the fixed point
property with respect to 7. The term * fixed point property” is often abbrevi-
ated as fpp, and if we are dealing with the fixed specific family 7 the words “
with respect to 7 ™ are omitted.
Typically, a fixed point theorem has the following form.

Y

1

Generic Theorem. Let X be g sef having structure A and let T be the

family of mappings T : X - ¥ satisfying condition B. Then cach mapping
T €T has a fized point.

Fixed point theory has fascinated many researchers since 1922 with the
celebrated Banach fixed point theorem. There exists a vast literature on the
topic field and this is very active field of résearch at present. Fixed point
theorems are very important tools for proving the existence and uniqueness
of the solutions to various mathematical models (integral and partial equations,
variational inequalities etc). It can be applied to, for examples, variational
inequalities, optimization, and approximation theory. The fixed point theory
has been continually studied by many researchers. Tt is well-known that the
contractive-type conditions are very indispensable in the study of fixed point,
theory. The first important result, on fixed points for contractive-type mappings
was the well-known Banach-Caccioppoli theorem which was published in 1922,
Later in 1968, Kannan studied a new type of contractive mappings. Since then,
there have been many results related to mappings satisfying various types of
contractive inequalities.

Recently, Samet et al. introduced a new category of contractive type map-
pings known as a-1 contractive type mappings. The results obtained by Samet
et al. extended and generalized the existing fixed point results in the literature,
in particular the Banach contraction principle. Salimi et al. and Karapinar
and Samet generalized the a-y contractive type mappings and obtained various
fixed point theorems for this generalized class of contractive mappings. In most
of papers have considered the a- contractive type mapping for a nondecreasing
mapping ¥ : [0, 4-00) — [0, +oo} with Sore ¥ (t) < oo forallt € (0, +c0). The



convergence of Y o | ™ (¢} and nondecreasing condition for 4 are restrictive and
it is a fact that such a mapping is differentiable almost "éverywhere and hence
coutinuous why was one of our aims to write this article in order to consider
a family of mappings ¥ : [0, +00) — [0, +00) by relaxing nondecreasing con-
dition and the convergence of the series Pome1 ¥M(t). This article inspired and
motivated by above research works, we will introduce a new family of mappings
on [0, 400} and prove the fixed point theorems for mappings using properties of
this new family in complete metric spaces. By applying our obtained results, we
also assure the fixed point theorems in partially ordered complete metric spaces
and give the applications to ordinary differential equations. '

One of the most important results in fixed point theory is the Banach con-

traction-principle-introduced by Bamaehi Thers were many authors have stud-

ied and proved the results for fixed point theory by generalizing the Banach
contraction principle in several directions. One of the remarkable result is Ger-
aghty’s theorem given by Geraghty. In 2013, Cho et al. introduced the notion
of a-Geraghty contraction type mappings and assured the unique fixed point
theorems for such mappings in complete metric spaces, Recently, Popescu de-
fined the concept of triangular a-orbital admissible mappings and proved the
unique fixed point theorems for the mentioned mappings which are generalized
a-Geraghty contraction type mappings. On the other hand, Karvapinar proved
the existence of a unique fixed point for a triangular a-adinissible mnapping
which is a generalized a-1h-Geraghty contraction type mapping.

Fixed point theory in metric spaces is one of the most important tools for
proving the existence and uniqueness of the solutions to various mathematical

models, Taterin 1993 Czerwik, generalized the notion of metric spaces by intro-
ducing the notion of b-netric spaces. On the other hand, Samet et al. proved
the fixed point theorems for a-admissible mappings which are o-w-contractive
mappings in complete metric spaces. Salimi et al. and Hussain et al. modified
these notions and assured the fixed point theorems. Recently, Hussain et al. es-
tablished fixed point theorems for modified c-g-rational contractive mappings
in a-complete metric spaces and proved the existence of solutions of integral
equations.

In 1994, Matthews introduced the partial metric spaces and proved the Ba-
nach contraction principle in such spaces, Later on, the researchers have studied
the fixed point theorems for Imappings in complete partial metric spaces. On the
other hand, Nadler proved the multi-valied version of Banach contraction prin-
ciple. Since then the metric fixed point theory of single-valued mappings has
been extended to multi-valued mappings. Recently, Kutbi and Sintunavarat
proved the existence of fixed point theorems for strictly {o, 4, £)-contractive
multi-valued mappings satisfying some certain contractive condition in the set-
ting of a-complete metric spaces.

In this project, we relax the continuity of £ to be the upper semicontinuity
from the right at 0-and introduce the notion of strictly (o, 7,9, €)-contractive
mappings. We also prove the existence of fixed point theorems for such mappings
in the setting of a-7-complete partial metric spaces. Our results extend the
results proved by Kutbi and Sintunavarat. Furthermore, we assure the fixed



point theorems in partial complete metric spaces endowed with an arbitrary
binary relation and with 4 graph using our obtained results.




CHAPTER II
CONTENTS OF RESEARCH

In this project, we obtain two publications that published in the international
Journal as the followings:

Ali Farajzadeh, Preeyaluk Chuadchawna and Anchalee Klaewcharoen, -
Fixed point theorems for (alpha, eta, psi, xi}-contractive multi-valued mappings
in alpha-eta-complete partial metric spaces, Journal of Nonlinear Science and
Applications, 9 (2016), 1977-1990. (Tmpact Factor :— 1176}

In this paper, we relax the continuity of £ € = to he the upper semicontinuity
from the right at 0. Let Z' denote the family of functions £ : [0, 00) - [0, co)
satisfying the following conditions:

(€1) € is upper semicontinuous from the right at 0;
{€3) ¢ is nondecreasing on [0, x);

(¢3) €(t) =0 if and only if £ = 0

(1) ¢ is subadditive.

1. Theorem : Let (X, p) be a partial metric space, A and B be nonempty
closed bounded subsets of X, £ € = and k > 1. Then for all u € A such

that &{p(e, BY) > U, liere exists b € 3 such that Elpla, b)) < h(&(p(a, BY)).

2. Theorem : Let (X,p) be an a-n-complete partial metric space and T':
X — CBP(X) be a strictly (a, 1,9, £)-contractive mapping. Assume that
the following conditions hold: '

(i) T is an _a-adﬁlissibie mapping with respect to #;
(it) there exist zp € X and zy € Ty such that ofzg,z) = glzg, m);
(iti) T is an a-n-continuous mapping on (X, p);

(iv) if {@y} is a sequence in X converging to a point in (X,p) such
that oz, n1) 2 9(n,Tng) forall n & NU {0}, then we have
oz, z) > 7w, z). - :

Then T has a fixed point.

3. Corollary : Let (X,p) be an a-complete partial metric space and T :
X — CBP(X) be a strictly (a, ,£)-contractive mapping. Assume that
the following conditions hold;

(i) Tis an a--admiais)ible mapping;
(i) there exist xg € X and 2, € T'zy such that alzg,z1) > 1;

(iii) 7" is an o-continuous mapping on (X, p);



(iv) if {x,} is a sequence in X be converges to a point x in (X, p) such
that a(z,, 2,01) > Lforall n e NU {0}, then we have alz,x) > 1.

Then T has a fixed point.

- Theorem : Let (X, p) be an a-ij-complete partial metric space and 7T -
X — CBP(X) be a strictly (ex, 17, ¢, £)-contractive mapping. Assume that
the following conditions hold:

(i) T is an o-admissible mapping with respect to 7;

(i) there exist xy € X and @y € Tag such that a{rg,z;) > (o, 21 );

{ii}-if s Jissasoquencein-X-sucl that T TR 1) = (&, By 1) and

Tn = T 85 T — 00, then afan,z) > iz, z) for all n e NU {0}.
Then T has a fixed point.

. Theorem : Let (X, p) be an a-complete partial metric space and T :
X = CBP(X) be a strictly (ev, 9, £)-contractive mapping. Assume that
the following conditions hold:

{i) T is an a-admissible INapping; :

(i) theye exist g € X and %) € Tzg such that a(zy, ) > 1;

(iti) if {z.} is a sequence in X such that (Tn, Tns1) > 1 and z, — x as
n— o0, then afz,,2) > 1forallne NU {0}. y

Lhen T has a fixed point.

. Theorem : Let (X,d) be an a-complete metric space and T : X —
CB(X) be a strictly (o, ¥, £)-contractive mapping. Assume that the fol-
lowing conditions hold:

(i) 7"is an a-admissible mapping; .

(ii) there exist wo € X and 2} € T'zy such that afze,z1) > 1;
{iii) if {z,} is a sequence in X such that O(Zn, Ty} > Tand a, 2%z €

X asn — oo, then o(zy,2) > 1foralln e NU {0}.

Then T has a fixed point.

. Theorem : Let (X, p) be a partial metric space, T be a binary relation
over Xand T : X — CBP(X) bea strictly (S, 4, £)-contractive mapping,
Assume that the following conditions hold:

(i) (X,p) is an S-complete partial metric space;

(i) T is a weakly comparative mapping;
(iii) there exist x4 € X and %1 € Txp such that zgSxy;

(iv) T is an S-continuous multi-valued mapping;



(v) if {z,} is a sequence in X couverging to a point © in (X, p), where
TnSTnyy for all n € NU {0}, then we have zSa.

Then T has a fixed point.

8. Theorem : Let (X, p) be a partial metric space, R be a binary relation
over X and T": X — C'BP(X) be a strictly (8., €)-contractive mapping.
Assume that the following conditions hold:

(i} (X,p) is an S-complete partial metric space;

(i) T is a weakly comparative mapping;

ﬁ_{ié.i)w!‘-:%iﬁ{.\;saiuﬁm.b()ftﬁ_)\!wdﬂdqb1w€r~gl"?}0vsll(3h*[:haﬁ”ﬁ,'(]ﬁfﬂ] :

(iv) if {2,} is a sequence in X with z,, - % € X as 7 — oo and TnSTnt1
for all n € NU {0}, then we have x,,S=.

Then T has a fixed point.

9. Theorem : Let (X,p) be a partial metric space endowed with a graph
Gand T : X — CBP(X) be a strictly (E{(G), ¥, &)-contractive mapping.
Assume that the following conditions hold:

(i) (X,p) is an E(G)-complete partial metrig space;
(ii) T weakly preserves edges;
(it} there exist =y € X and ; € Tz such that (zg,71) € E(G);

(iv) T¥s an £{G)-continuous mapping on {(X,p)h
{v) if {z,} is a sequence in X converging to a point z in {X,p), where
(#n, Tns1) € F(G) for all = € NU {0}, then we have (z,z) € B{G).
Then T has a fixed point.

10. Theorem : Let (X,p) be a partial metric space endowed with a graph
Gand T: X — CBP(X) be a strictly (£(G),,&)-contractive mapping.
Assume that the following conditions hold:

(i) (X,p) is an E(G)-complete partial metric space;
(ii) T weakly preserves edges;
(iif) there exist wg & X and @y € T'zg such that (w0, 1) € E(G);
(iv} if {z,} is a sequence in X with 2, — 2 € X as n — oo and
{Bn,Tu41} € E(G) for all n € NU {0}, then we have {2, z) € B{G).

Then T has a fixed point.
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Abstract .

In this paper, the notion of strictly (o, 7,4, £)-contractive multi-valued mappings is introduced where
the continuity of ¢ iy relaxed. The existence of fixed point theorens for such appings in the setting of
a-f-complete partial metric spaces are provided. The results of the paper can be viewed as the extension
of the recent results obtained in the literature. Furthermore, we assure the fixed point theorems in partial
complete metric spaces:endowed with an arbitrary binary relation and with e graph using our obtained
results. (©2016 All rights reserved.
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1. Introduction and Preliminaries

The metric fixed point theory is one of the most important tools for proving the existence and unigueness
of the solution to various mathematical models. There are many authors who have generalized the metric
spaces in many directions. In 1994, Matthews {12] introduced the partial metric spaces and proved the
Banach contraction principle in such spaces. Later on, the researchers have studied the fixed point theorems
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for mappings in complete partial metric spaces, see for examples (3, 4, 6, 7, 8] and references contained
therein. On the other hand, Nadler [14] .proved the multi-valued version of Banach contraction principle.
Since then the metric fixed point theory of single-valued mappings has been extended to multi-valued
mappings, see for examples [11, 17]. Recently, Kutbi and Sintunavarat [11] proved the existence of fxed
point theorems for strictly (o, 1. £)-contractive multi-valued mappings satisfying some certain contractive
conditions in the setting of a-complete metric spaces.

In this paper, we relax the continuity of ¢ to be the upper semicontinuity from the right at 0 and
introduce the notion of strictly (e, 7, ¥, £)-contractive mappings. We also prove the existence of fixed point
theorems for such mappings in the setting of a-n-complete partial metric spaces. Our results extend the
results proved by Kutbi and Sintunavarat (11]. Furthermore, we assure the fixed point theorems in partial
conplete metric spaces endowed with an atbitrary binary relation and with a graph using our obtained
results. '

We now recall some definitions and lemmas thatwillbe used-in-the-seques:

Definition 1.1 ([12]). A partial metric on a nonempty set X is a mapping p: X x X = [0, +-00) such that
for all z,y, 2 € X, the following conditions are satisfed:

(Pl) ==y & plx,2) = p(2,y) = ply, y);
(P2) p(z,z) < p(z,y);
(P3) plz,y) = p(y, z);
(P4) p(z,y) < pl2, 2) + p(2,9) - p(z, 2).

A set X equipped with a partial metric p is called a partial metric space and denoted by a pair (X, 7).
Lerama 1.2 ([1]). Let (X, p) be a partial metric space. If ple,y) = 0, then w = y. .

For each partial metric p on ¥ , the function p°: X x X -» [0, +-c0)-defined-by

P*(@, ) = 2p(x, y) — p(w, ) — p(y, v)
is a metric on X,

Definition 1.3 ({12]). Let (X, p) be a partial metric space.

(i) A sequence {xa} in a partial metric space (X, p) is cpuvergent to a point 2 € X if limyyen plx, zq) =
p(z, ). .
(ii} A sequence {zr} in a partial metric space (X, p) is called a Cauchy sequence if limp 00 P(%n, Zm )
exists (and is finite). .
(iif} A partial metric space (X, p) is said to be complete if every Cauchy sequence {z»} in X converges to
a point x € X that is, : '

i (T, ¥m) = p(x, ).

Lemma 1.4 ((12]). Let (X,p) be a partial metric space. Then

(i) a sequence {z,} in o partial metric space (X,p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (X, p®); ' )

(it) o partial metric space (X,p) is complete if and only if the metric space (X, p°) is complete. Moreover,
limy oo p*(2,2,) = 0 tf and only if

nig};o plz,ay) = nltlérj}lmp(wn,wm) = plx, z);

(iti) a subset E of a partial metric space (X,p) is closed if whenever {zn} is a sequence in E such that
{zn} converges to some 2 < X, thenz e K.

Aydi et al. "{8] defined a partial Hausdorff metric as follows. Let (X,p) be a partial metric space.
LetCBP(X) be the family of all nonempty closed bounded subsets of a partial metric space (X, p). For any
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A, B CBP(X) and z € X, define .
8p(A, BY = sup{p(a, B) : a ¢ A} and 6,(B, 4) = sup{p(b, A) : b € B},

where
Plz. A) = inf{p(z,a),a € A},

The mepping H,, : CBP(X) x CBP(X) — (0. +-oo) defined by
Hp(A. B) = max{8,(A. B),8,(B. A)}

is called a partial Hausdor(f metric induced by p.
Remark 1.5 ([3]). Let (X,p) be a partial metric space. If A is a nonempty set in (X, p), then

ac A if and only if pla,A) = p(a,a),

where A'is the closure of A with respect to the partial metric .

" Lemma 1.6 (8} Let (X,p) be a partial metric space and T : X — CBP(X) be a multi-valyed mapping. If
{Zn} is @ sequence in X such that v, — » ond p(z,2) =0, then

nlggo P(wn, Tz) = p(z,T2).
In this paper, we denote by ¥ the class of funetions 1 : [0. c0) - [0.20) satisfying the following conditions:

(th) Yisa nondecreasing function; )
($2) 2021 9™(8) < coforall ¢ > 0, where ¥™ is the nth iteration of 1.

A function 1) € ¥ is known in the literature as Bianchini-Grandolfi gange funetions (sce-eg—{9}-amd{15]):

Remark 1.7 ([11]). For each ¢ € ¥, tho following statcments are satisfied,

(1) Mmp_so0 9™ (£) = 0'for all ¢ > 0;

(ii) ¥(t) <t foreacht> 0;

(iii) ¥(0) = 0.

Recently, Ali et al. [2] introduced the farily Z of functions ¢ : Jo, 00} = [0, 00) satisfying the following

conditions:

(£1) € is continous;

(£2) ¢ is nondecreasing on [0, 00);

(&3) &(t) = 0if and only if ¢ = 0;

(€4) & is subadditive.

They [2] also introduced the coricept of (o, 1, &)-contractive multi-valued mappings as follows.

Definition 1.8 ([2]). Let (X, d) be a metric space. A multi-valued mapping T': X' — C'B(X) is called an
{a, 9, &)-contractive mapping if there exist three functions YeV,EeZanda: X x X — [0, o0} such that
for all z,y € X,

afz.y) > 1 implies &(H(Tz, Ty)) < (M (2, ),
where

M(z,y) = max{d(z,v), d(z; Tz}, d(y. Ty). d(z, Ty) -;— d(y, Tz) 3

In the case when 9 ¢ ¥ is strictly increasing, the {cv, 0, &)-contractive mapping is called a strictly
(e, ¥, &)-contractive mapping. :

On the other hand, Mohamadi et al. [13] introduced the conecept of a-admissible multi-valued mappiigs
as follows.
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of Xard a: X x X — [0,00). T is a-admissible whenever for each z € X and y € Tr with afz,y) > 1, we N
have a(y, 2) > 1 for all z € Ty.

Hussain et al. {10} introduced the toncept of an w-completeness of a metric space which is weaker than
the concept of a completeness.

Definition 1.10 ([10]). Let (X, d) be a metric space and o : X x X = [0,00) be a mapping. The metric
space X is said to be a-complete if and only if every Cauchy sequence {za} n X with a(z,, Tny1) 2 1 for
all n € N converges in X,

Recently, Kutbi and Sintunavarat [11] introduced the coﬁcept of an a-continuities for multi-valued
mappings in metric spaces and proved the fixed point theorems for strictly (., ¢)-contractive mappings
in a-complete metric spaces.

Definition 1.9 ([13]). Let X bea nonempty set, I": X' — N(X)} where N(X) is a set of nonempty subsets

mDe&ni%ionwl.LL—(-{—LI-}}r~Let"~(*A";drbe ametric’space, a T X X X 3 [0,00) and T+ X —s CB(X) be two
given mappings. T is an a-corifinuous multi-valued mapping if for all sequence {x,} in X with x, L ceX
asn 2 00 and awn, 2,1) > 1 foralin e N, we have 7'z, 3, Tr e X asn — oo, that is

lim d{z,,z) =0 and a(tp.Tpp1) > 1 forall n e N imply Hm H(Tw,, Tz) = 0.
o0 y n—oo

Theorem 1.12 ([11]). Lei (X, d) be an a-complete metric space and T: X —» CB(X) be a strictly (o, 1, £)-
contractive mapping. Assume that the Jollowing conditions hold:

(i) T is an a-admissibie mapping;

(i) there exist zg € X and 1 € T'xg such that alwo. @) > 1;
(1) if {2} is a sequence in X such that a(zn. 2pa1) = 1 and vy — ¢ asn — 00, then e(xy, 2) > 1 for all

nc NUL{0)-

Then T has a fized point.

2. Main resulis

In this paper, we relax the continuity of £ € = to be the upper semicontinuity from the right at 0. Let
£’ denote the family of functions £ :10,00) = [0, 00) satisfying the following conditions:

(¢1) € is upper semicontinuous from the right at 0;
(&) ¢ is nondecreasing on [0, 00);

(€3) &(t) =0ifand only if ¢ — 0;

(€4) ¢ is subadditive.

Example 2.1. The floor function ¢(z) = |«] is upper semicontinuous function from the right at 0 and
nondecreasing but is not continuous.

The following example illustrates that (€1) is independent from the conditions (&3) — (£4). Roughly, we
cannot obtain (£]) by using (&) — (€. -

Example 2.2. Let ¢ : [0,00) — [0,00) be defined by

' 0, ife=0;
£(t) = . :
2t + 3, if otherwise.

We see that £ is nondecreasing, subadditive, &(t) = 0 if and only if t = 0. Moreover, £ is not upper
semicontinuous from the right at 0 since

2
lim sup f(i) = limsup(—- + 3) = 3 > &0).
n—+o0 n L

n-=2co
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‘The following example shows that (&) is independent from the conditions (€1), (&%) and (&4)-
Example 2.3. Let ¢ : [0, 00) > {0, 00) be defined by

1 fp—= 1.
e(t):{“‘ o

0, if otherwise.

Therefore ¢ is upper semicontinuous from the right at 0, subadditive, £(t) = 0if and only if £ = 0, but not
nondecreasing.

We now introduce the concepts of a-7-complete partial metric spaces and a-rj-continuous multi-valued
mappings in partial metric spaces.

Definition 2.4. Let (X, ) be a partial metric space and ¢, : X x X — {0,00). The partialmetrie spaee

wm-wwwm"wiswsaid--to~De"a~—17:comp'lete"ff“and“()"ﬁlj?“if every Gauchy sequence {z,} in X with oz, Tnir) > iy, Tntl)
for all n € N, converges in (X p). ”

Definition 2.5. Let (X, ») be a partial metric space, o, : X x X — [0,c0)and T : X — CBP(X). T
is an a-7-continuous multi-valued mapping if, for all sequence {zn} with limy,_,q, PTn ) = p(z,z) and
a(@n, Tnyt) > MTn:ne1) for all n € N, we have '

nljigo Hy(Tzn, Ta) = Hp(Tz, Tw).
We now prove the key lemma that will be used in proving our main results.

Lemma 2.6, Let (X,p) be a partial metric space, A and B be nonempty closed bounded subsets of X,

e = andh > 1, Then—for—aH—a—e—A—such—thnt‘{-‘(j‘f(?rBjjTU, there emists b € I3 such that E(p(a.b)) <
h¢(p(a, B))).

Proof. Let a € A be such that &(p(a, B)) > 0. By (&), we have pla, B) > 0. We can construct a sequence
{b,} in B such that limy, 0 pla, by) = p(a, B). Using (¢}), we have

£(pla, bn)) < £(p(a.ba) - p(a, B)) + £(p(a, B)).

This implies that- -
¢(pla, b)) = &(p(e. B)) < &(p(a. by) — pla. B)).

Since ¢ is upper sem.icontinuous from the right at 0 and limg, o0 (p(0, 0y,) - ple. B)) = 0, we obtain that
lim sup(¢(p(a, ba)) - &(p(a, B)) < limsup &(p(a, bn) — pla, B)) < & (0)=0.
o0 =0
This yields
lim sup §(p(a, bn)) < &(p(a, B)) < h&(p(a, B)).

It follows that there exists N ¢ N such that {(p(a,bn)) < hé(p(a, B)). This completes the proof. O

Next, we introduce the concepts of a-admissibility with respect to n and {a,,, £)-contractive multi-
valued mappings on a-7-partial metric spaces.

Definition 2.7, Let X be a honempty set, T': X — N(X) where N(X) is a set of nonempty subsets of X
and o, 7: X x X — [0.00). T is a-admissible with respect to 7 whenever for each £ € X and v € Tx with
afz,y) > n(z.y), we have a(y,z) > 5{y,z) for all 2 € Ty.
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Definition 2.8. Let (X,p) be a partial metric space. A multi-valued mapping 7: X — CBP(X) is called
an (a, 7, ¥, £)-contractive mapping if there exist ¥ ¢ ¥, ¢ € 2 and o, 7: X X X — [0,00) such that for all
T,y € X,

o(@.y) 2 0z y) = EH, (T2, Ty)) < p(E(M (2, v))),

where

M(e,y) = max{p(z.9),n(z, Ta) ply, Ty), KO LA P T0),

In the case when ¢ € ¥ is strictlyr increasing, the {a,n, ¥, £)-contractive mapping is called a strictly
(v, 9, &)-contractive mapping,

We now prove the existence of fixed point theorems for strictly (a, 7, v. §)-contractive mappings in -1
complete partial metric spaces.

- Theorem 2.9, Let {X n_uﬂ;;co-mpleée—gm%&ainmcé:,in.wapm,e"andm“lms—-w'L-r~=>~~(v*ﬂ”(7¥"}""f1lf“a"“§ﬁ"?“€tl§“ """"""""

(o, , 9, &)-contractive mapping. Assume that the Jollowing conditions hold:

(i) T is an a-admissible mapping with respect to n;
(ivy there exist g ¢ X and x1 € Tng such that (g ) > ey, q);
(iii) T is an a-y-continuous mapping on (X.p); )
(iv) if {z,} is a sequence in X converging 1o a point & in (X.p) such that a(@n, Trg1) = (s nga) for
alln € NU {0}, then we have o(w. ) > N, ).
Then T has a fized poini.

Proof. Let 29 € X and 7; € T'ry be such that a-(:vg,mlj 2 1(zo, %1). If 29 = %y, then xyp is a fixed point of
T. Assume that zp # 2. If ) € Ty, then x; is a fixed point of 7. Asswine that ¢ Twy. Since T is a
strictly (cv, 5,1, £)-contractive-mapping—we-ohtaii-that

§(Hp(Tz0, T'my)) < 9(E(M (0, 71)))

= W€ (max{p(eo, 1), To) o, ), PELLT) £ 200 Ty
2+ P(ml, 3’1) }))

’ Ax
< 1’5(5(“15”{{?7(500,-'81)1 P(fco:xl)sp(i’?le Tﬂ;l)a p(xo 1)
< w{&(max{p(uo, x1), p(xy; Twr),

31250, 22) 4 plo, Ten) < plon, ) 4 plor, 21 )]))

< (e (max{plan, ), plar, Tay), KRB L1, Tmn)

= P(§(max{p(zo, v1), plw1, T51)})). (2.1)

If max{p(mn,a:l),p(ﬂcl,Tml)} = p(xy, Tx1), then we have

0 < &lpler, 1)) < &(Hy(Tzo, 1)) < Y(E(max{p(zo, 1), pla, T'z1)}))
< YE(p(w1, Te)))
< E(P(:CIST"UI))’

which is a contradiction. Therefore, max{p(zo.x1),p(z, Tz1)} = p(zo,1). By (2.1), we have
)

0 < &(p(en, Ton)) < E(Hp(Teo, To1)) < Y(E(plzo, 21))). - (2.2)

Fix b > 1 and by using Lemma 2.6, there exists T2 € Tzy such that

O < &(p(r, m2)) < A& (p(xr, Te)))). 77 (2.3)
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By (2.2) and (2.3), we have

. 0 < &lp(z1 22)) < hb(E(p(mo. 21))). (2.4)
Since v is a strictly increasing mapping, we have
0 < ¥{l(p(r1,z2))) < Y(AP(E(p(ro. 21)))). (2.5)

By setting

by = YA, 1))
| $E (1, w)) _
If 21 = ®2 or ©2 € Ty, then T has a fixed point. Assume that =) # s and xo ¢ Tis. Since z; € Tz,
T2 © T, aze,21) 2 n(zo, 1) and T is an a-admissible mapping with respect to 5, we have alzy, @) >
n(z1,¢2). Since T isa strictly (a, 1,4, £)-contractive mapping, we obtain that

. we abtain that Ay > 1,

E(Hp(Tz1, Tx2)) < Y(E(M (21, 22)))

= (& (max{p(t;. wa). pla, Ty ). ple. Tag), ey T'eo) ;rp(‘r”?: Tay) )

< iﬂ(f(max{p{xl, x2), pler, T2), p(o, Tzs), plzy, T:1:2)2+ plea, ) )
< B(§(max{p(w1, €a), p(za, Tws),

31P(r1.72) + . Taa) = plan.eg) + plog )

< Wl&(max{p(zr. w2). p(ag. Tiwa). ple:2) +21)($2’T$2) M)

=p{c{max{pler; z3), Pl Ty _ (2.6)
Assume that max{p(s,, Ta), (e, T2)} = plasa, Tz3). By (2.6), we have

0< g(p('l’?fT*T’?)) = f(Hp(TIBl, TT?)) < T,b(ﬁ(max{p(a:l, IEQ),P(IL’Q, Tm;)}))
- < Y€ (plwa, Ten)))

f - < €(p(m2, Tiz)),
which is a contradiction. Then max{p(z1, za), p(z9, T.Lg)} = p(x1,m2). Using (2.6), we Obtai.';l.tha.ﬁ
0 < &{p(za, Tae)) < S(Hp(T21, T0a)) < Y(E(p(er, 2))). . (2.7)
By using Lemma 2.6 with I1 > 1, there exists &3 € T such that — o .
0 < &(p(e2, 23)) < Iy (&(p(ma, Ta))). (2.8)

By (2.7) and (2.8), we have

0 < Elen ) < hablelptan,e0)) = POREEER I e,

= P{Ip(&(p(wo. 21)))).

Since ¥ is a strictly increasing mapping, we have

0 <h(&(p(2, 3))) < P> (hap(&(p(z0. 21)))). (2.9)

Continuing this process, we can construct a sequence {z,} in X such that w, ¥ Tny1 € Tp,

n’(5]':71-.3r"1'1+1) = 7](-’47n-ff:n+l) (210)
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and :
0 < &(plent1. Tns2)) < ¥" (hp(€(p(zo, 21)))) (2.11)
for all n € NU {0}. Let m > n. Then by the triangular inequality, we have

{plzn, o)) < &(p(zn, Tn 1) +p(Tnr1, Tm) — P(Tnit: Tng1))
< E((n, Tpg1) + plErsr, Tm))
< &(p(Tn, Tngr) + §(P(-'En+1a Tm))
L EP(Zr Zng1)) + EP(Tnrt. Tnya)) + S(p(@nyo. Tm))
< &(p(wn, €ny1)} + f(p(ﬂ;nﬁ‘l_: Tnta)) + E(p(enta, Tnys))+ o+ £(p(@m—t, Tm)}
= Z7 e p(wi i)
< ST B p(0. 7))

i—1
E 2 ety

Since ¥ € ¥, we have limp, n-y00 E(plen.om)) = 0. If ity 1 so0 p(y. ) # 0, then there exist ¢ > 0 and
two subsequences {,,;,} and {Tny} of {ry} with m(k) > n(k) > k such that

Tk, Cmery) = €.

Since £ is nondecreasing, we have limg o Ep(Tnry, Tm(k))) = €(£) > 0 which is a contradiction. Therefore
MM e oo P(%n, Zm) = 0. Then {z,} is a Cauchy sequence in (X,p). By Lemma 1.4, we have {x,} is
a Cauchy sequence in metric space (X.p%). Since (X,p) is cx-1)-complete, we obtain that (X %) is a-n-
complete. Then there exists z € X such that’

lim p%(z,, 2) = 0. . (2.12)
n—o0

Stnce-Hmy nses plam, Tm) = 0, from Lemma I 4, we have
nlﬂiilgop(mn, z)= m,lgr_i;loop(mn, Tm) = p(z,2) = 0. ' (2.13)

This implies that {z,} converges to z in (X.p). Since T'is a-n-continuous on (X, p), we have

Tgiﬂfgop(fﬂnH,TZ) < nll)n;o Hy(Tx,, Tz) ’= Hy(Tz,Tz). o (2.14)
Usiug the triangular inequality, we have

P T2) < plz, n11) + plTnsr, Ta).
Letting n — oo and using (2.14), we get -
p(z.Tz) < nanr}Op(z, Tnt1) + nlglgop(;e'n+1,Tz) < Hy(T2,Tz).

So we have p(z,Tz) < Hy(Tz Tz). We will show that z € Tz, Suppose that z ¢ Tz. By Remark 1.5, we
obtain that p(z, Tz} # 0. Since {x,} converges to 2 with (Cn, Tpi1) = 1{Cn, Tugr) for alln € NU {0} and
by (iv), it follows that a(z, z} > 7(2, 2). This implies that

E(H(T,T2)) < 9le(M(2)))
< Emx{p(z.2) 006, T), (o, 73), BT 2T 202)
< ${€(max{p(z, 2}, p(2, T2)}))
= Y(E( (s T2))

< &(p(2,T2)
< {(Hp(T2.Tz)),

which is a contradiction. Therefore 2 € T2 and hence T has a fixed point. O
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If we take n{z,y) = 1, we obtain the following results. I\O L qqﬁ'cf

Corollary 2.10. Let (X,p) be an «-complete partial metric space and T - X'__‘ﬂ.CB”(X)":-beza étri,ctly

(0,9, &)-contractive mapping. Assume that the following conditions hold:
(t} T is on a-admissible mapping;
(1) there ezist zg € X and xy € Tzg such that alzg.z1) > 1;
{1ii} T is an a-continuous mapping on (X.p);
(tv) if {xn} be o sequence in X that converges to a point v in (X.p) such that a(Tn, Tng1) = 1 for all
n € NU{0}, then we have a(re.z) > 1,

Then T has a fized point.

We next substitute the cr-n-continuity of T by some appropriate conditions.

———Theorem Z.11. Let (:X.p) be an a-ij-complele parlial wmetric spoce and T« X CBP(X) be a strictly
(&), W, €)-contractive mapping. Assume that the following conditions hold:

(1) T is an a-admissible mapping with respect to n;

(i) there existzg € X and x, Tzg such that a(vg. ;) > n(xa, @1);

() if {xn} is a sequence in X such that a(Tp, ypp) > N(Tn, Tnt1) andx, = 2 asn — 00, then afz,, x) >
W@, 3) for ell n c N U {0}.

Then T has a fized point. \
Proof. As in Theorem 2.9, we can construct a sequence {z,} such that Ty, Tpyy) > NZn, Tat1), Tn #
Tntt € Ty for all n € N U {0} and there exists 2 ¢ X such that z, 5 z as n — o0 and v(z,2) = 0. From
condition (iii), we have

a(:cn,z) = ?7(337:13) (2.15)

for all n € NU {0}. Suppose that = ¢ Tz. By Remark 1.5, we have p(2,T2) > 0. Since T is a strictly
{a,n, 4, €)-contractive mapping and (2.15), we obtain that

SHp(T'2n, T2)) < P(E(M (20, 2))) g2.16)

= el 2). o, T, p(s, ), PR T L 2 Tom)

foralln e N. Let e = ﬂf@. Since {w,} converges to z in (X, p), There exists N, € N such that

T .-
Pln, 2) = {p(@n. 2) — plz,7)| < FH(ZE—Z) for all n > Ny, (2.17)
Furthermore, we obtain that
2Tz
Ty, 2) < PTng1,2) < P-(?—2Q for all n > Ny (2.18)

Since {z,} is a Cauchy sequence in (X, p), there exists Ny € N such that

T
(e, T2y) < P(Tn, Tpy1) < %2—1) for all n > N, (2.19)

It follows from z, — 2 as 11 — oo and P(z.2) = 0 via Lemma L6, we have p(an, Tz) — p(z, Tz} as n — co.

This implies that there exists N3 € N such that

p(zn.T?«) < _—_—‘ (2.20)



A. Farajzadeh, P. Chuadchawna, A. Kaewcharoen, 1. Nonlinear Sei. Appl. 9 (2016), 1977-1990 1986

for all n > N3, Let N = max{Ny, Ny, N3}. Using (2.17)-(2.20), we have

Pl T2) + plz, Tzn) } = oz, T2) (2.21)

max{p(en, 2), plxn. Tzy), plz, Tz) 3

for all n > N. By (2.16) and the triangular inequality, we have

Sp(z. T.‘z)) < &(p(=. Tpy1) + ‘P($11+1,T3))
- < E(p(2 2n11)) + £(p(zn11,T2))
< E(0l,011)) + E(Hp(T, 72)
<&z ma)) + YE(M (20, 2)))
< E(p(=. Tas1)) + $(E(p(2, T2))).

Sinee £ E,S:BEﬁﬁif,.,ﬁCﬂli\.uut;niiuu.‘:vflruul»th(—‘.«bigi!Eﬁﬂ&U"&!l{i”‘Dy’f‘ﬂklIlg”ﬂlevhlnlt"SUpéﬁ or T the above Hiequality,

we have

E(p(2,T2)) < i‘igl_igpf(?(zafcn-ﬂ)) +PE(p(z, Tz)))

= ¢(0) + ¥(E(n(2,T2)))
=P (2. T2)))
<&(p(2,T2)),

which is a contradiction. Then 2 € 72 and hence 7" has a fived potnt, g

If we take n(z,y) = 1, we have the following result.

Corollary 2.12. Lei (X,p) be an a-complete partial metric space and T+ X =+ CBP(X) be o strictly
(@, ¥, &)-contractive mapping. Assume that the following conditions hold:

(i) T is an o-admissible maepping;
(i) there ezxist g ¢ X and z; ¢ Txg such that afxg.2)) > 1;

(1) if {x,)} is @ sequence in X such that o{Zn, Zny1) > L and zp = 7 as . — 0o, then alxn,x) > 1 for all
n e NuU{0}.

Then T has a fived point.
Using Corollary 2.12, we can extend the result proved by Kuthi and Sintunavarat (Theorem 2.6, [11]}.

Corollary 2.13 ([11)). ZLet (X,d) be an a-complete metric space and T : X — CB(X) be a strictly (o, v, £)-
conlractive mapping. Assume that the following conditions hold:

(1) T is an a-admissible mapping;
(ii) there exist mp € X and 21 € Txg such that a(zg.z1) > 1;

(iii) if {xn} is a sequence in X such that (@nTpaa) > Land z, 292 € X asn — oo, then alx,,z) > 1
Jor alln e NU{0}.-

Then T has a fized point.

We give an example for supporting Theorem 2.11.

Example 2.14. Let X = (-1, 5 and a partial metric p: X x X — R defined by p(z,y) = max{z,y} for all
x,y € X. Define T': X - CBP(X) by

T = {{23:}, ifze(-1,0);
{%H ifxelos)
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Also, we define mappings a,7: X x X -3 [0,00) by

,» ifz,yel0,5];

if otherwise,

oz, y) = {

[= I e

W) = L, ifz,yel(0,9;
]/ B 1 il otherwise .

Define 4, £ : [0,00) — [0, 00) by Y(t) = £ and £(1) = /I. We see that ve¥and £ €=,
Firstly, we will show that T is a strictly (o, 7,1, €)-contractive mapping. For z,4 € X and alx,y) >
7(z,y), we have z,y € [0,5] and then

——

16 76)

= £\/ma.x{n':,g,r}

V(. y) ,
V Mz, y) = W(E(M ().

Itisclear that ¢ is a strictly increasing function. Therefore, T is strictly (v, 17,4, & )-contractive mapping. We
next show that 7" is an a-admissible with respectton. Letx € X,y e Trand z € Ty with a(m, ) = W, y),
we have z,y € [0,5], it follows that Ty € [0,5]. Since z € Ty, we have z € [0,5]. So «(y,z) = 7y, 2).

ST T = \fmax{ -,

IA
I Y T

Therefore T is an a-admissible wit,h_respeet—eo—-;g.—\'\’e—W{H—prove—t}m X p)isan (-f-complete partial metric

space. If {z,} is a Cauchy sequence in X such that &y ngr) > 9, Tpy1) foralin € N, then {zn} C {0, 5]
for all n € N. Since = ¢ [0.5] i p(=,10,5]) = p(x, z) iff infyepo 5 max{e,y} = infyeio s p(x, y) = p(z,z) iff
x € [0,5], we obgain that [0, 5] is closed in (X,p). Now, since ([0,8],p) is a complete partial metric space,
then the sequence {=,} converges in [0,5] C X. Next, there exist To=1¢€ X and x; =2 € Tzqg such that

afzp.z) =(1,2) =2 > 1 = 7(1,2) = y(we, 21).

‘Then the condition (ii) of Theorem 2.11 is satisfed. Finally, for each sequence {z,} in X with (i, Ty} >
M@, Tns1) and &, — 7 85 1 — oo for all n € N, we have @y, %) > p{ay, ) for all n € N. Thus the
condition (iv) of Theorem 2.11 is satisfied. Then all the conditions of Theorem 2.11 are satisfied and so T
has a fixed point which is z — 0.

3. Consequences

8.1. Fized point results in partial metric spaces endowed with binary relations _
Let (X, p) be a partial metric space and R be a binary relation over X. Denote $':= R U R1L, that is

T,yEX, xSiy if and only if 2Ry or yRz.

Definition 3.1 ([11]). Let X bea ﬂonempty set and R be a binary relation over X. A multi-valued mapping
T:X — N(X) is said to be weakly comparative if for each z ¢ X and Y € T'z with 28y, we have ySz for
all z € Ty.

We now introduce the notions of S-completeness, S-continuity and (S, »§)-contractive mappings on
partial metric spaces as follows.



A. Farajzadeh, P. Chuadchawna, A. Kaewcharoen, J. Nonlinear Sci. Appl. 9 (2016), 1977-1990 1988

Defiition 3.2. Let (X, p) be a partial metric space and R be a binary relation over X. The partial metric
space X is said to be S-complete if and only if every Cauchy sequence {&,} in X with TnSThyy for all
n € N, converges in (X, p).

Definition 3.3. Let (X, p) be a partial metric space and R be a binary relation over X, T P A CBP(X)
is an S-continuous mapping if for given x € X and a sequence {x,} with littin 00 p(Tp, ) = p(x, ) and
2pStpyy foralln e N imply limg, ., Hy(Tx,, Tx) = Hp(Te, T'x).

Definition 3.4. Let (X.p) be a partial metric space and R be a binary relation over X A mapping
T:X = CBP(X) is called an (S, 1, £)-contractive mapping if there exist 4 € ¥ and € € Z' such that for all
z.ye X, .
xSy dinplies (H (T, Ty)) < b(E(M (x,y))),

where

’T"q_'
&

a3l .:LT: _\m‘m / w‘,
S e LV ) B 0 0 7 (7R ) N S i — 1

2

In the case when ¢ ¢ 7 is strictly increasing, the (S, Y. &)-contractive mapping is called a strictly
(S, 9, €)-contractive mapping.

We now assure the fixed point theorans for strictly (S. 4. &)-contractive mappings on partial metric
spaces with binary relations.

Theorem 3.5. Let (., p) be a partial metric space, R be a binary relation over X and T : X — CBP(X)
be a strictly (S,, €)-contractive mapping. Assume that the Jollowing conditions hold:

(i) (X.p) is an 8§ -complete partial metric space;
(i) T is @ weakly comparative mapping;
(1ii} there exist zg € X and 71 € Two such that zySay

(iv) T is an S-continuous multi-valued mapping;
(v) if {xn} is a sequence in X converging to a point x in (X, p), where TnS%ngr for allme NU {0}, then
we have xSz,

Then T has a fized poini. .

fprooﬁ Define mapping's- @, 7 X X X = [0,00) by

JrmmifpT E‘.'L.‘S;
=y dmyes

0, if otherwise,
. 1 . a
_ 2 ifz,y€ sy
ey =¥ :
2, if otherwise.

Therefire we can obtain the result by using Theorem 2.9. O

By using Theorem 2.11, we immediately obtain the following result.

Theorem 3.6. Let (X, p) be a partial metric space, R be a binary relation over X and T: X —s CBP(X)
be a strictly (S, 4, £)-contractive mapping. Assume that the following conditions hold:

(i} (X,p) is an S-complete partial metric space;
(i) T is a weakly tomparative mapping;
(iii) there exist zo € X and 21 € Txg such thal zpSxy;
(i) if {xn} is o sequence in X with Tn H 2 € X asn— 00 and ,S8p41 for alln e NU {0}, then we
have 1, Sz.

Then T has a fized point.
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3.2. Fized point resulls in partial metric spaces endowed with graph

Let (X, p) be a partial metric space. Let G be a graph such that the set V(G of its vertices coincides
with X and the set E(G) of its edges contains all loops.

Definition 3.7 ([11]). Let (X, p) be a nonempty set endowed with a graph Gand T : X - N(X) be a multi-
valued mapping. We say that T weakly preserves edges if for each 2 € X and y € T2 with (z,y) € E(G),
we have (y,2) € E(G) for all z € Ty,.

We now introduce the notions of £(G)-completeness, E(G)-contimity and (F(G), 4, &)-contractive map-
pings on partial metric spaces as follows.

Definition 3.8. Let (X, p) be a partial mnetric space endowed with a graph G. The partial metric space X
is said to be E(G)-complete if and only if every Cauchy sequence {x,} in X with (z,, Tny1) € B(G) for all
n € N, converges in (X, ).

Definition 3.9. Let (X, p) be a partial metric space endowed with a graph G. T : X — CB?(X) is an
E(G)-continuous mapping if for given = € X and a sequence {x,} with iy, e, p(2,, ) = p(z, z) and
(Zn, Tn1) € B(G) for all n € N imply lin, .. Hy(Txn. Tx) = Hy{T2. T'x).

Definition 3.10. Let (X ,p) be a partial metric space endowed with a graph . A mapping T : X —
CBP(X) is called an (E(G), ¥, &)-contractive mapping if there exist ¢ € ¥ and & € = such that for all
.y e X, .
(v.y) € B(G) implies ¢(Hy(T3,Ty)) < 9(E(M(z,5))),

where (. Ty) + ply. Tx)
"k Pty ey d e
M(e,y) = max{p(a. ). . T2). ply. 7). 210 £ 20 T2)

In the case when ¢ € U is strictly increasing, the (B(G), ¢, &)-contractive mapping is called ‘a strictly
(E(G), 1, &)-contractive mapping,

Theorem 3.11. Let (X,p) be a partial metric space endowed with o graph G and T': X — CBP(X) be a
strictly (E(G), v, &)-contractive mapping. Assume that the following conditions hold: :

(i) (X,p) is an E(G)-compleie parbial metric space;
(i) T weakly preserves edges; .
(1ii) there ezist xg € X and 2, € Txg such that (%0, %1) € B(G);
(iv) T is an E(G)-continuous mappz'ng.on (X, p);
(v} if {xn} is a sequence in X _converging to o point & in (X, p), where (z,, Tng1) € L(G) for alln € NU{0},
then we have (x, ) € £(G). -

Then T has a fized point.
Proof. Define mappings cr,n: X x X -3 [0, 00) by

1, if (z,y) € BE(G);
0, if otherwise,

a(z,y) = {

1 -
oy < {3 @V € BE);
2. if otherwise .

‘Therefore we can obtain the result by using Theorem 2.9. O

By using Theorem 2.11, we immediately obtain the the following result.
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Theorem 3.12. Let (X.p) be a partial metric space endowed with a graph G and T : X — CBP{X) be a
strictly (E(G), ¥, £)-contractive mapping. Assume that the following conditions hold:
(1) (X.p) is an E(G)-complete partial metric space;
(1) T weakly preserves edges;
(iii) there exist o € X and &y € Txg such that (0, x1) € E(G);
(tv) if {xn} is a sequence in X with v, » x € X as n — 0o and {(Tn,%ns1) € E(G) for alln e NU {0},
then we have (v,,¢) € E(G).

Then T has o fized point.
. .
Remark 3.13. Our results extend and improve several results in the literature as the following;:

(1) Theorem 2.11 extends Theorem 2.6 [2], Theorem 2.2 [5], Theorem 3.2 {8], Theorem 2.6 f11], Theorem
3.4 [13] and Theorem 2.2 {16]

(2) Theorem 3.6 extends Theorem 3.6 [11].

(3) Theorem 3.12 extends Theorem 3.12 {11],
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1 Introduction

Fixed point theory in metric spaces is one of the most important tools for prov-
ing the existence and uniqueness of the solutions to various mathematical models.
Later in 1993 Czerwik (1], generalized the notion of metric spaces by introducing
the notion of b-metric spaces. On the other hand, Samet et al. [2] proved the fixed
point theorems for a-admissible reappings which are a-p-contractive mappings in
complete metric spaces. Salimi et al. [3] and Hussain et al. 14} modified these ng

tions-and-assured the Axed point theorems. Recently, Hussain et al. [5] established
fixed point theoremns for modified a-ip:xational contractive mappings in a~complete
metric spaces and proved the existence of solutions of integral equations.

In this paper, we extend the fixed point Tesults in o-complete metrie spaces
proved by Hussian et al. [5] to a-complete b-metric spaces by introducing the
notion of modified {o-9-o-0)-rational contractive mappings where some conditions
of Bianchini-Grandolfi gauge function ¥ dre omitted. We establish the existence of
the unique fixed point theorerns for such mappings which are triangular a-orbital
admissible. Moreover, we also prove the unique common fixed point theorem for
mappings T and g where 7' is & modified {a-t-p-0)-rational contractive mapping
with respect to g and is triangular g-a-admissible in the setting of a-complete
b-metric spaces.

2  Preliminaries
We now recall some definitions and lemmas that will be used in the sequel.
In 2012, Samet ef al. [2] introduced the notion of a-admissible mappings,

Definition 2.1 ([2]). Let 7: X - X and v+ X x ¥ —s [0.00). Then T is said to
be a-admissible if for all «,y € X,

o(z,y) > 1 implies o(Tz,Ty) > 1.

Recently Hussain et al, (8] introduced the concept of modified a-p-rational
contractive mappings and proved the Axed point theorems for such mappings in
o-complete metric spaces. .y

Definition 2.2. A function ¢ : [0, ©0) = [0,00) is called a Bianchini- Grandolfi
gauge function [6] if the following conditions hold:

{1) v is nondecreasing;
(i) 3752, ©*(t) converges for all ¢ > 0.
We denote by & th(; set uf all Bianchini-Grandolfi gauge functions.
Lemma 2.3 ([7]). If ¢ € @, then the following statements hold:
(i) w(t) <t for allt > 0;
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(ii) ¢ is continuous at 0;
{tii} (0} = 0.

Definition 2.4 ([5]). Let (X.d) be a metric space and o : X x X - [0, 00).
AmappingT: X 3 X isa wodified «o-hrrational contractive mapping if for all
T,y € X,

afe,y} 2 1 implics d(Tz, Ty) < w{M(z. 1)), (2.1)

—whore

d(z, Tz) dv. Ty)  d(x,Ty)+dy,Tx) }
Tt d(e,Te) 1+ d(y. Ty)’ 2 ’

M(z,y) = max{d(x, )

and ¢ € .

Theorem 2.5 ([5]). Let (X,d) be a metric space, o © X X X = [0,00) and
T:X = X, Assume that the Jollowing conditions are satisfied:

(1) X is an a-complete metric space;
(1i} T is a modified a-p-rational contractive mapping;
(iii) T is an o-admissible mapping;

(iv) there exists o € X such that-alg.Tong)->1;

(v) T is an o-continuous mapping.
Then T has a fired poind.

Recently, Popes‘cu [8] studied the definitions of a-orbital admissible mappings
and triangular o-orbital admissible mappings.

Definition 2.6 ([8]). Let T: X — X and v : X x X — [0, 00). Then T js said to
be a-orbital admissible if

a(e,Te) 2 1 implies a(Tc, T%) > 1.
Definition 2.7 ([8]). Let 7" X — X and a: X x X -3 {0,00). Then T is said to
be riangular a-orbital admissible if :
() T is a-orbital admissible;
(b) a(z,y) > 1 and e(y, Ty) > 1 imply ofw, Ty) > 1.
Lemma 2.8 ((8]). LetT: X = X be a triangular a-orbital admissible mapping.
Assume that there ezists zy € X such that a(mg, Toe) > 1. Define a sequence

fen} by &ny1 = Tn for alin € N. Then a(&m,6n) > 1 for all m,n € N with
m < n.

Definition 2.9 ({1]). Let X be a nonemnpty set and let s 2 1 agiven real number,
A function d: X x X - RY is said to be a b-metric if for all z,v,2€ X,
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(i) d(z,y) =0, if and only if z =y
(it) d(z,y} = d(y.z);
(if) d(z,y) < sld(z,z) + d(z,y)].
Then the pair (X, d) is called a b-metric space.

Note that a metric space is evidently a b-metric space but the converse is not

generally true For mgr_e_detailsgegfgg,

In this paper, we use the following concepts in b-metric spaces.

Definition 2.10. Let (X,d)} be a b-metric space and o'+ X % X — {0, +00). Then
X is said to be an a-complete b-metric space if every Cauchy sequence {z,} in X
with afuw,, wnp) > liorall ne N converges in X .

Definition 2.11. Let (X,d) be a h-metric space, o : X x X - [0,4+00) and
T:X — X. Then T is said to be an a-continuous mapping on (X, d) if for every
sequence {:w,} with £, 5 zas n - co and @(Zn, Tnt1) > 1 for all n € N implies
Tz, = Tx asn — oo,

In 2014, Rosa and Vetro [10] introduced the notion of triangular g-a-admissible
mappings.

Pefinition 2.12, Let Tg: X — X and o+ X x X —s {0, c0). Then T is said to
be triangular g-cc-admissible if

L. afgx. gy) > 1 implies a{Tz, Ty) > 1; '
2. (g, gy) > 1 and ofgy, gz) = 1 imply a(gr, gz} > 1.

Lemma 2.13 ([5]). LetT: X — X be a triangular g-a-admissible. Assume that
that there exists g € X such that olyza, Twg) = 1. Define a sequence {yx,} by
Ytnp1 = Tuy for alln € W, Then {0m, gi6n) = 1 for allm,nc N withm <,

Definition 2.14. Let T.g: X -3 X, Ifw = Tw = g5 for some = € X, then = is
called a coincidence point of T and g, and w is called a point of coincidence of T'
and g. - :

Definition 2.15. Let 7,9 X — X. The pair {T, g} is sa.id to be weakly conpat-
ible if Tgx = 9Tz, whenever Tz = gz for some z in X.

Abbas and Rhoades [11] proved the existence of the unique common fixed
points of a pair of weakly compatible mappings by using the following proposition
as a main tool.

Proposition 2.16 ([11]). LetT,g9: X — X and {T, 9} is weakly compatible. If
T and g have a unique point of coincidence w = Tz = gz, then w is the unigue
common fized point of T and g.
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3 Main results
In this section, unigue Axed point theorems and unigue common fixed point

theorems in a-complete b-metric spaces and applications to integral equations are
presented. '

3.1 The unique fixed point theorems

Weirstifitroduce the concept of modified (o-th~ip-8)-rational contractive map-
pings and prove the existence of fixed point theorems for such mappings.

Definition 3.1. Let (X.d) be a bmetric space and a : X x X — {0,00). A
mapping 7: X' — X is a modified (0-b-p-6 }-rational contractive mapping if there
exists L > 0 such that for all T,y € X,

afz,y) > 1 implies P(s3d(T'z, T'y)) < @(h(My (e, y))) + LE{Np(ze. ), (3.1)

where .
1
d(x, T'z) dw Ty} dlz, Ty) + d(y, Tx) )
L+ d{z. Tz)' 1+ d(y, Ty)’ 25 - !

My(z,y) = max{d(e.y),

Np(eoy) = min{d(e, T}, d(z, Ty}, dy, 1))

and t,1,0 : [0, c0) — [0, co) are continuous functions with (t) < &, (1) > 0 for
each t > @, p is nondecreasing, 8(0) = 0, ¥(t) = 0 if and only if ¢ = 0 and ¥ is
increasing.

Theorem 3.2. Let (X.d) be an a-complete b-metric space, o v X x X — (0, o0)

and T : X = X is a modified (cr«ib—go'-ﬁ)-mtional contractive mapping. Assume
that the following conditions hold: : :

(i) T is trianguiar o-orbitol admissible},
(it) there ewists wy € X such that Q(J:D,.T.‘L‘n) >1;
() T is a-continuous.
Then T s a fived point,
Proof. Let zp € X be such that ofige, T'5g) > 1. Define a ;;equonco. {#n} in X by
Cnpy =Txy, foraine N, ‘

By Lemma 2.8, we have

ofzn, 21} 21 frallnel. (3.2)
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Ifzn = znyy for some N € N, then T has a fixed point. Suppose that z,, # Fngl
for all n € N. Since 7" is a modified (e-1p--B)-rational contraction and by (3.2),
we obtain that

" d(za, 2a1)) € (sPd(zn, Znt1))
= (s*d(Tno1.Tx,))
W (Mp(ctuot,wn))) + LO(Ny(:6n-1,%0)) {3.3)

IA

for all n'e N where

Ny(ony,mp) = min{d(:n,,_l,T:.v:,,_l},d(.’nn_l,T:cn),d{:nn,T:nnft)}
min{d(:cn_l._:c,,),d(:rn_l,xn+1),d(wn,:cn)}

I

0
and
Q’(ﬂ.’lnu s TSL‘,-L_I) d{xn N IECH}
ﬂ"f WIit—1s = A v' 1 1 1 ]
b(r 12 n) max{d(T ! -En) I+(i(In_1,TI§1_1) }-"I‘d(mn:Tmn)
dlwn_1, Ton) + d(::;n,T:cn_i)}
2s
Al o p P 3
== P U= EATS 1 itn,Lnt1)
= max{d(:l’:nhpifn), 1+ (1(:1)"_,11:[:“)‘ 1+ fl(iﬁn,:f:;1+1) 1
d(wn—laxn-{—l) + d(wn, mn)}
2z
P dlz,_y,x
< max{d(wa—_1,2n), d(n, mngy), ;(__213134—_1)}
Since }
d(Tne1, Znr1) b sld{@n 1. Tn) + d{wn, 2o )]
25 T 2s ’
it follows that
Mb(lcn—laxn) < max{d(mn—limn)gd(wm In-{-l)}- - (34)

By (3.3) and {3.4), we obtain that

(P(I!’(Mb(lgn—l ) :L‘n))) + LH(N[?(-'EH—L mn))

"lr’(d(wm‘fn-{»l )} <
< P(V”(max{d(mn—h‘Tn)\d(xmiﬂnﬂ)}))-
If max{d(:cn_l,:z:,,),d(z:n,zn+1)} = d(Zn, Tny1), we have

¢(d($n‘$n+1)) < ‘P(’f’(d(zmicn+1)))
< ¢(d($n|$n+l)):
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which is a contradiction. This implies that

Y(d(En, 20r1)) < @e(P(dzay.20)))
< PY(d(zny,za)), {3.5)
.for each n € N. Since ¥ is increasing, we get A(tn.Fn41) < d(Tq_1,2,) for each

n € N. Therefore {d(itn,zn+1)} is & nonincreasing sequence. Consequently, there
exists v > 0 such that limpe d(#0,%04)) = 7. We claim that + = 0. Assume

thatr->-U-5ince-y-and-p-are-contimous; foni (3:5), e iave
W(r} < () < i),

This implies that y¥({r) = p(¥(r)). Since @(t) < ¢, for each ¢ > 0, we obtain that
B(r) = p{H(r)) < B

which is a contradiction and therefore r = 0. Tt follows that

nli}ngo d(:&‘n,fﬂn+1) = (36)
Next we will prove that the sequence {«,} is a Cauchy sequence, Suppose on
the contrary, that there exists ¢ > 0 such that for all k ¢ N, there exist two
subsequences {:omx)} and {z,(} of {,} with a{k) > m(k) > % such that

d(Em(k) Engry) = €. (3.7)
Let n(k) be the smallest number satisfying (3.7). Thus '

d({’«"m(k),fﬂn(k)-x) <e. (3.8)
" By triangle inequality, (3.7) and (3.8), we obtain that

€ S A(Tn(i), Tmr)) S 8 (Tniry, Tnry—r) + 5L (k) =1+ Tm(ky )
< Sd(In(k);zn(k)—l) + sg.

By taking the upper limit as k — oo and (3.6), we have

£ lhm sup d(:r:,,(k),:cm(k)) <sE. . (39}
k=

Using triangle inequality again, we obtain that

€S d(Eniy Tam) S 5AEmitys Engry41) F 5 niyt 1s Fniy)
S UZ iy Tn(ry) + 5 Fnrys Tneyr1) + 8d(Tn (k)41 Ta(r))
< STy, Fay) + (57 + 8)ATrys Taiy+1)-

IA

From above inequality, we obtain that

€ < 8d(Trhy s Cn)+1 )+ En ()41, Tngy) < Szd(wm(k)‘mn(k))+(32+5)d(ﬂfn(m-wn(k)ﬂ)-
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Taking the upper']'imit as k —+ 00, by {3.6) and {3.9), we have

3 .
= Simsupd{mey. Tagy ) < o2e. (3.10)
& k—oco

Similarly, we obtain that

€ S d(@Tn(k)s Ty} < 8d(Tngkys Tm(ky41) + STy 10 oniy)

< 32f1(i5n(k}, Ery) 4 szfl(wm{b)‘mm{l-\il] + sd(e, eans ‘x.'fmgi)}

F o ik

IA

S Tntty, T} + (52 + V(1) i)
So from (3.6) and (3.9}, we have

€
G < limsup d{angy. Zimye1) < %€, (3.11)
] k—toa

* Since
(Cmikya1s Caqry) < (k)11 Tngryr1) SU(En (k)11 En(r))s
and by using (3.6) and (3.11), we get that

5 < limsupd{z )41, o (k)41 )- {3.12)

L4 koo

Using (3.6), (3.9), (3.10) and (3.11), we have

d(@ngy, Tn(ry)
lim sup M3 (= T max{limsup d{r, sy, = , lim sup
k—éoop b( ik m(k)) { k—mop ( n(k) m(k)) k—oo l+d($n(k)’Txn(k))'

i HZm(tys TEm(x))

imsup ; /

koo 1t d(wm(k)pjmm(k))

bmsupy o d{Zn(y. T ry) 4 lim SUPL ;o0 HE ik Ty ) )
28

AT () Tn(k)41)
= max{lim sup d{z,x). Ty ), limsu
{ J:-éoop ( Rkl ))' k—}oop 1 +d($n(k):$n(k)+1)’

il W
e (e (k)s Ty 1) :
koo LA d{@mprys Con (k) 41) )
B supy. o0 d(En(ky . Tungry+1) + limsup,_, T iy Tnghy 1) )
' 2s

§% + 52z
23

IA

max{se, 0,0, } = se.

‘This impiies that
limsup Mb($n(k)=$m(k)) S SE, (3.13)

k— 0o

By using the same argument as above, we have

limsup Nb(wn{k):f’:m(k}) =0. . ) (3.14)
k—roa
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Since T is a modified (a-y-p-8)-rational contraction, by using Lemma 2.8 and
(3.12), we have :
e

(se) = h(s* - )

1A

P(s* Bm sup 4 (ky 1. nghy+1))
k—o0 .
= limsup${s’d(Tmrys 1, Tugrye1))
E~4po

= lim sup ¢(53d(‘}"':::m(k) s T:Cn(k)))
k=00

[ liflsuplsﬂ(ff"(Mb(mm(k}, En(6)))) + LONGEmiy s #ngr) )]
—o0
= @(Y(limsup My(&mr), Tugry))) + LO(lim sup No(engay, Tnesy))
k-ioo k—oo ’

< ol(ee))
< fse),

which is a contradiction. Then we can conclude that {zn} is & Cauchy sequence.
From (3.2) and since X is:an a-complete b-metric space, we have limy, ey = =
for some x € X. Since T is a-continnous, we obtain that lim, e Tz, = T, This
tmplies that lim, e d(c,4,, Tx) = limy 00 (T i6n, Tz} = 0. Then T has a fixed
point. 0

Example 3.3 Let-X=[0;6)-and-d+-X X B-defined-bydfzp)—tr=7i*

Then d is a b-metric on X with s= 2. Define T': X —» X by
() = —‘é—iz, ifzef0,1};
%—:c, ifi € (1,6),
and define o X x X = [0,00) by

alz,y) =

1, ifz,ye(0,1]; |
0, if otherwise.

Define 1,4 : [0,00) - [0,00) by (1) = £ and @(t) = £t. For all z,y € X and
alx,y) 2 1, we have z,y € [0, 1] and then -

ks 3 ',
#,(33[1(111:‘ Ty)) P s_(fg;_c’m

2 e — Ly
D)
V2. V22

= 4|l—x - —y

6 6
2

= 4. r —yl?
gl — vl

4]z —yf?
9 2
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_ Ad(xy)

= §¥dy)
= P ) S PUHML(, 1)

Then 7" is 2 modified (a-4#-1p-8)-rational contractive mapping. We next show that -
(X.d) is an o-complete b-metric. If {zn} is a Cauchy sequence in X such that

afe,,, 'r,r.H_)_k_l_fgr—all—r};&;ﬁi;bhen:{-‘q}:@:{@?ﬂ“:ﬁomh|ee*({u;"l'}rd) isa

complete b-metric space, then the sequence {x,} converges in [0, 1]. We will show
that T is o-continuous. i, = as n — oo and afsn, wyp1) > 1forallne N,
then w,, € [0,1] for all » € N and so

VB, Va1 .

d(TSFm 15") = lh-ﬂn F i Eh’n - 3["[

I
5 . —.Téd(.cn,x)—)ﬂasn»ﬁoo.

Let oz, Tr) > 1. Thus = € [0.1] and 7'z € [0, 1] and so T%z = T(T=) € [0, 1).
Then ofT'%,7%z) > 1. Thus 7" is c-orbital admissible. Let af{z,y) > I and
@y Ty) > 1. We have 7,4, Ty € [0,1]. This implies that afe, Ty} > 1. Hence
T is triangular a-orbital admissible. It is clear that condition(ii) of Theorem 3.2
i1 satisfied with wg = 0 since afig, Tisp) = (0, 7(0)} = a(0,0) = 1. Thus all
assumptions of Theorem 3.2 are satisfied and so 7 has a fixed point which is

€=U,

We next replace the o-continuity of the mapping T’ by some appropriate con-
ditions,

Theorem 3.4, Let (X,d) be an a-complete b-metric space and o : X x X —
[0,00). Suppose that T : X 3 X 45 a modified (c-y-p-0)-rational contractive
mapping. Assume that the following conditions hold:

(i) T is triangular a-orbital admissible;
(11} there exists z, ¢ X such that a(eo, I'5q) 2 1;
(%) if {5} isa sequence in X such that.cr(wn,:;;nﬂ) >1lforallnc N and-
En -+ asn = oo, then there exists .o subsequence {Zniy} of {wn} such
that a(Tn(k),x) > 1 for all k € N.
Then T has a fized point.

Proof. As in Theorem 3.2, we can construct the sequence {xn} such that z, ¢ =
Ty for all n € N, afey,ieny1) > L for all m € N and £n — £ as n — 0o, From
condition (iii}, there exists a subsequence {£nqey} of {w,} such that

a(xn(k),x) >1lforallke N (316)
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We claim that = is a fixed point of 7. Assume that d(ix,Tz) > 0. By triangle
inequality, we obtain that ‘

d(z,Tx) < sd{m, Taryrs) + sd(Tn(kys 1. Tz)
= sd(z, mn(k)+1) + Sd(T.’Bn(k),T.‘I:).

Taking limit k = oo in above inequality, we have

dETey < jclim (Tt p(ry, Tx). {3070

~Since T is a modified (a-t)--@)-rational contractive mapping, using {3.16) and
{(3.17), we have

$(s?d(z, T5)) < Jim (& d(Tr 0y, Tir))
= Oy
= k]i{gafﬁf’(if’(Mb (ngry €))) + LO(No{za(ny, 2))]
A < W(%L(k]}-{];o n‘fb(-ru(k}f I))) + Le(k]-i—ilc]n Nb(xn(k}f I))a (318)
where ‘
Malgagyz) = mesld(s v 4@ngy Tong)  diz,Tx)

b N d(#n iy, Tongy)’ 1+ d{z, Tx)’
d(z k), Tz} + dfec, T:cn(k))}

2s
d((ﬂh(k)‘ 39n(k)+1) d(.‘l:,T.'L:)
I+ d(wn(k),x,z(k)ﬂ)' 14-d(z, Tx)’
d(zn gy, T) + d(s, En(k)s1) }
28
< max{d(zngy,¥), AL (k) Tngrys1 ) A5, Ti)
Ay, Tee) + dir, wnpryer) }
2y

= max{d(:z:n(k),:c).

and _
Ne(znpy, o) = min{d(a:n(k),'Tm,{(k)). (2 k), 2T}, d(z, Txn(}
= mind(mn(k): xn(k)-i-l)) d(mn(k)’ T.'E),d(l‘, In(k)-f—l)}'
‘Taking limit as k -+ oo, we obtain that

. i, T
lim My(ingey, ) < max{d(s, T), DL _ gt 1)
k—oa 2

and
lim Ny(ene. ) = 0.
k—oa
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By (3.18), we have
q’r(szd(‘.c,T;z:)) tp(‘([!( {im ft’fb(:l:n(k). :B))) -+ L'H( lim f\rb(:l,‘ﬂ(k},:c))
koo ko0

<
< p(#(d(e. 7o)
< P{d(x, Tx)),

which is a contradiction because s > 1. Then d(:6, Tx) = 0 and hence : is a fixed

pointof T,

| B

For the uniqueness of a fixed point of a modified (a—xb—tp-ﬂ)—rationél'contreictive
mapping, we investigate some conditions introduced in {5}, ‘

Theorem 3.5, Suppose that all hypotheses of Theorem 9.2 (respectively Theoremn
3.4) hold, Assume that either a(u.v) > 1 or af{v,u) > 1 whenever Tu,= u and
Tv=1. Then T has e unique fized point. '

Proof. Assume that w and = are fixed points of T with w # z. By assumption,
we have
afw,z) 2 1 or a(z,w) > 1.

Suppose that «(w,z) > 1. Since 7" is & modified (a-¥--8)-rational contractive
mapping, we have

- P(s*(d{w, 2))) VW{s*(d(Zw, T'2)))

S e My(m, 2))) + LE(No(w, 2))),
where
My(w,2) = max{d(w, z), ) i(::(ﬁ:?lu), 1 f—(ZE:?z)’ dlw, Tz)g—:d(z.T‘w)}
. d(w, w) d{z,z)  d{w,z) +d{z,w)
= Tﬂax{a’(w, 2, L+d(w,w)' 1+d(zz2) 2s J
= d(w,z)
and .
. Ni(w, 2} = min{d(w, Tw), d(w, Tz), d(z, Tw)} = 0.
" Then

W2 (d(w0,2))) = p(d{dn. =)
< Pd(w, )

which is a contradiction because s > 1. Thus w = z. Similarly, if afz,w} > 1,
then we can prove that w = z. Hence T has a unique fixed point. O

In Theorem 3.5, if we take 1(t) = ¢ for all ¢ € [0,00), then we immediately
obtain the following result.
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Corollary 3.6. Let (X,d) be an a-complete b-metric space where o : X x X -
[0,00) and T': X - X. Assume that there ezists L = 0 such that for allz.y ¢ X,

alie.y) > 1 implies $°d(Tz, Ty) < p(My(z.y)} + LO(N, (e, ), (3.19)

where
d(x, Tx) A, Ty)  d(z, Ty) + d(y, Tz)
1+ diz, Tx)' 1+ d(y, Ty)" - 2s

Mb(z) y) =max{d(17= y)» }5

Ny(z,y) = min{d{s, T5), d(z, Ty), diy, Tz}
and .0 1 [0,00) = [0,00) are comtinuous Junctions such that 8(0) = 0, p(t) <
t, 0(1) > 0 for each t > 0 and ¢ is nondecreasing. Assume that the following
conditions hold: ,
(i} T is triangular a-orbital admissible;
(i) there exists zo € X such that (w0, Txo) > 1;
(iti) T is c-continuous or if {zn} is a sequence in X such that altn, Tagr) = 1
foralln e N andic, -+ % asn - o, then there exists a subsequence {ic ) }
of {&n} such that a{Famy,2) > 1 for all kb e N. .

Then T has o fized point. Moreover, either a(u.v) > 1 or a(v,u) > 1 whenever
Tu=vyuand Tv=v. Then T hos a wnigue Jfized poind.

In Corollary 3.6, if p(t) = ¢t — ¢'(1) for allt € (0,00) where ¢’ : [0,00) — [0, 00)
is continuous such tha /(1) < ¢ for each ¢ > 0 and ' is nonincreasing and L = 0,
then we obtain the following corollary.

Corollary 3.7. Jei (X.d} be an a-complete b-metric space where c : X x X —
[0,00). Suppose that T: X —3 X is a mapping such that for all w,y € X,

ale,y) 2 1implies $*d(Tu, Ty) < My(in,y) — o' (My (2, 7)), (3.20)

where
Y14 d{z, Tz}’ 1+d(y,Ty)’ 2s ’

and ¢’ : [0,00) = [0,00) is continuous such that ©'(0) = 0, p'(t) < t for each
t >0 and ' is nonincreasing Assume that the Jollowing conditions hold:

My (e, y) = max{d(s, )

(i) T is triangular ac-orbital admissible;
(i) there exists zp € X such that afiwg. Tiwg) > 1;

(iti} T is o-continuous or if {x,} is @ sequence in X such that (T, Tny1) = 1
forallneNandz, <z asn — oo, then there exists a subsequence {€apiy}
of {zn} such that a(wpxy, )} > 1 for all k & N.

Then T has o fired point. Moreover, either a(w,v) > 1 ora(v,u) > 1 whenever
Tu=uand Tv=v. Then T hus ¢ unigue fized point.
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3.2 The unique of common fixed point theorems

In this section, we introduce the concept of modified (a-1-p-8)-rational con-
tractive mappings with respect to g and prove the the existence of unique common
fixed point theorems in «@-complete b-metric spaces. .

Definition 3.8, Let (X,d) be a b-metric space, a : X x X — {0,00), and T\, g :
XX Wesay that T : X «3 X is a modified {o-h-p-8 )-rational contractive
mapping with respect to g if there exists L > 0 such that for all nye X,

a{w.y) > 1 implies Y(*d(Tw. Ty)) < p(b(My(2,3))) + LON,(z, ), (3.21)

where

d{gx, Tx) dlgy, Ty)  dlgz, Ty) + d{gy, Tc)
L dga, T}’ 1+ d(gy, Ty) 25 h
Ny(z,y) = min{d(gz, Tz}, d(gz, Ty), d(gy, T'z)}
and 4, ,6 : [0,00) — [0, 00) are continuous functions with w(t) < t, 8(t) > O for
each ¢ > 0, » is nondecreasing, ¢(0) = 0, %(t) = 0 if and only if ¢ = 0 and ¥ is
increasing, _ !

Definition 3.9. Let (X, d) be a b-metric space and a : X x X — [0, 400} and
T.g: X = X. Then T is said to be a-continuous with respect to g, if for each

My(z,y) = max{d(gx, gy).

sequence {gr,} with gz, — gr as n — co. alor... gxni)=1, forall nc N_we

have T, - T’z as n — co.

Theorem 3.10. Let (X, d) be an a-complete b-metric space and Tg: X - X be
such that TX C gX and suppose that gX is closed. Let o+ X x X — [0,00) and
T is a modified (o-1p+p-8 )-rational contractive mapping with respect to g. Assume
that the following conditions hold:

(i) T is triengular g-o-admissible;

(ii) there exists Ty € X such that a(geg, Tg) > 1;
(ii) T is a-continuous with respect to g '
Then T and g have a coineidence point.

Proof. Tet zq € X ‘be such that o(gzg, Te0) > 1. Since TX C gX, we can
construct a sequence {gz,,} such that ,

Yoy = Teg foralln e N,
By using Lemma 2.13, we have
(g%, gTns1) > 1 for all n e N, {(3.22)

By the analogous proof as in Theorem 3.2, we can prove that {g9¢a} is a Canchy
sequence. Since afgtn,g%n41) > 1 for all n € N and X is an a-complete b-
metric space, we have {gx,} converges to z € 9X. Thus there exists © € X
such that lim, o, gzn, = gz. Since T is a-continuous with respect to g, so Tz =
limy, o0 T == limp oy oo gny1 = gx. Then ¢ isa coincidence point of 7* and g. B
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We replace the a-continuity of the mapping 7' with respect to y by some
appropriate conditions. :

Theorem 3.11. Let (X,d) be an a-complete b-metric space and T.g: X = X e
such that TX C gX and suppose that gX is closed. Leta: X x X = [0,00) and
T is g modified (a-<p-8)-rational contractive mapping with respect fo g. Assume
that the following conditions hold:

(i) T is trianguler y-a-admissible;

(it} there exists x5 € X such that oflgrg. T'wg) > 1;

(iii} if {g:c..} is a sequence in X such that o{girn, ging1) 2 1 for alln € N and
§4n -~ g& as n — 00, then there exists a subsequence {92n} of {gen}
such that a(gx, k), 92} > 1 for all k € N.

Then T and g have a coincidence point.

Proof. As in the proof of Theorem 3.10, we can construct the sequence {gx, } with
Txp = gapyy foralln € N, (gTn, gTn41) 2 1for alln € Nand lity, 00 g = g
By (i}, there exists a subsequence {#:2n(y } of {gic,} such that e{yitn(ry, gic) = 1,
for all k € N. By the analopous proof as in Theorem 3.4, we obtain that T and ¢
have a coincidence point. 0

For the unigueness of a common fixed point, we add some appropriate condi-
tions to the hypotheses.

Theorem 3.12. Suppose that all hypotheses of Theorem 3.10 (respectively Theo-
rem 3.11) hold. Assume that the following conditions hold:

(i) the pair {T' g4} is weakly compatible;
!
(i) either afu,v) > 1 or a{v,v) > 1 whenever Ty = gu and Tv = gv.

Then T and g have a unigue common fized point.

Proof. Assume that T'u = gu and T'v = gv. We will show that gu = gv. Suppose
that gu $# gu. Therefore a(u,v) > 1 or a(v,u) > 1. Suppase that afu,v} > 1. It
follows that . ‘

P(s*dlgu, gu)) = (s d(Ln, 1)) < @((My(uv))) + LE(No(w, v)),

where
A{gre, Tu) d{v, Tu) d.'(g-u, Tu) + d{gu. Tu)

}

My(u,v) = max{d(gu,gv),

1+ d{gu.Tu)’ 1+ d(v, Tv)' C 2
_ dlgu.gu) _d{gu,gv)  d(gu,gv) + d(gu, gu)
= max{d{gu, gv), b+ d{gu.gu)' 1+ d{yu, gu)’ 25 }

d(gu, gv)
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and
Ny(u,v) = min{d(gu. Tu),d{gu. Tv}, d{gv. Tu)} = 0.

This implies that

V(s (dlgu,gv))) < @(w(d(gu, gu)))
< ¢(d(9u:gv)

\vhich:is.dr-wmradiczien-beeause~-3~;~17""'1*hus*gu =gvSimHarly; i &0 w) =T
we can prove that gu = gv. This implies that 7" and g have a unique point of
coincidence. Since the pair {7', g} is weakly compatible and by Theorem 2.16, we
can conclude that T' and ¢ have a unique common fixed point. O

Corollary 8.13. Let (X,d) be an r-complete b-metric space with respect to y and
T.9: X — X be such that TX C gX. Assume that gX is closed and there exist
a: X xX = Rend L >0 such that for all z,y € X,

a(z.y) 2 1 implies s°d(1c. Ty) < p(My(z,¥)) + LO(N (e, 1)), (3.23}

where

y gz, Tx) dloy. Ty} d{yz, Ty) + d{gy, Tic)

A =T Ty gy
Mol ip=max{dlgz,gy); 1+ d(gz,Tx)' 1+ dlgy, Ty)" 2 ’
d(gﬁ[:, 3153) d(gx’ Ty) d(gy‘ T‘ZL‘) }

1+ d(g.Tz) 1+d(ge,Ty)" 1+ d(gy, T) '

and @, 0 : [0,00) -3 [0,00) are continuous functions such that 8(0) = 0, () < ¢,
() > 0 for each t > 0. Assume that the Jollowing conditions hold:

Ni(:z, %) = min{

(i) T is iriangular g-ce-admissible;
(%) there exists my € X such that algzg, Tmg) > §;

(iii} T is a-continuous with respect to g or if {pea} 15 a sequence in X such that
(9T, 9Tn41) > 1 for alln € N and gz, — g2 a5 n = 0o, then there exists
a subsequence {9, (1)} of {guy} such that a(9Znpy, g2) > 1 for all k € N.

Then T and g have a coincidence point.  Moreover, assume that the following
conditions hold:

(iv) the pair {T, g} is weakly compatible; _
(v} either afu,v) > 1 or afv,u) > 1 whenever T = gu and Tv = gv.

Then T" and g have u unique common fized point.
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3.3 Applications to integral equations

In this section, we prove the existence of a solution of a nonlinear quadratic
integral equation taken from Allahari et al. {12].

Let C(7) be the set of all continueus functions defined on I = [0, 1] and
p:C{IYx C{I) = B defined hy

plz.y) = sup Jee(t) - y(t)] for z,y € C(1).

Let p > 1. We define d : C(f) x C(J) = R defined by

d(z,y) = (p(z,y))" = (supl=(t) — p(@))" = sups(t) — y(@)” for all-o, y € C(7).
It is well known that (X, d) is a complete b-metric space with s = 2°-1 (sec [13]).
Let I' be the set of functions ¥ : [0, +oo} — [0, +00) which satisly the following
conditions:

(i) 7 is nondecreasing and ((£))? < v(t*) for alt p > 1

(ii) There exists @ : [0, +co) — [0, +00) which is nonincreasing and continuous,
w@(t) <t for all £ > 0 such that ¥{(t) =t - p(t) for all ¢ € [0, +c0).

Considerthe nonlinsar quadratie-equation-asfollows:

. .
(t) = h{t) + A f (L, 5)f (5,:2(s))ds, £ € I, A > 0. (3.24)
0
Suppose that the following conditions hold:
(A1) h: T — R is continuous:

(A2) f :I' xR — Ris continuous, f(%,:c) > 0 and there exist L > 0, v € I" and a
function £ : R? — R such that for all t € I, for all a,b € R with &(a, b >0,

£t @) — £ (.00 < Ly(fo - bl);

(A3) k:TxI-+Riscontinnousat ¢ I for every s €1 and measurable at s € I
for all ¢ € 7 such that k{t,s) > 0 and [} Kt s)ds'< K;

(Ad) NRPLF < ol
(Ab) there exists zg € C(I) such that for all f € I,

. 1
£(wo(t), (1) + A-[O k(L. s)f (s, mg(s))ds) = 0;

(A6) for all £ € I and for all z,y, 2 € C(J),

E(=(t), y(£)) 2 0 and £(y(t), 2(2)) 2 0 imply £(z(t), 2(£)) = 0;
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(A7) for all t € I and for all =,y € C{I),

£((0,0(0) > 0 implies £(h(t)+3 [ K165 sto)ts ey [ k)16, 2o
(A8) if {zn} is a sequence in C(J) such that 2. -3 = € C(I) and &(zn(t), Tnsa(£)) > 0

for all = € N and for all ¢ € 1, then there exists a subsequence {Zu)} of {z.}
such that {(zn () (1), =(t})) > Oforall ke Nand forall ¢ & 7.

Theorem_a.JA._Under_assumpt;'ans—,ﬁAJJ:{&&)ptba:intcg: alequution—{3-24} s

a solution in C(I).

Progf. Let 7': C(I) — C(I) be defined by

i
T(z)(t) = h(t) + /\'/; k(l s} f(s,m(s))ds for t € I.

Let 2,y € C(7) such that £(x(2).y(£)) > 0 for all £ € /. Thereforé

I

T =T = 10+ [ ke Gafe)is - hit) A | R ptepas

IA

1
A f Bt (5.2() - Fs(s))ds
0

< [ H AT TN
1]
Since -y is nondecreasing, we obtain that
' ﬂh@%~MﬂDSﬂ§ﬂdﬂ~MﬂD=ﬂM&w)

This implies that
1T (2)(2) — T()(5)| < MK In(p(z,y)).
Therefore - .

d(Tz,Ty) = 321}3[1"(55)(0—1"(1!)(&)]”

{AK Ly(p(, y))P

N KPLPy(d(z, )

AP KPLPy(M (1))

A KPLPIM (z, ) — (M (2, y))]

sl (.0) - (M, )],

for all z,y € C(I) such that £&(z(t),y(t)) > O for all t € I. We next define
a: C{I) x C(I) - [0,00) by

IA A

IA 1A

IA

1, ifé(=z(®t)y{t)) =0, te]
0, otherwise.

oz, y) = {
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Let v,y € C(I) be such that afx,y) > 1. It folldws that (), y(t)) = 0 for all
t € I. This yields :

s*d(Te, Ty) < Mz, y) — (M (2, y).
This implies that T satisfies the contractive condition in Corollagy 3.7. Using (A7),
for each x € C(I) such that a(r,T:) > 1 we obtain that E(T(1), TZe(t)) = 0.
This implies that o7, T%c) > 1. Let ©.y € C(/) be such that ofc.y) > 1 and
a(y,Ty) > 1. Thus

S yl)) = 0and {y(t), Ty()) Z 0 for all € 1

By applying (A6), we obtain that £(:z(t), Ty(t)) > 0 and so a(w, Ty) > 1. It follows
that T is triangular a-orbital admissible. Using (A5), there exists 7o € {1} such
that a(zn, Txo) > 1. Let {z,} be a sequence in C(J) such that z, — © € Cir)
and &z, . Tp41) 2 1 for all n ¢ N. By (A8), there exists a subsequence {x,()} of
{en} such that &(z, 4 (2), (1)) = 0. This implies that a{tny. ) > 1. Therefore
all assumplions in Corollary 3.7 ave salisfied. Hence 7° has a fxed point in C(I)
that is a solution of the integral equation (3,24). O

Corollary 3.15. Assume that the following conditions hold:
(i) h:I = R is a continuous;

(it} f:I xR = [0,00) is continuous and nondecreasing and fl,s) = 0.

(it} there exist £="0 and v & I such that for all L € 7, Jor all a,b € R with
a < b, we have
[£(2,a) - QL0 < Lyl — D)
(v} k:IxI— R is continuous att € I for every s € I and measurable at s & |
Jorallt € I such that k(t,5) > 0 and f; E(t, s)ds < K;

(v) PEPLY < i
(vi) there exists wo € C([0,1]) such that for all{ € I, we have

1
wo(t) < h{t) + A /0 Kty ) f (s (5)) s

Then (8.24) has a solution in C(I).
Proof. Define a mapping £ : R? - R by
E(a,b)=b—a forall a,b c B.

By the analogous proof as in Theorem 3.14, we obtain that {3.24) has a solution
in C(I). _ O
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